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ABSTRACT. This paper makes progress toward the 3k — 4 conjecture in groups Z/pZ for p prime.
The conjecture states that if A is a nonempty subset of Z/pZ satisfying 2A # Z/pZ and |2A| =
2|A|4+r < min{3|A| -4, p—r—3}, then A is covered by an arithmetic progression of size at most
|A| +r + 1. Previously, the best result toward this conjecture, without any additional constraint
on |A|, was a theorem of Serra and Zémor proving the conjecture provided r» < 0.0001|A|. Subject
to the mild additional constraint |2A4| < 3p/4 (which is optimal in a sense explained in the paper),
our first main result improves the bound on r, allowing r < 0.1368|A|. We also prove a variant
which further improves this bound on r provided A is sufficiently dense. We then apply this
variant to give a new upper bound for the maximal density of m-sum-free sets in Z/pZ, i.e., sets
A having no solution (z,v,2) € A® to the equation x 4+ y = mz, where m > 3 is a fixed integer.
The previous best upper bound for this maximal density was 1/3.0001 (using the Serra-Zémor
Theorem). We improve this to 1/3.1955. We also present a construction of Schoen that yields a
lower bound independent of m for this maximal density, of the form 1/8 — 0y, p—s00(1).

1. INTRODUCTION

Given a subset A of an abelian group G, we often denote the sumset A+ A = {x+y:z,y € A}
by 2A, and we denote the complement G \ A by A.

One of the central topics in additive number theory is the study of the structure of a finite
subset A of an abelian group under the assumption that the sumset 24 is small. In this paper,
we focus on groups Z/pZ of integers modulo a prime p, and on the regime in which the doubling
constant |2A|/|A| is within a small additive constant of the minimum possible value.

To put this in context, let us recall the basic fact that a finite set A of integers always satisfies
|2A] > 2|A| — 1 and that this minimum is attained only if A is an arithmetic progression (see [11,
Theorem 3.1]). This description of extremal sets is extended by a result of Freiman, known as
the 3k — 4 Theorem, which tells us that A is still efficiently covered by an arithmetic progression
even when |2A4] is as large as 3|A| — 4.

Theorem 1.1 (Freiman’s 3k — 4 Theorem). Let A C Z be a finite set satisfying |2A| < 3|A| — 4.
Then there is an arithmetic progression P C Z such that A C P and |P| < [2A| — |A| + 1.

For sets A in Z/pZ with 2A # Z/pZ, the Cauchy-Davenport Theorem [11, Theorem 6.2] gives
the lower bound analogous to the one for Z mentioned above, namely |2A4| > 2|A| — 1, and the
description of extremal sets as arithmetic progressions (when [2A| < p — 1) is given by Vosper’s
Theorem [11, Theorem 8.1].
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It is widely believed that an analogue of Freiman’s 3k — 4 Theorem holds for subsets of Z/pZ
under some mild additional upper bound on |2A| (or on |A|). More precisely, the following
conjecture is believed to be true (see [11, Conjecture 19.2]), describing efficiently not just A, but
also 24, in terms of progressions.

Conjecture 1.2. Let p be a prime and let A C 7/pZ be a nonempty subset satisfying 2A # Z/pZ
and |2A] = 2|A| + r < min{3|A| — 4, p — r — 3}. Then there exist arithmetic progressions
Py, Py C Z/pZ with the same difference such that A C Py, |Pa| < |A| +r+ 1, Poy C2A, and
|Pya| > 2|A| — 1.

Progress toward this conjecture was initiated by Freiman himself, who proved in [9] that the
conclusion concerning P4 holds provided that |2A| < 2.4|A| — 3 and |A| < p/35. Since then,
there has been much work improving Freiman’s result in various ways. For instance, R@dseth
showed in [14] that the constraint |A| < p/35 can be weakened to |A| < p/10.7 while maintaining
the doubling constant 2.4. In [10], Green and Ruzsa pushed the doubling constant up to 3, at
the cost of a stronger constraint |A| < p/102'. In [17], Serra and Zémor obtained a result with
no constraint on |A| other than the bounds on |2A| in the conjecture, with the same conclusion
concerning P4, but at the cost of reducing the doubling constant, namely, assuming that [2A] <
(2 4+ a)|A| with o < 0.0001. See also [3], where the doubling constant 2.4 in Freiman’s result is
improved to 2.48 while keeping the hypothesis on |A| markedly less constraining than the one
from [10]. The book [11] presents various other results towards Conjecture 1.2, in a treatment
covering many of the methods from the works mentioned above.

In this paper, we establish the following new result regarding Conjecture 1.2, which noticeably
improves the doubling constant obtained by Serra and Zémor in [17] at the cost of only adding
the mild constraint [24] < 2p.

Theorem 1.3. Let p be prime, let A C Z/pZ be a nonempty subset with |2A| = 2|A|+r, and let
a ~ 0.136861 be the unique real Toot of the cubic 4z + 922 + 62 — 1. Suppose

24| < 2+ a)[A =3 and |2A\§%p.

Then there exist arithmetic progressions Pa, Poga C 7Z/pZ with the same difference such that
A C Py, |Py| <|A|+71+1, Poy C2A, and |Pya| > 2|A| — 1.

Unlike in [17], here we do have a constraint on |A| in the form of the upper bound 24| < 2p.
However, this upper bound is still optimal in the following weak sense. The conjectured upper
bound on |24| (given by Conjecture 1.2) is p — r — 3. However, in the extremal case where

r = |A| — 4 (the largest value of r allowed in Conjecture 1.2), the conjectured bound implies
3|A| — 4 = |24] < p— |A| + 1, whence |A] < X2 and |24] = 3|4| — 4 < 271, Thus, the bound
p —1r — 3 becomes as small as % as we range over all allowed values for a and |A|, making %p

the optimal bound independent of « and 7.
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We also prove the following variant of Theorem 1.3, which is optimized for sets A whose density
is large but at most 1/3. This optimization is designed for an application concerning m-sum-free
sets, which we discuss below.

Theorem 1.4. Let p be prime, let n € (0,1), let A C Z/pZ be a set with |A] > np > 0 and
24| = 2|A|+r < p, and let « = =2 + 2,/9+ 8npsin(r/p)/sin(mn/3). Suppose

24| < 2+ a)|A| -3  and |A| < p;f

Then there exist arithmetic progressions Pa, Poa C Z/pZ with the same difference such that
A C Py, |Pa| <|Al+7+1, Pogy C2A, and |Pya| > 2|A| — 1.

We apply this result to obtain new upper bounds for the size of m-sum-free sets in Z/pZ.
For a positive integer m, a subset A of an abelian group is said to be m-sum-free if there is no
triple (x,y,2) € A3 satisfying  +y = mz. These sets have been studied in numerous works in
arithmetic combinatorics, including various types of abelian group settings [1, 6, 7, 8, 13] (see
also [4, Section 3] for an overview of this topic). In Z/pZ, a central goal concerning these sets is
to estimate the quantity

dm(Z/pZ) = max {% : A C Z/pZ m-sum-free}.

This goal splits naturally into two problems of different nature. On the one hand, we have the
case m = 2, which is the only one in which the solutions of the linear equation in question (i.e.,
3-term arithmetic progressions) form a translation invariant set. Roth’s Theorem [15] tells us that
dy(Z/pZ) — 0 as p — oo, and the problem in this case is then the well-known one of determining
the optimal bounds for Roth’s theorem, i.e., how fast do(Z/pZ) vanishes as p increases (recent
developments in this direction include [2, 16]). On the other hand, we have the cases m > 3. For
each of these, the above-mentioned translation-invariance fails, and it is known that d,,,(Z/pZ)
converges, as p — oo through primes, to a positive constant d,, which can be modeled on the
circle group (see [5]), the problem then being to determine this constant. Our application of
Theorem 1.4 makes progress on the latter problem.

Note that, if A is m-sum-free, then the dilate m - A = {mzx : =z € A} C Z/pZ satisfies
2ANm-A = 0, whence, if m and p are coprime, we have [24]| 4+ |m - A] = |2A| + |A] < p.
Combining this with the bound |2A| > 2|A| — 1 given by the Cauchy-Davenport Theorem, we
deduce the simple bound |A] < Pl \which implies in particular that d,, < 1 /3. It was noted in
[4] that partial versions of Conjecture 1.2 can be used to improve on this bound, provided these
versions are applicable to sets of density up to 1/3. The best version available for that purpose
in [4] was given by the theorem of Serra and Zémor mentioned above, and this resulted in the
first upper bound for d,, below 1/3, namely 1/3.0001 (see [4, Theorem 3.1]). In this paper, using
Theorem 1.4 we obtain the following improvement.
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Theorem 1.5. Let p > 5 be a prime, let m be an integer in [2,p — 2], and let ¢ = c(p) be the
solution to the equation (7+ V/8epsin(r/p)/sin(me/3) + 9) c=4+ %. Then dpy(Z/pZ) < c. In

. 1
particular, dm < 5755 -

Regarding lower bounds for d,,(Z/pZ), note that, identifying Z/pZ with the integers [0, p — 1],
the interval (ﬁp, —5p) is an m-sum-free set. This set has asymptotic density ﬁ, and is
still the greatest known example for m < 7. However, for larger values of m, a construction of
Tomasz Schoen (personal communication), presented in this paper in Lemma 3.1 with his kind
permission, yields an improved lower bound of the form d,,, > é — Om—oo(1). We summarize these
results as follows.

Theorem 1.6. For m <7, we have d,, > %ﬁ For m > 8, we have d,;, > ﬁL%J

The paper is laid out as follows. In Section 2, we prove Theorems 1.3 and 1.4. Our results on m-
sum-free sets are proved in Section 3. There, in Subsection 3.1, we present Schoen’s construction
and deduce Theorem 1.6. Then, in Subsection 3.2, we apply Theorem 1.4 to obtain Theorem 1.5.

Acknowledgements. We are very grateful to Tomasz Schoen for providing the construction in
Lemma 3.1 and for some useful remarks.

2. NEW BOUNDS TOWARD THE 3k — 4 CONJECTURE IN Z/pZ

Our first task in this section is to prove Theorem 1.3. We shall obtain this result as the special
case € = 3/4 of the following theorem.

Theorem 2.1. Let p be prime, let 0 < & < % be a real number, let o be the unique positive root
of the cubic 4x3 + (12 — 4e)x® + (9 — 4e)x + (8¢ — 7), and let A C Z/pZ be a nonempty subset
with |2A| = 2|A| + r. Suppose

2A| < (24 a)|A| =3 and |2A| <ep.

Then there exist arithmetic progressions Py, Poga C 7Z/pZ with the same difference such that
A C Py, |Pa| <|A|+71+1, Pog C2A, and |Pya| > 2|A| — 1.

The proof is a modification of the argument used to prove [11, Theorem 19.3], itself based on
the original work of Freiman [9] and incorporating improvements to the calculations noted by
Rgdseth [14]. The main new contribution is an argument to allow the restriction [24] < (p+ 3)
from [11, Theorem 19.3] to be replaced by the above condition |2A| < ep. For ¢ = 3/4, this is
optimal in the sense explained in the introduction.

In the proof of Theorem 2.1, we use the following version of the 3k — 4 Theorem for Z. Here,
for X C Z, we denote the greatest common divisor ged(X — X) by ged*(X). Note, for | X| > 2,
that d = ged*(X) is the minimal d > 1 such that X is contained in an arithmetic progression
with difference d.
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Theorem 2.2. Let A, B C Z be finite, nonempty subsets with gcd*(A+ B) =1 and
|A+ B| = |A[ +|B| 4+ r < |[A] + |B] + min{|A][, | B|} —3 -,

where § = 1 if t + A = B for some x € Z, and otherwise § = 0. Then there are arithmetic
progressions Pa, P, Parp C Z with common difference 1 such that A C P4, B C Pg, Payp C
A+ B, |Pa| < |A|+7r+1, |Pg| <|B|+7r+1 and |Parp| > |A| + |B| — 1.

For a prime p, nonzero g € Z/pZ (which is then a generator of Z/pZ), and integers m < n, let

[m,nly = {mg,(m+1)g,...,ng}

denote the corresponding interval in Z/pZ. If m > n, then [m,n], = 0. For X C Z/pZ, we let
£4(X) denote the length of the shortest arithmetic progression with difference g which contains
X, and we let X = (Z/pZ) \ X denote the complement of X in Z/pZ. We say that a sumset
A+ B C Z/pZ rectifies if £4(A) + ly(B) < p+ 1 for some nonzero g € Z/pZ. In such case,
A C ap +[0,m]yg and B C by + [0,n]; with m +n = {4(A) + {4(B) — 2 < p — 1, for some
ag, by € Z/pZ, in which case the maps ag + sg — s and by + tg — t, for s, t € Z, when restricted
to A and B respectively, show that the sumset A+ B is Freiman isomorphic (see [11, Section 2.8])
to an integer sumset. This allows us to canonically apply results from Z to the sumset A + B.

If G is an abelian group and A, B C G are subsets, then we say that A is saturated with
respect to B if (AU {z}) + B # A+ B for all z € A. In the proof of Theorem 2.1, we shall
also use the following basic result regarding saturation [11, Lemma 7.2], whose earlier form dates
back to Vosper [18]. We include the short proof for completeness.

Lemma 2.3. Let G be an abelian group and let A, B C G be subsets. Then
~-B+A+BCA
with equality holding if and only if A is saturated with respect to B.

Proof. First observe that —B + A+ B C A, for if b € B, 2 € A+ B and by contradiction
—b+ z =a for some a € A, then z=a+ b € A+ B, contrary to its definition. If A is saturated
with respect to B, then given any = € A, there exists some b € B and z € A + B with 2 + b = z,
whence z = —b+2 € —B+A + B. This shows that A C —B+ A + B, and as the reverse inclusion
always holds (as just shown), it follows that A = —B + A + B. Conversely, if A = —B + A + B,
then given any = € A, there exists some b € B and z € A+ B with x = —b + z, implying
r+b=2¢ A+ B. Since v € A is arbitrary, this shows that A is saturated with respect to B. [

Proof of Theorem 2.1. Let f(z) = 423 + (12 — 4e)a® + (9 — 4e)x + (8¢ — 7), so that f'(x) =
1222 + (24 — 8¢)x + (9 — 4e). Then f/(z) > 0 for z > 0 (in view of ¢ < 3/4), meaning f(x) is an
increasing function for z > 0 with f(0) = 8 — 7 < 0 and f(1/2) = 1 + 5¢ > 0. Consequently,

. . 1
f(x) has a unique positive root 0 < o < 3.
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Since |2A] < ep < p, the Cauchy-Davenport Theorem implies r > —1. Let

r—+3
1 =——>0,
(1) ]
so that
1
(2) r=pBlAl -3, [24|=2/Al+r=(2+p)|A|—-3 and f<a<-.

2
Since 2|A|+r = [2A] < ep < 3p, it follows that [A| < 3p— Ir = 2p— 18| A|+ 3, which implies
(in view of § > 0) that
3p + 12 3p +12
42+ p) T8

The proof naturally breaks into two parts: a first case where there is a large rectifiable sub-

(3) Al <

sumset, and a second case where there is not.
Case 1: Suppose there exist subsets A’ C A and B’ C A with |B’| < |A’| and
(4) |A'| +2|B'| — 4 > [24]

such that A’ + B’ is rectifiable. Furthermore, choose a pair of subsets A’ C A and B’ C A
with these properties such that |A’| + |B’| is maximal, and for these subsets A’ and B’, let
g € Z/pZ be a nonzero difference with ¢4(A") + €4(B’) < p + 1 minimal. Note |A'| > |B'| > 2;
indeed, if |B’| < 1, then combining this with the hypotheses |B’| < |A’| < |A| and (4) yields the
contradiction |A| —2 > |2A] > |A|. Since A’ + B’ rectifies, the Cauchy-Davenport Theorem for Z

[11, Theorem 3.1] ensures
A"+ B'|=|A'|+|B'|+7 withr' > —1.
Moreover, we have
(5) A" C Py:=ag+[0,m]g, B CPp:=by+[0,n]y, and A +B Cag+by+[0,m+nl,

with ag, ag + mg € A, by, bo +ng € B and m +n < p — 1, for some ag, by € Z/pZ. Then,
since A’ + B’ rectifies, it follows that the map ¢ : Z/pZ — [0,p — 1] C Z defined by ¥ (sg) = s
for s € [0,p — 1], gives a Freiman isomorphism of A"+ B’ with the integer sumset ¥ (—ag + A’) +
(—byg + B') C Z. Observe that

ged*(Yp(—ap + A') +(=bo+ B')) =1,

since if ¥(—ag + A’) + ¥ (—by + B’) were contained in an arithmetic progression with difference
d > 2, then this would also be the case for ¢¥(—ag + A’) and ¢)(—by + B’), and then {gq4(A’) +
Lag(B') < Ly(A") 4+ Ly(B’) would follow in view of |A’| > |B’| > 2, contradicting the minimality of
ly(A") 4+ Ly(B') for g.

In view of (4) and |B’| < |A'|, we have |A" + B'| < |24| < |A'| + |B'| + min{|4'|, |B'|} — 4.
Thus, since ged* (¢(—ag + A’) + (—by + B’)) = 1, we can apply the 3k — 4 Theorem (Theorem
2.2) to the isomorphic sumset ¥(—ag + A’) + ¢¥(—by + B’). Then, letting Py = ag + [0, m]y,
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Pg = by + [O,n]g and Psyp C A’ + B’ be the resulting arithmetic progressions with common
difference g, we conclude that
(6) |IPA\A' <7 +1 and |Pp\B|<r +1.
If A/ = A and B’ = A, then the original sumset 2A rectifies, we have ' = r, and the theorem

follows with P4 = Pp and P,y = Psyp as just defined. Therefore we can assume otherwise,
which in view of |B’| < |A’| means

(7) A\ B #10.
Let A =|2A] — |A"+ B’| > 0. Then
(8) ' =|A\A|+|A\ B |+r—A.

Since |A'| 4+ |B'|+ ' = |A" + B'| = |2A] — A, it follows from (4) and |B’| < |A’| that
9) P <|B|-4-A and ' <|A|-4-A.

Averaging both bounds in (9) along with the bound (8), and recalling that [2A| = 2|A| + r, we
obtain

1 8
1 "< Z2A| - - — AL
(10) < 5124] -

Step A. |- A + A+ A| < |A'+ A| 4+ 2|4 — 4.

Proof. If Step A fails, then combining its failure with p — [2A4| = [24| < |4’ + A| and Lemma 2.3
yields

p— 24|+ 2[4 -3 < [AT+ A +2A| -3 < |-A + A+ Al <|A|=p—|4],

which implies that |A| + 2|A’| — 3 < |2A]|. This together with (4) and |B’| < |A’| < |A| implies
|A| +2|A"| — 3 < |A'| +2|B'| — 4 < |A| + 2| A’| — 4, which is not possible. O

Step B. | — A"+ A"+ A] < |A'| 4+ 2|A" + A] - 3.
Proof. If Step B fails, then combining its failure with 2p — 4|A| — 2r = 2|24| < 2|4’ + A| and
Lemma 2.3 yields
|A'|+2p—4|A] —2r —2 < |A'|+2[A + A| - 2< |- A+ A+ A <|Al=p—|A|
Collecting terms in the above inequality, multiplying by 2, and applying the estimates |B’| < |A’|
and (10) yields
2p < 6|A| +4r —2|A'|+4 < 3|24| +r — |A'| — |B'| +4

4
24| + 7+ <.

=324| — |[A'+ B'|+r+r" +4=224|+ A+r+1r'+4 < 3

w3

Hence 24| > &p — 2r — 2. Combined with (2) and (3), we conclude that

6 3 3p+12 5 6 3 5 6 3 4 3
-D— ¢ —<—-p—=BlAl+===-p—zor— - <|24|<ep< -
gl )t <op- B+ o =op—or— o <24 <ep < p,
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which yields the contradiction 0 < (g — % — %a)p < %a — % < 0 (in view of a < %), completing

Step B. O

By our application of the 3k — 4 Theorem (Theorem 2.2) to t(—ag + A’) + ¢ (=by + B’),
we know that A’ + B’ contains an arithmetic progression Ps,p with difference g and length
|Payp| > |A'| +|B’| — 1, which implies

ly(AT+B') <p—|A'| - |B| +1.
By (6) and (9), we obtain
(11) ly(—A) = L(A)) <A+ +1 < |A| +|B] -3,

whence £y(—A") +£4(A’+ B’) < p—2, ensuring — A’ + A’ + B’ rectifies via the difference g. Since
AT+ AC A"+ B, it follows that —A’ + A’ + A also rectifies via the difference g.

By our application of the 3k —4 Theorem (Theorem 2.2) to (—ag+A")+1(—bo+ B’), we know
(—ap+ A’) is contained in the arithmetic progression ¢(—ag+ P4) = [0, m] with difference 1 and
length |P4| < |A’|4+r'+1, with the latter inequality by (6). Moreover, r'+1 < |B’|—-3 < |A'|—3 (by
(9)), so that |A’| > [£|P4|], meaning 1)(—ag + A’) must contain at least 2 consecutive elements.

Hence
(12) ged*(Y(—ap + 4")) = 1.

Since —A’ + A’ 4 A rectifies via the difference g, it is then isomorphic to the integer sumset
Y(ag +mg — A') + (xz + A7+ A) for an appropriate x € Z/pZ. Hence, in view of (12), Step
A and Step B, we can apply the 3k — 4 Theorem (Theorem 2.2) to the isomorphic sumset
Y(ag +mg — A') +(x + A + A) and thereby conclude that there is an arithmetic progression
P C —A" + A+ A with difference g and length |P| > |A'| + A7+ A| —1 > |A'| + |24] -1 =
p—|2A|+|A’| — 1. Consequently, since Lemma 2.3 ensures that P C —A’'+ A’ + A C A, it follows
that £4(A) < |24] — |A'] + 1. Combined with (11), we find that

(13) 0o(A) + €,(A) < |24] + 7' + 2.

If A’ + A does not rectify, then (13) and (10) imply p < [2A4] + ' < 3|24| — &, whence
24| > %p + 2 > ep, contrary to hypothesis. Therefore A’ + A rectifies. This contradicts the
maximality of |A’| + |B’| since by (7) we have |A| > |B’|, which completes Case 1.

Case 2: Every pair of subsets A’ C A and B’ C A with |B’| < |A’| whose sumset A’ + B’ rectifies
has
(14) |A’| +2|B'| < |24] + 3.

Let ¢ := |2A| = 2|A| + r. For the rest of this proof, let us identify Z/pZ with the set of
integers [0, p — 1] with addition mod p. Then, for every X C Z/pZ and d € Z/pZ, we define the
2mi
exponential sum Sx(d) = > . x er ™ ecC.
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The idea is to use Freiman’s estimate [12, Theorem 1] for such sums to show that the assumption

(14) implies
(15) |Sa(d)] < %\A| + %r +2 for all nonzero d € Z/pZ.

For any u € [0,27), consider the open arc Cy, = {€" : z € (u,u+ )} of length 7 in the unit
circle in C. Let A" = {x € A : er® e Cy}. Since the set of p-th roots of unity contained in
Cy correspond to an arithmetic progression of difference 1 in Z/pZ, it is clear that, for d* the
multiplicative inverse of d modulo p, we have £4(A") < %. Hence the sumset A’ + A’ rectifies.
Then the assumption (14) implies that 3|A’| < |2A] + 3. This shows that every open half arc of
the unit circle contains at most n = 1[2A[+1 of the |A| terms involved in the sum S4(d). By [12,
Theorem 1] applied with this n, N = |A|, and ¢ = 7, we obtain |[Sa(d)| < 2n—N = 2[24|+2—|A|,
and (15) follows.

To complete the proof, we now exploit (15) to obtain a contradiction, using in particular the

following manipulations which are standard in the additive combinatorial use of Fourier analysis
(e.g. [11, pp. 290-291])
By Fourier inversion and the fact that S4(0) = |A| and S24(0) = ¢, we have

[APp = ) Sa(@)Sa(z)S2a(x) = Sa(0)S4(0)524(0) + Y Sa(2)Sa(2)S2a(x)
©€L/PL z€(Z/pZ)\{0}
= |APL+ Y Sa(@)Sa(@)Sale) < JAPC+ Y 1Sa(@)]1Sa(@)]S2a()]
z€(Z/pZ)\{0} z€(Z/pZ)\{0}
1 2
[APC+GIAI+3r+2) D> [Sa@)ISa@)].
z€(Z/pZ)\{0}

A

1/2 1/2
This last sum is at most ( > \SA(Q:)P) ( > ‘SQA([I:)‘Q) by the Cauchy-Schwarz

x€Z/pZ\{0} x€Z/pZ\{0}
inequality. We thus conclude that
Al+2r+6

AP < 4P+ B2 yapy e - 22

Rearranging this inequality, we obtain
1/2
A+ 2+ 6 Al(p — ) po1)"

(16) Z A1 1/271/2 1z |2 :

3|4 |A[Y2(p — [A])/20172(p — £) a1

By hypothesis r = B|A| — 3, and ¢ = [24| = (2+ B)|A| — 3, so |A] = gi—% > ﬁ. Using these

estimates in (16) yields

p 1/2 p 1/2
14+26 A +2(8lA| =3)+6 _|A|+2r+6 _ [ §—1 (b1
o 3 IEZIE G CRROTES

Al
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Rearranging the above inequality yields (in view of 0 < f < a < 1)

1— (H28)2(2
(17) ep>L> 1(3(113?([3;5)

Since g < a < 1, rearranging the above inequality yields
(18) A4B% + (12 — 4e)B% + (9 — 4e)B + 8 — 7> 0.

Thus f(B) > 0, with f(x) = 423 + (12 — 4¢)x? + (9 — 4e)x + 8 — 7. As noted at the start of the
proof, f(z) is increasing for x > 0 with a unique positive root «. As a result, (18) ensures that
B > «, which is contrary to hypothesis, completing the proof. [l

Remark 2.4. Our restriction |2A| < %p in Theorem 2.1 could be relared somewhat further,
but at increasingly greater cost to the resulting constant a. One simply needs to strengthen the
hypothesis of (4) and appropriately adjust the Fourier analytic calculation in Case 2 in the above
proof, using the correspondingly weakened inequality for (14).

Proof of Theorem 1.3. As mentioned earlier, Theorem 1.3 is just the special case of Theorem 2.1
with e = 3. O

We now proceed to prove the variant that we shall apply in the next section.

Proof of Theorem 1.4. The proof is very close to that of Theorem 2.1, with the most significant
difference occurring in Case 2. We only highlight the few differences in the argument.

First observe that, if p = 2, then [2A| < p forces |A| = 1, in which case the theorem holds
trivially. Therefore we can assume p > 3. Next observe (via Taylor series expansion) that
psin(mw/p) is an increasing function for p > 1 with limit 7. The function n/sin(mn/3) is also an
increasing function for n € (0,1). Thus a < —% + i\/9 + 87 /sin(7/3) < 0.3. By hypothesis,
|A| < 22- = 1p — 1B8|A| + 1, implying

p+3 p+ 3
19 —_—
(19) e
which replaces (3) for the proof. Also, [2A] = 2|A| + 7 < 2(557) +r = 2”;”
At the end of Step B in Case 1, we instead obtain & =p — %r - % < 24| < 27’” , which implies
2 6 16 4 6 16 4 6 16 p+3 16 4
_ —-p— —r——>—p— —alA|l + 7_,>, — (= —
e A TUE N 210‘| It 77 210‘( 3 ) T
with the final inequality above in view of (19). Thus 0 < (£ — 2 — a)p < 8a— 2 < 0 (in view

of 0 < @ < 0.3), which is the contradiction that instead completes Step B.
At the end of Case 1, we instead likewise obtain

2p+1r 2 p+3
3

1 2 1
<Zp4-alAl—1< Zp+-aP2y 1
<gptg alAl 3p+3a( 3 )

This yields the contradiction 0 < (2 — $—5)p <5 —3<0 (inview of 0 < a < 0.3) in order to

Zp+2§ 124] <

complete Case 1.
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For Case 2, we begin by following the argument that proves (15), except that we use Lev’s
sharper estimate [12, Theorem 2] instead of [12, Theorem 1]. Thus, using that any two distinct
terms in Sy have the shortest arc between them of length at least § = 27/p, we obtain by [12,
Theorem 2] applied with n = £|24|+1 < p/2 (so én < ) that, for every such nonzero d, we have

sin (3124) + 1= 3ADE)  sin ((314] + 3+ 2)7)
(20) [Sa(d)] < Sin(Z) = sin(Z) :

Let M = LAl + 2r + 2, and let y = M/p. Note M < (1 + 20)|4] < (1 + 2(0.3))282 < 2

in view of 7 < a|A| — 3 and (19), ensuring y € (%, ). Then the inequality in (20) becomes

|Sa(d)] < y;?l(ggr)) M. The function f(p,y) = yjzi(fé)) is decreasing in y € (0,1/2) for any fixed

p > 3, as can be seen by considering the taylor series expansion of its partial derivative. It is also

decreasing in p for every fixed y € (0,1/2) by a similar analysis. Letting v = f(p, ) > 0, we can
therefore replace (15) by the bound

(21) 1Sa(d)| < v(3|A] + 3r +2).

Since M7 < 5, M > 1 and p > 3, it follows that sin(M7) — Msin(7) < 0 (as can be seen by
cons1der1ng derivatives with respect to M and using the Taylor series expansion of tan( ) to note
™

tan(%) > 7). Consequently, we see that the bound in (20) is at most M, ensuring v < 1. We
now obtain the following inequality instead of (16):

(22)

1 2 P 1/2
1+26 _ G+ 5r+2) [Al(p — ) (i1
73 | Al ~A|V2(p — |A|)L/2012(p — 0)1/2 N .

A similar rearrangement as the one that yielded (17) now leads to

2+ 525 (p+3) — 3 _ 1 ~2(1£2812(9
29) P+ 555(p +3) 22p+ﬁ\A\ 3:2p—|—7“2|2A’> ()% +5)p7
3 3 3 1 —2(3E2Ey2

with the first inequality following from (19). Since 0 < < 1 and 0 < 7 < 1, we have % <1

and also 1 — 72(#)2 > 0, whence (23) implies

B+2)< 2<1+2ﬂ>2> o 1+206\2

1- >1-2(=5) @+ 8).

< 513 (3 =5 ) 2+H

Multiplying both sides by S+3 > 0 and grouping on the left side the terms involving v, we obtain

2
(B +2)%42 <%> > 1. Taking square roots and expanding, we deduce 23% 4+ 53 +2 — 3y~ > 0.
—5— i+24’y*1 <Oorf3> —5+«/i+24~/*1 N

The quadratic formula thus implies that either 5 <
Since 8 > 0, this contradicts the hypothesis 8 < «, completing the proof. O
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3. BOUNDS FOR m-SUM-FREE SETS IN Z/pZ
In this section, we give new bounds for the quantity
dm(Z/pZ) = max {% : A C Z/pZ is m-sum-free}.

In the first subsection below, we present some examples of large m-sum-free sets, and in Subsection
3.2, we apply Theorem 1.4 to give a new upper bound for d,,(Z/pZ).

3.1. Lower bounds for d,,(Z/pZ).

As mentioned in the introduction, a simple example of a large m-sum-free set is the interval
(ﬁp, %p), having asymptotic density ﬁ as p — oo. This gives the largest known example
for m < 7, but not for greater values of m. Indeed, there is the following construction, due to

Tomasz Schoen.

Lemma 3.1 (T. Schoen). For each integer m > 3, we have dy,(Z/pZ) > Lm/4j% for every

m

prime p of the form p = 2mn + 1. In particular, im p—oco dn(Z/pZ) > % EE

p prime m

Proof. We identify Z/pZ with the interval of integers [0, p — 1] with addition mod p. Let J be
the interval [1,(p — 1)/2] = [1,mn] in Z/pZ. We construct an m-sum-free set A by picking
appropriate elements from J. We need to ensure that 2A N (m - A) = (), and for this it suffices to
have 2A N (m - J) = 0.

Now m - J is an arithmetic progression of difference m. Taking blocks of 2n consecutive terms,
we partition m - J into progressions Uy, Us,...,Us, s = |[%§], together with a final remainder
progression Ugyq of length 0 if m is even and length n if m is odd. More precisely, we have
U = {m,2m,...,2mn}, then Uy = {m — 1,2m — 1,...,2mn — 1}, and so on, up to Us; =
{m—(s=1),....2mn — (s — 1)}, with Ugyy =0 or {m —s,...,mn — s}.

Looking at this modulo m, we see m-J is confined to the congruence classes 0, —1,..., — LmT_lj
mod m. Therefore, it suffices to ensure that 2A occupies the other congruence classes mod m.

For example, the following set in Z/pZ is m-sum-free:

A={zeJ:xze€ll,[m/4]] mod m},

since 24 mod m is included in [1,|%|] which is the complement of [["4],m] mod m with

m-J C [[™4], m] mod m. We have |[A| = n|m/4] = %ﬂ%, and the result follows as there

are an infinite number of primes of the form 2mn + 1 for fixed m. (I

3.2. Upper bound for d,,(Z/pZ).

In this final part of the paper, we prove Theorem 1.5, which we restate here for convenience.
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Theorem 3.2. Let p > 5 be a prime, let m be an integer in [2,p — 2], and let ¢ = c(p) be the
1+3/p
3+a(cp)’

n=-c. Then d,(Z/pZ) < c. In particular, dp, < 73.1%,55-

solution to the equation ¢ = where a = «(e,p) is the parameter in Theorem 1.4 with

The idea of the proof is roughly the following: either an m-sum-free set A has doubling constant
at least 2 + «, in which case, since (m - A) N 2A = ), we have (3 + a)p = |(m - A)| + |24]| < p
and we are done, or we can apply Theorem 1.4, and thus, working with the two arithmetic
progressions provided by the theorem, we reduce the problem essentially to bounding the size
that two progressions I and J of equal difference can have if the dilate m-J has small intersection
with I. Let us begin by establishing this result about progressions.

Lemma 3.3. Let p > 5 be prime, let 0 < a < 1/5, and let d € [2,p—2] and N be natural numbers
with N < %. Let I and J be progressions in Z/pZ having the same difference and satisfying

I|=2N -1, |J|=[(1+ )N =2, and [IN(d-J)| < aN —2. Then N < ££2.

Proof. First note that, without loss of generality, we can assume d < %, since if the lemma
is proved with this assumption, then, given d > %, we can multiply by —1 and apply the
lemma with the intervals —I and J. Let us proceed by contradiction supposing that there exists
some N (along with p, d, a, I and J) such that the hypotheses of the lemma are satisfied but
N > %. Note that the supposed properties of I and J are conserved if we dilate by the inverse
of their difference mod p and if we translate, replacing I by I + dz and J by J + z. It follows
that, identifying Z/pZ with the integers [0,p — 1] with addition mod p, we can assume that
I=[p—|I,p—1]and J =2+ [0,|J| — 1] mod p for some x € [0,p — 1].

Ifd -z eld,p—1|I|+d—1] modp, then d- (x —1) ¢ I mod p, ensuring that the interval
J' = (x—1)+[0,|J| — 1] satisfies the hypotheses with [I N (d-J")| < |IN(d-J)|. On the other
hand, if d-x € [p—|I|,p—1], then d-z is an element from the intersection I N (d-.J) not contained
in IN(d-J), where J' = (x + 1) + [0, |J| — 1], whence the interval J' = (z + 1) + [0, |J] — 1]
satisfies the hypotheses with [IN(d-J")| < |IN(d-J)|. In either case, by repeatedly shifting the

interval J, we can w.l.o.g assume
(24) d-z€0,d—1] mod p.

In view of (24), we may partition d - J into successive progressions U; (with difference d) for
i=1,2...,s+ 1 such that U; = (minU; + dZ) N [0,p — 1] with minU; € [0,d — 1] for i € [1, 5],
and U,y is either empty or consists of an initial portion of (minUsyq + dZ) N [0,p — 1] with
minUs11 € [0,d — 1]. Then

1
(25) U NIl > “JJ for i € [1, 5].
In view of (25), we have

(26) aN—22|(d-J)m|zst.
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Note first that, since the intersection of y 4+ dZ with an interval of length p has size at most

[p/d], we have
0> { |J| J < { |.J|d J > |J|d+ 1 1 (1+a)N-=3)d+1 L
[p/d] pt+d—1 pt+d—1 pt+d—1

We claim that s > 1. Indeed, otherwise |J| < |(d-J)NI|+|(d-J)N[0,p—|I] —1]] <
aN -2+ [p—\flw Using that |J| > (1+a)N =3, [I| =2N —1,d > 2 and p > 5, we conclude that
N < pdf; < (p+4)/4. Thus N < p+3 , which combined with our assumption N > (p+3)/(3+«)
yields (1 — «)(p+3) <0, contradlctmg that o < 1, which proves our claim.

Since s > 1, (26) yields

(27)

2N
(28) |(d - J)ﬂI|>HI]/dJ>7—1
Using again the hypothesis ](d J)NI| < aN -2, it follows that (aN — l)d > 2N > 0. Hence
aN . Thus 11 < d < 251
implying p > 23 and N > p+3 > 6 (in view of a<1).
Note that [|I]/d] > 1, for othervvlse 2N = |I|+1<d+1< %, contradicting our assumptions

N > 253 and a < 1. Combining this with (26) and (27), we obtain aN —2 > (IFANZ8EEL g

which means d < (a — 1&35‘) (p—1) < ap (in view of « < 3 and N > 3).

So far we have that, if N > g%i holds, then 11 < d < ap < p/5, and therefore

p > 55.

Also, we have 2 d — 1 > 0, for otherwise we obtain the contradiction £ 1< p+3 <N % < %ozp <
#5. The final part of the proof is a calculation involving (26) which Wlll yleld a contradiction.
Combining (26) with (28) and (27), we obtain

Mv_2><«LMﬁN—3M+1_1)(mV_1>

p+d—1 d
2d(1 + 14+ a)d 6d — 2 2 3d—1
:(O‘)N2—<( a)d | +>N+1+.

dip+d—1) p+d—1 dp+d—-1) d p+d—1
We group all terms involving N on the right side, we note that the other terms grouped on the
left side amount to a negative number, and we multiply through by % to deduce that
(29) Ne—t ((14+20)d+C+ap+s— 2

20 + o) o g T 7 )

Using that 11 < d < p/5 and the assumption N > gf)’, we see that (29) implies

p+3< 1
3+a 21+«

P 2 4
1+ 2a)2 8— — —
)<( + a)5+(11+a)p+ T a)
Grouping terms involving p to the left side and multiplying through by 110(1 + a)(3 + «) yields
p(47 — 1420 — 77a%) < 930 — 750 — 550>,
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The polynomial in « on the left side is positive for « € [0,1/5], whence

5502 4+ 75a — 930
P= 002 ¥ 1420 — 47

which is a bound increasing for a > 0, thus maximized for a = %, yielding p < 59. Since p is

prime, this forces p < 53, contradicting that p > 55, which completes the proof. O
We can now prove the main result.

Proof of Theorem 3.2. Let A C Z/pZ be an m-sum-free subset of maximum size, with |A| = np,

and let a = a(n,p) = =2 + 1,/9+ 8y psin(r/p)/ sin(mn/3).
14+3/p
3+a(z,p)

Assume by contradiction that n > ¢. Then, since x —

c= 3_1@%25)), we deduce that n > ¢ > lgfé P whence

is decreasing in = € (0, 1) and

p+3
(30) |A| > 3T a > 1.

As noted at the start of the proof of Theorem 1.4, a(n,p) is increasing for n € (0,1) with
psin(7/p) — 7 monotonically. Since 24 and m - A are disjoint, we have [24| < p — |A|, while
|2A] > 2| A|—1 by the Cauchy-Davenport Theorem. Thus 2|A|—1 < [24| < p—|A|, implying |A| <
% and n < %. If p=>5,then 1 < |A4| < p?;—l = 2 forces |A| = 2 and 5 = 2, whence a < 0.167.
If p=7, then n < Bt = B and o < -5 4 {1/9 +8(8/21)7sin(w/7)/sin(w(8/21)/3) < .183. For
p > 11, we have n < Bt < & and o < =5 + /9 + 8(12/33)7/sin(w(12/33)/3) < 0.199. Thus

a < 0.2

in all cases.
Let |2A| = 2|A| + r. Since A is m-sum-free, the sets 24 and m - A are disjoint, which implies
that |2A4| < p (as A is nonempty) and that p > [2A| 4 |m - A| = 3|A| + r. Thus

— 2
A<l and A =24 45 < pg”.

Since |2A]| < p, the Cauchy-Davenport Theorem implies r > —1.

If [24] = 2|A| + 7 > (24 a)|A| — 3, then r > a|A| — 3, in which case |4] < 257 < 2=l
which contradicts (30). Therefore |24 < (24 «)|A| — 3 and r < |«|A| — 3]|. We can now apply
Theorem 1.4. As a result, there are arithmetic progressions P4 and P4 with common difference
g such that A C Py, Py C 2A,

(31) |Pal=|(1+a)|A|=2] <p and |Pys|=2|A|-1.
It follows that P :=m - P4 is an arithmetic progression with difference mg # £g such that
(32) |[PNPoyg| < |PN2A| < |Ps\ A < alA|—2.

We can therefore apply Lemma 3.3 with N = |A| (as a < 0.2), deducing that |A| < g%i,

a contradiction. Therefore we must have n < ¢, so dy(Z/pZ) < ¢, which proves the first
claim in the theorem. Taking the limit of ¢ as p — oo, we deduce that d,, < t where t =
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(% + 1./9+8tn/sin(rt/ 3))_1, and the second claim in the theorem follows from solving for ¢
numerically. O
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