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ABSTRACT. Let Fy be a finite field of characteristic p and order q. The Chevalley-Warning
Theorem asserts that the set V' of common zeros of a collection of polynomials must satisfy
|V] =0 mod p, provided the number of variables is sufficiently large with respect to the degrees
of the polynomials. The Ax-Katz Theorem generalizes this by giving tight bounds for higher
order p-divisibility for |V|. Besides the intrinsic algebraic interest of these results, they are also
important tools in the Polynomial Method, particularly in the prime field case F,, where they
have been used to prove many results in Combinatorial Number Theory. In this paper, we begin
by explaining how arguments used by R. Wilson to give an elementary proof of the F, case for
the Ax-Katz Theorem can also be used to prove the following generalization of the Ax-Katz
Theorem for ), and thus also the Chevalley-Warning Theorem, where we allow varying prime
power moduli. Given any box B =7; X...xZ,, with each Z; C Z a complete system of residues
modulo p, and a collection of nonzero polynomials fi,..., fs € Z[X1,...,X»], then the set of

common zeros inside the box,

V={aeB: fi(a) =0 mod p™,...,fs(a) =0 mod p™*},

satisfies |V| = 0 mod p™, provided n > (m — 1) max;epy 4 {pmi*l deg fl} + i p';?% deg f.
The introduction of the box BB adds a degree of flexibility, in comparison to prior Zv;érk of Zhi-Wei
Sun. Indeed, incorporating the ideas of Sun, a weighted version of the above result is given. We
continue by explaining how the added flexibility, combined with an appropriate use of Hensel’s
Lemma to choose the complete system of residues Z;, allows many combinatorial applications
of the Chevalley-Warning and Ax-Katz Theorems, previously only valid for [}, to extend with
bare minimal modification to validity for an arbitrary finite abelian p-group G. We illustrate
this by giving several examples, including a new proof of the exact value of the Davenport
Constant D(QG) for finite abelian p-groups, and a streamlined proof of the Kemnitz Conjecture.
We also derive some new results, for a finite abelian p-group G with exponent g, regarding the
constant siq(G), defined as the minimal integer ¢ such that any sequence of ¢ terms from G
must contain a zero-sum subsequence of length kq. Among other results for this constant, we
show that sixq(G) < kq + D(G) — 1 provided k > @ and p > d(d — 1), where d = [@—‘,
answering a problem of Xiaoyu He in the affirmative by removing all dependence on p from the
bound for k.
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1. INTRODUCTION AND NOTATION

1.1. Basic Notation. Let Ny = {0,1,2,...} and N= {1,2,..., }, and let F, denote a finite field
of order g, whose characteristic must then be a prime p > 2 with ¢ a power of p. For a commu-
tative ring R, we let R[X1,..., X,] denote the polynomial ring in the variables X7, ..., X,, with
coefficients from R, and we often use x = (X1,...,X,,) to denote the tuple of variable inputs.

Each f € R[X1,...,Xy] is then a finite sum of monomials f(x) = > Ckzl,...,anfl oo XFn
(k17-~~7kn)€N6"

with coefficients ¢y, . 1, € R. The monomials that occur in f are then the summands with

Chy,..kn 7 0. The degree of f is denoted deg f and is the maximal value of k1 4 ... + k;, as
we range over all tuples (ki,...,k,) € Nj with ¢, 5, # 0. The zero-polynomial f = 0 has
deg f = —1 by convention. For j € [1,n], we use deg; f to denote the degree of f in the j-th
variable X;. Throughout the paper, the expression 0% := 1, being interpreted as the constant
polynomial X? = 1 evaluated at 0. A polynomial f € Q[X1, ..., X,] is called an integer-valued
polynomial if f(a) € Z for all a € Z™. We use Int(Z) to denote the set of all integer—valued
polynomials f € Q[X], which is the sub-ring of Q[X}, ..., X,] consisting of all polynomials f
with f(x) € Z for all x € Z. A map f : Z — Z is periodic with period m if f(z +m) = f(x) for
all x € Z. In this paper, all intervals are discrete, so [a,b] = {zx € Z :a < x < b} for a, b € R,
and variables introduced with an inequality are assumed to be integers. Given an integer m > 1,
a complete system of residues modulo m is a set Z C Z with |Z| = m whose elements are distinct
modulo m, i.e., Z contains exactly one representative for every residue class modulo m. We use
¢ to denote the Euler totient function, so ¢(n) is the number of elements = € [1,n] that are
relatively prime to the integer n > 1. In particular,
p)=1 and olq)= L1
p

for a prime power ¢ = p* > 1. Given a prime p > 2 and z € Z, we let v,(z) denote the p-adic
valuation of x, which is simply the multiplicity of the prime p in the prime factorization of x,
and we extend this for z = ¢ € Q with a, b € Z by the standard definition v, (x) = vp(a) —v,(b).
For an element X in a commutative ring containing (Q, the binomial coefficient is defined as

<X> CX(X -1 (X—nt 1)

)

n n!

with ()0( ) := 1. If x € Ny is an integer, then (fl) counts the number of ways to choose n elements
from a set of size x, and is thus an integer. Moreover, (i) =0 for x € Ny and n > =x.

1.2. Introduction. The study of the common roots of a collection of polynomials fi,..., fs €
R[X1,...,X,] is a classical object of study in Number Theory and Arithmetic Geometry. When
R = T, is a finite field of characteristic p, one of the most well-known such results is the
Chevalley-Warning Theorem [14] [50] [27, Theorem 22.4] [36, Theorem 2.6] [46, Theorem 9.24].
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Theorem 1.1 (Chevalley-Warning Theorem (1936)). Let F, be a finite field of characteristic p,
let fi,..., fs € Fg[X1,...,Xy] be nonzero polynomials, where s > 1, and let

V={acF;: fi(a)=0,..., fs(a) = 0}.

If n > > deg f;, then [V| =0 mod p.
i=1

As a particular case, if there is one common zero for the polynomials fi,..., fs, then there
must be at least one nontrivial zero, which was the original result of Chevalley [14]. His argument
could be extended to yield the more general Theorem as noted by Warning [50], who also

n—> degf;
gave the lower bound |[V| > ¢ = (assuming the system has a solution), now known as

Warning’s Second Theorem. Later, the higher order p-divisibility of |V | was considered by Ax
4, pp. 255] (for s = 1, with this case also implying weaker bounds for larger s) and then with
tight bounds for general s by Katz [31, Theorem 1.0], resulting in what is known as the Ax-Katz
Theorem.

Theorem 1.2 (Ax-Katz Theorem (1971)). Let F, be a finite field of characteristic p and order
q, let f1,..., fs € Fg[X1,..., X,] be nonzero polynomials, where s > 1, and let

V={aclF;: fi(a)=0,..., fs(a) = 0}.

If n> (m — 1) max;cpy g{deg fi} + >_ deg fi, where m > 1, then |[V| =0 mod ¢"™.

i=1

Both the Chevalley-Warning and Ax-Katz Theorems have attracted considerable attention in
Number Theory, including many extensions, refinements, variants and alternative proofs. See
1 | [6] [10] [11] [13] [I5] [16] [30] [34] [35] [48] [49] [52] for a handful of such instances among
many more. However, the interest in these results extends much further, also to areas such as
Discrete Mathematics, where they form a standard tool in the “Polynomial Method.” Here,
the interest lies not directly in the results themselves but rather in what other results can be
proved by their usage in combination with appropriately chosen polynomials. For such reasons,
the Chevalley-Warning Theorem is often found in many texts on Additive Combinatorics, e.g.
[27, Theorem 22.4] [36, Theorem 2.6] [46, Theorem 9.24], and is an indispensable tool in many
parts of Combinatorics. As this will be a prime focus in this paper, we will shortly see concrete
examples of how this works. Worth noting, regarding the use of the Ax-Katz and Chevalley-
Warning Theorems in Discrete Mathematics, the case I, is the main focus of interest, and thus
for this paper as well.

Despite the rather elementary formulation of the Ax-Katz Theorem, most proofs are rather
non-elementary, to varying extents. Perhaps the most elementary proof, though only valid for
the prime field F,, was given by Wilson [52]. His interest was primarily in using the method
he developed to give striking applications in Coding Theory, and while his work received some
attention in Coding Theory, its importance outside Coding Theory seems not fully realized.
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The first part of this paper is devoted to detailing how the method of Wilson readily adapts to
prove the following generalization of the prime field case in the Ax-Katz and Chevalley-Warning
Theorems, where we are allowed to consider polynomial equations modulo varying prime powers

pm.

We remark that Clark and Schauz [17] have recently combined Wilson’s arguments along with
the functional calculus of Aichinger and Moosbacher [1], giving a Chevalley-Warning type theo-
rem for maps between finite abelian p-groups. Also, after having seen the initial posting of this
paper, W. Cao and D. Q. Wan [12] were able to give a complete (non-weighted) generalization
of the Ax-Katz Theorem along the lines of Theorem for any finite field, not just the prime
field case as is done here. Their proof uses finite Witt rings, thus providing an alternative proof

of Theorem in the non-weighted case, when all weight functions w;(X) = 1.

Theorem 1.3. Let p > 2 be prime, let n > 1 and B = 11 x ... x I, with each I; C Z for
j € [1,n] a complete system of residues modulo p, let s > 1 and mq,...,mg > 0 be integers,
let fi,...,fs € Z|X1,...,X,] be nonzero polynomials, let wy,...,ws € Q[X] be integer—valued
polynomials with respective degrees ti1,...,ts > 0, and let

V={acB: fi(a)=0 mod p™ forallic[l,s]} and N = ZH (

acV i=1

).

If n > (m — 1) maxje[; 4 {1 o) degf } Z (itDpmizl H p =L deg f;, where m > 0 and ¢ denotes

the Euler totient function, then

N =0 modp™

In the special case in Theorem when all w; = 1 are constant polynomials, we find that
= |V| is simply the cardinality of V, with ¢; = 0 for all <. Additionally assuming m; = 1

for all 7, we then recover the Ax-Katz Theorem for IF,,. In general, the quantity /N counts the
fi(a)

p"i

elements a € V each with multiplicity w; ( ), meaning N may be view as the weighted size
of V using the integer—valued polynomials wy, ..., ws € Q[X] as weight functions. The idea to
consider such weight functions is due to Zhi-Wei Sun [44], who indeed noticed (in his unpublished
preprint from 2006) that Wilson’s argument could be used to prove a result of the form stated
in Theorem specifically, in the case Z; = [0,p — 1] for all j. However, as already alluded
to, we are primarily interested in the application of Theorem particularly to Combinatorial
Number Theory, and for this, the added flexibility gained by considering common zeros inside
the box B =11 x ... x I, with the Z; allowed to be any complete system of residues modulo
p, will be quite crucial. This will become clearer once we have some examples, but the crux of
the matter is that, by choosing the Z; carefully, we can simulate behavior modulo p™ that could

normally only be expected modulo p, at least so long as we restrict to elements = € Z;.



A GENERALIZATION OF THE CHEVALLEY-WARNING AND AX-KATZ THEOREMS 5

For instance, Fermat’s Little Theorem tells us that

-1 — 1 modp ifx#0 modp
] 0 modp ifz=0 modp.

From a combinatorial point of view, this is quite nice, as it tells us that the polynomial XP~!
can be used as an indicator function modulo p. Indeed, in many applications of the Chevalley-
Warning or Ax-Katz Theorem in Combinatorial Number Theory, this is the key means of
translating between combinatorial information and the algebraic information gleaned from the
Chevalley-Warning or Ax-Katz Theorem. Fermat’s Little Theorem, of course, fails modulo
higher powers of p. Nonetheless, Hensel’s Lemma can be used to find an appropriate Z; for
which Fermat’s Little Theorem holds modulo p™, when restricted to x € Z;. We include the
short derivation of Proposition [1.4] at the end of Section [2| though this result is a special case
of more general and now standard results from Algebraic Number Theory, in this case involving
the Teichmuller Character and Witt Vectors (see [12] [43], Sections 2.4 and 2.5)).

Proposition 1.4. Let p > 2 be prime and let m > 1. There exists a complete system of residues
Z C[0,p™ — 1] modulo p such that
2Pl = { 1 mod p™ fo #0 modp for every x € T.
0 modp™ ifz=0 modp,

The main point is that, using Proposition (or a more general application of Hensel’s
Lemma) to choose the Z; appropriately, it is then often possible to use Theorem in place
of either the Chevalley-Warning or Ax-Katz Theorem, and de facto obtain a result via the
Polynomial Method for a general finite abelian p-group G that could previously only be achieved
by the same means for the special case G = F,. It is this point that we wish to particularly
highlight, and for which we provide several examples illustrating the idea.

The first example regards the Davenport Constant D(G) of a finite abelian group G, defined
as the minimal integer ¢ such that every sequence of £ terms from G must contain a nontrivial
subsequence whose terms sum to zero (called a zero-sum subsequence). It is an invariant that
has received considerable attention, in part due to its connection with Commutative Algebra.
It is perhaps best simply to refer to the texts [26] [27], and the many references therein, for
broader context. In general, if G = (Z/nZ) X ... x (Z/n,Z) with n; | ... | n,, then a rather
simple argument and construction [27, Theorem 10.2] and |26 Proposition 5.1.8.2] shows that

G| > D(G) > D*(G) := 1+ Z(n ~1).
=1

While even the (near) exact determination of D(G) remains an important and challenging ques-
tion for a general finite abelian group G, the following classical result of Olson [38, Equation
(1)] and also Kruyswijk [5] showed that the trivial lower bound is tight for p-groups. Both
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these original proofs relied upon ideals and group algebras. Our first application will be to use
Theorem to give a fairly direct proof of Theorem

Theorem 1.5. Let G be a finite abelian p-group. Then
D(G) = D*(G).

The next example regards the Erdds-Ginzburg-Ziv Constant s(G) of the finite abelian group
G, defined as the minimal integer £ such that every sequence of ¢ terms from G must contain a
zero-sum subsequence of length exp(G) (the exponent of G). The Erdés-Ginzburg-Ziv Theorem
implies that s(Z/nZ) = 2n — 1 [19, Theorem] [26, Corollary 5.7.5] [27, Theorem 10.1] [36],
Theorem 2.5]. It was a conjecture of Kemnitz [32] that s((Z/nZ)?) = 4n — 3, for which a simple
argument shows that it suffices to consider the case n = p prime. Partial progress towards this
conjecture was achieved by Alon and Dubiner [2 Theorem 1.3] and by Rényai [40, Theorem
1.1] before finally being resolved by Reiher [39] [41]. Regarding higher rank groups (Z/nZ)",
Alon and Dubiner gave a linear bound via Algebraic Graph Theory [3, Theorem 1.1]. Reiher’s
proof involved combining the Chevalley-Warning Theorem with several combinatorial double
counting arguments. Ronyai’s proof was also algebraic, but instead made use of linear algebra
surrounding multi-linear monomials. Our second application will be to use Theorem|[1.3]to give a
streamlined proof of Theorem[1.6] As we will see, the flexibility of being able to use more general
weights allows us to directly derive some of the congruences used in Reiher’s proof, reducing the
number of ad-hoc combinatorial doubling counting arguments needed. This is not surprising
since the elementary proof of Wan’s Weighted Weisman-Fleck congruence [45, Theorem 1.0],
which is one of the key components used in the proof of Theorem incorporates such double
counting arguments into its proof, meaning they are in some sense built into Theorem itself.
While the proof of Theorem is only a minor variation on Reiher’s, it does highlight how
the weight functions can be used to generate additional linearly independent congruences in a
routine manner. For more complicated arguments, this can simplify the technical calculations
and help focus attention on the more involved parts of the argument.

Theorem 1.6 (Kemnitz Conjecture). Let C, be a cyclic group of order p > 2 prime. Then
s(Cg) =4p —3.

The final examples regard a generalized Erd6s-Ginzburg-Ziv constant sj, exp()(G) of the finite
abelian group G, defined as the minimal integer ¢ such that every sequence of ¢ terms from G
must contain a zero-sum subsequence of length kexp(G). See [7] [21] [22] [23] [24] [28] [29]
[33] for some relevant examples of results regarding sy exp(a) (G). More generally, given a subset
X C Ny, we let sx(G) be the minimal integer ¢ such that every sequence of ¢ terms from
G must contain a zero-sum subsequence T with length |T'| € X. Here, we will particularly
focus on a question initially raised by Kubertin [33, Conjecture] and later extended in [24]
Definition 3.1]. The problem, for a finite abelian group G, is to find an optimal bound ¢(G)
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such that sy exp()(G) = kexp(G) + D(G) — 1 for all k£ > £(G). The corresponding lower bound
for s;exp(c)(G) follows from a rather basic construction, so the issue is how large must & be
to ensure s cxp(q)(G) < kexp(G) + D(G) — 1. An older result of Gao implies this is true for

k> ex|pG(|G) [21, Theorem 3.2] [24, Equation (2)], and it was conjectured in [33, Conjecture] [22,
Conjecture 4.7] that the optimal bound for k should be k > d := LS;E(GCZ)-‘. For p-groups, this

was proven for d < 4 when p > 2d—1 by Dongchun Han [28]. For more general p-groups, Xiaoyu
He could show sj exp(a)(G) < kexp(G) + D(G) — 1 holds for k > p + d when p > Td— 32, and
they posed the problem of obtaining a significant improvement of their result by removing the
dependence on p from the lower bound for & [29] pp. 405].

Our concluding applications are to use Theorem to give a much shorter proof of Dongchun
Han’s [28] result (Theorem [1.8), and to also answer the problem of Xiaoyu He [29] in the
affirmative by showing k > d(d; L) , which is independent of p, suffices when p > d(d — 1)
(Theorem [1.9). Both these results make use of Theorem which is derived from Theorem
and generalizes [29, Theorem 3] by relaxing the hypothesis X C [1,p] to that given in ().

Xiaoyu He proved [29, Theorem 3] by an extension of the method used by Kubertin [33], which

was based on the methods developed by Ronyai for his result regarding the Kemnitz Conjecture
[40]. In this way, Theorem simultaneously generalizes both the Chevalley-Warning Theorem
and the main applications of the algebraic method of Rényai into a single algebraic tool.

Theorem 1.7. Let G be a finite abelian p-group with exponentq > 1, let d = {%W , letm >0,
let X C N be a subset of positive integers with | X | > d+m, and let {z1,..., x5} = [1,max X|\ X
with the x; distinct. Suppose

(1) Hmz II (zj—2)#0 modp™t.

=1 1<i<j<s
Then

sx.q(G) < (max X — | X[+

m(pp_l)-i-l)q—i—D*(G) 1

< (maxX—l—l—%)q—r,

where r € [1,q] is the integer such that d = D (@)r=1

D*(G)
q

Theorem 1.8. Let G be a finite abelian p-group with exponent q, let d = [
p>2d—1andd < 4. Then

-‘ , and suppose

ske(G) < kq+D*(G) =1  for every k > d.

D*(G)
q

Theorem 1.9. Let G be a finite abelian p-group with exponent q, let d = [
p>d(d—1). Then

—‘ , and suppose

skq(G) < kq+D*(G) =1  for every k > d(d D
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1.3. Additional Notation. For our applications in Combinatorial Number Theory, we will
have need to deal with (combinatorial) sequences S of terms from a finite abelian group G.
Here, per tradition in Combinatorial Number Theory, a sequence is considered to be a finite and
unordered string of elements from G, which we write as

S=g1-... g

with the g; € G the terms in the sequence S and each term separated by the concatenation
operation .. From a combinatorial perspective, a sequence is simply a multi-set, where we
use the natural language of sequences to describe its properties, and use the formal algebraic
notation from free abelian monoids to easily describe and manipulate its terms [26] [27]. The
former avoids confusion with ordinary sets, and the latter is very helpful in more complicated
combinatorial arguments. Then |S| = ¢ denotes the length of the sequence S. Analogous to the
definition of the p-adic valuation, for g € G, v4(S) denotes the multiplicity of the term g in S,
in which case § = H;E(; gl where g = g+ ...-¢g denotes the sequence consisting of the

element g repeated n times. The notation T' | S indicatgs that T is a subsequence of S, meaning
vy(T) < vy(S) for all g € G, and then TI=1 . S or S - TI=U denotes the sequence obtained from
S by removing the terms in T', s0 vy (171 + ) = v,(S) — vy (T) for all g € G. The sum of terms
in S is denoted

oS)=g1+...+ 9 € G,

and the sequence S is zero-sum if ¢(S) = 0. Given a subset X C Ny, we use the notation
2x(8) =A{o(T): T| S, [T| € X}

to denote all elements g € G that can be represented of a sum of terms from a subsequence of
G whose length lies in X. In the case X = {1,2,...,}, we use the abbreviation

5(8) = Ep2,.4(8) ={o(T): T[S, |T| =1}

to denote all elements that are a sum of terms from a nontrivial subsequence of S. The sequence
S is called zero-sum free if it has no nontrivial zero-sum subsequences, i.e., if 0 ¢ X(S). For
j >0, we let
. = C . = ] * . =
N](S) ‘{I— [176] ‘I’ Js U(Hzefg’L) 0}‘
count the number of (indexed) zero-sum subsequences of S = g; - ...+ g; with length j.

Regarding finite abelian groups G, we let C, denote a cyclic group of order n > 1. Then
G=Cp &...06C,, with1<ny|...|n, and n, = exp(G) the exponent of G, and we set

The order of an element g € G is denoted ord(g). A basis for G is a tuple (e, ..., e,) of elements
€l,...,ep € G with G = (e1) ® ... ® (e;). Finally, given a subset X = {z1,...,25} C Z and
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q € 7, we let
X'q:{x1Qa"'ax8q}‘

2. PROOF OF THE WEIGHTED AX-KATZ-WILSON THEOREM

In this section, we give the details of the proof of Theorem The following congruence
is the first key component in the proof. The case when w(X) = 1 is a constant polynomial
is a result of Weisman [51, Corollary 14|, generalizing an older congruence of Fleck [20] [I§]
who treated the case s = 1. The more general version involving the polynomial weight w(X)
was originally proved by Daqing Wan [47, Thoerem 1.3], with an elementary proof via complex
roots of unity later found by Zhi-Wei Sun and Daqing Wan [45, Theorem 1.0]. Note, in both
these cases, Theorem was only stated with w(X) equal to a binomial coefficient. However,
since the binomial coefficients form a basis for all integer—valued polynomials [9, pp. xiii], the
formulation below is immediately implied.

Theorem 2.1 (Wan’s Weighted Weisman-Fleck Congruence). Let n, r, s > 0 be integers, let
p > 2 be prime, and let w(X) € Q[X] be an integer—valued polynomial of degree t > 0. Then

Z (*1)2' <n>w(Z — 7‘) =0 mod p™", where m = max{0, {%—‘ 1.

1 ps

i=r mod ps
>0

The set
Map(Z)={f:2Z — Z}
of all maps f : Z — Z forms an abelian group with addition defined pointwise: (f + g)(x) =
f(z) + g(x) for f, g € Map(Z) and = € Z. We then have an endomorphism ring for this abelian
group,
End(Map(Z)) = {F : Map(Z) — Map(Z) : F' is an abelian group homomorphism},

with addition in End(Map(Z)) again defined pointwise and multiplication given by composition,
so (FG)(f) = F(G(f)) and (F+G)(f) = F(f)+G(f) for F, G € End(Map(Z)) and f € Map(Z).
Let I € End(Map(Z)) denote the identity map and let E € End(Map(Z)) be the shift operator,
defined by
E(f)(z):= f(zx+1) for f € Map(Z) and = € Z.

The finite difference operator is then the map
A :=F —I € End(Map(Z)),
meaning
Af(z):=A(f)(x) = f(x+1)— f(z) for f € Map(Z) and z € Z.
The next component in Wilson’s argument is the classical Newton Expansion of an integer—

valued function, which is easily derived from the above set-up. We include the brief proof for
the reader’s benefit.



10 DAVID J. GRYNKIEWICZ

Proposition 2.2 (Newton Expansion). For any map f : 7 — 7, we have

[e.e]

(2) fl@) =Y (A"f)(0) <Z> for all z € Ny.

n=0
Proof. Iterating the identity (A +1I)f(y) = f(y + 1), for y € Z, it follows that (A +I)* f(y) =
f(y+x) for y € Z and = > 0, whence

HZO(A”f)(O) (2) = (;0 (Z) A"> F(0) =(A+1)"f(0) = f(x)
for all z € Ny. O

To deal with general weight functions w(X), we recall the well-known fact that the integer—
valued polynomials Int(Z) C Q[X] are a free abelian group with basis the binomial functions [9}
pp. xiii]. This means there is little loss of generality to only consider w(X) = ()t( ), where t > 0,
when using a weight function, or even simply w(X) = X! for ¢t > 0 if linear independence is all
that is required.

Proposition 2.3. Int(Z) is a free abelian group with basis {()t() :t=0,1,...}.

Next, we come to the main step in Wilson’s proof, which he modestly named a lemma. The
case where w(X) = 1 is the constant polynomial equal to 1 is found in Wilson’s original paper [52]
Lemma 1]. Exchanging the use of the non-weighted Weisman-Fleck congruence with its weighted
version (Theorem in Wilson’s argument, one obtains the following weighted version with
no other major modifications needed. In order to obtain a more self-contained work, we include
the details below, which may also be found in an unpublished paper of Zhi-Wei Sun [44], who

was the first to realize Wilson’s ideas could readily be extended to include weights.

Theorem 2.4 (Weighted Wilson’s Lemma). Let m > 1 and s > 0 be integers, let p > 2 be prime,
let w(X) € Q[X] be an integer—valued polynomial of degree t > 0, and let f : Z — Z be a map

d
that is periodic with period p®. Then there exists a rational polynomial g(X) = > ap (f) € Q[X]
n=0
with a, € Z and d < (t + 1)p® + (m — 1)p(p®) such that

g(x) = wqpipf(:c) mod p™  forallz € Z, and

S

an =0 mod p’ foralln €[0,d], where ! =max{0, {%—‘ }.

Proof. Define the map h : Z — Z by
h(z) = w([]%Df(x) forzeZ
and use Proposition [2.2] to write

(3) wqﬂj) F(z) = hiz) = i(A”h)(O) (Z) for all z € No.

s
p n=0
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Let I, E,A = E—1 € End(Map(Z)) be as defined earlier. Since f is periodic with period p®, we
have f(i) = f(r) whenever i =r mod p*, which we use below. For any n > 0, it follows that

(A"R)(0) = (B~ 1)"h)(0) = ((Z(”) <—f>"-"Ei)h> 0 =3 (1) Eno

1=0 i=0

S (=g 2, e (el

r=04i=r mod ps
>0

-yl X e (De(5)

r=0 i=r mod p*
i>0

Applying Theorem [2.1] it follows that

an = (A"h)(0) =0 mod p’, where ¢ = max{0, {%—‘} .
As a particular consequence, we have a, = 0 mod p™ for all n > (¢t + 1)p® + (m — 1)p(p®).
Combined with , we obtain

(4) g(z) = h(x) = w(L—J)f(a:) mod p™  for all x € Ny,
where
= zd:an (f) € QX] and d=(t+1)p°+ (m—1)p(p*) -1
n=0

To complete the proof, we need to show also holds for x < 0.
For n >0 and z, y € Z, we have (x:gy) = (2) + y-5, for some 2 € Z, whence

T

t

Proposition implies that w(X) = >_ by (f ) for some b,, € Z. Combined with (f]), we conclude
=0

that

(6) w(z+y) =w(r) modp™ for any z, y € Z with vy(y) > m + vp(t!).
Let x € Z be arbitrary and let y > 0 be an integer with  +y > 0 and

Vp(y) > max{s +m + v, (t!), m + v,(d!)}.
Then
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which establishes for z < 0, completing the proof. O

The following simple lemma is well-known (combine Fermat’s Little Theorem with [27, Lemma
22.3)).

Lemma 2.5. Let p > 2 be prime and let m > 0 be an integer. Then

me:{O fm=0o0orm=#0 modp-—1
cFy -1 ifm>0andm=0 modp—1.

The next lemma is a variation on Chevalley’s key observation used in the proof of the
Chevalley-Warning Theorem [14] [50] [27] [36] [46]. The case when all Z; = [0,p — 1] is found in
Wilson’s original paper [52], but the argument is sufficiently robust to also work when replacing
[0,p — 1] with an arbitrary complete system of residues modulo p. As the added flexibility of
being able to consider arbitrary complete system of residues is rather crucial, we include the

details.

Lemma 2.6. Let p > 2 be prime, let n > 1, let B=1; x ... x L, with each Z; C Z for j € [1,n]
a complete system of residues modulo p, and suppose f € Q[X1,...,X,] is an integer—valued
polynomial with deg;(f) < p—2 for every j € [1,n], and vy(c) > 0 for every coefficient c € Q of
a monomial in f(x). Then

Zf(a) =0 mod p".

aeB

Proof. Let g(x) = ¢, X X5? - .- X} be an arbitrary monomial occurring in f(x), so ¢, € Q\ {0}
and vp(cy) > 0 by hypothesis. Now

k1 k kn _ k kn—1 kn
Zg(a) = Z Cqay" Ay” - - - " = Z (Cgall Tl Z an ) ,

aeB (a1,....,an)EB (a1,...,an—1)€B’ an€ln
where B’ =7 x ... x Z,_1. By hypothesis, we have k; < p — 2 for every j € [1,n]. Combined
with the hypothesis that Z,, is a complete system of residues modulo p, we can apply Lemma
to conclude that > af» = /p for some ¥’ € Z. Consequently,

an€ln
> g(a) =p>_ h(a),

aeB ach’

where h(x) = chfl . -XS’l‘ll € Q[Xy,...,Xn—1]. Iterating this argument n times, it follows
that

Zg(a) = c4bgp"  for some by € Z.

ach
Thus > f(a) = >.> g(a) = (chbg) p", where the sum ) is taken over all monomials g

achB g acBB g 9

occurring in f. Hence, since f is integer—valued with by € Z and v,(cy) > 0 for all g, it follows
that > f(a) =0 mod p", as desired. g

aeB
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The final component in Wilson’s argument is the following consequence of Lemma[2.6] Again,
the case when all Z; = [0, p—1] is found in Wilson’s original paper [52], and the more general case
simply requires using Lemma [2.6[in Wilson’s original argument, with the details given below.

Lemma 2.7. Let p > 2 be prime, let n >0, let B=1; x ... x I, with each I; C Z for j € [1,n]
a complete system of residues modulo p, let f1,...,fs € Z[X1,...,X,] be nonzero polynomials,
and suppose

R GO R G R

S

for some ki,...,ks >0 and s > 1. ]fnz(m—l)—i-%, where m > 1, then

Zf(a) =0 mod p™.

aeB

Proof. For k> 0 and t > 1, we utilize the polynomial identity

0 (") - i ()~ (i)

(k1,....kt)ENp

which holds when each Y; > 0 is an integer by a basic combinatorial counting argument, and
extends to the case when each Y; is a polynomial by noting that the difference of both sides is then
a polynomial with all a € N’ as roots. We can write each f;(x) € Z[X,...,X,], for j € 1, 5], as
a sum of ¢; > 1 nonzero monomials with integer coefficients, and then use the identity given in
S
to write f(x) as a sum of expressions of the form given in (with s replaced by ) t; and
1

j:
the k; varying), with each such expression in the sum individually satisfying the hypotheses of

the lemma and having each fj(x) occurring in a given expression replaced by a single nonzero
monomial. As it would then suffice to prove the lemma individually for each of the expressions
in this sum, it follows that we can w.l.o.g. assume each f;(x) is itself a monomial. As a result, it
follows that there is a unique monomial in f(x) whose degree equals deg f, namely, the monomial

1

h(x) = Tyl ey

Fr(x)F - £,
Additionally, any monomial chl -+ Xb occurring in f(x) must have b; < deg;(h) for all j €
[1, s].

By hypothesis, deg f < (n—m+1)(p —1) — 1, which combined with the Pigeonhole Principle
means there are at most n —m variables X; having deg;(h(x)) > p — 1. By re-indexing, we can
w.l.o.g. assume that deg;(h(x)) < p — 2 for every j € [1,m]. Since every monomial in f(x) has
its degree in the variable X; bounded by deg;(h(x)), we conclude that

(9) deg;(f(x)) <p—2 forallje[l,m]
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This has the useful consequence that any variable X; with j € [1,m] cannot occur with positive
degree in any monomial f;(x) having k; > p — 1.
We can write

(10) > fla)= > > ele),

aeB beZt1X.. XLnc€Ly X...XIm,

where fp(x) = (X1, Xy bty .-+, 0n) € Q[ X1, ..., Xy] for b= (byt1,...,bp). Then

fl Xl?"‘7Xm7bm 17--‘7bn fs Xla"'aXmabm 17"'7bn
1 s
is a polynomial in the variables X1, ..., X,,. Moreover, in view of @, we have

deg; fo <p—2 forallje[l,m]

From and the fact that f; € Z[Xy,..., X,] for all i € [1, 5], we see that fp, € Q[X1,..., Xn]
is an integer—valued polynomial.

Let b = (byyt1,---,bn) € Zint1 X ... X I, be arbitrary. In view of , fo(x) is a product
of s factors of the form (fi(Xl""’X"lz;bm“"“’b”)), for i € [1,s]. If k; > p, then none of the

variables X1, ..., X,, occur with positive degree in f;(x), as already noted, meaning the factor
(fi(X17"'7Xm7bm+17"'7bn))

3

valued polynomial (in view of f; € Z[Xy,...,X,]). From this, and the fact that all f; €
Z[Xy,...,X,], we conclude that the every coefficient ¢ of a monomial in fi,(x) must have the

is a constant, which must then be an integer since (f Z,glx)) is an integer—

denominator of its coefficient ¢ dividing [, ; k!, where J C [1,s] is the subset of all indices
i € [1,s] with k; < p — 1, which ensures that v,(c) > 0 (as p is prime). Combined with the
conclusions of the previous paragraph, we can now apply Lemma to fp to conclude that

> fole)=0 modp™ forallb e Ly x...xTI,

c€EZ1 X..XLm,

which combined with yields the desired congruence. O
We can now complete the proof of Theorem [1.3

Proof of Theorem[1.3. The hypotheses give

p(p™) (i +1)p™ — 1
12 > (m —1) max { 1, deg f; TP T e fy
(12) R e T D S
For each j € [1, s], apply Theorem to the integer—valued function with period p™ which
sends 0 to 1 and all elements of [1,p™ — 1] to 0, using w;(X) as weight function, to find a

rational polynomial
d;

50 =30 () e e,

1=0
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with all bz(j) € Zand dj < (t; +1)p"™ + (m — 1)p(p™) — 1, such that

(= dp™ ifzx=0 d p™i
(13) gj(z) = w](p ]) moc.p l * moc.p ] and
0 mod p™ ifz#0 mod p™,
(14) bl(j) =0 mod p’, where (= max{0, {%—‘ }.
In view of all definitions involved,
N =3 "g1(f1(2))g(f2(a) - gs(fs(a)) mod p™
aelB
di da ds
-3 (S0 (M) (S (P ) (S ()
acB <i:0 ! i=0 ! i=0 !
_ 0, o5~ (1) (f2(a) fs(a)
(15) - ¥ bklka...kaZ< N )( @) (B,
(klf“'vks)enle[(),di] aeB

It suffices to show each summand in is divisible by p™. With this goal in mind, let
(k1,...,ks) € [1:.1[0,d;] be arbitrary. For j € [1,s], define ¢; := max{0, {%ﬂf)m—‘} >
kj—(t;+1)p™i +1

s , in which case
@(p™7)

(16) kj < Lip(p™) + (t; + 1)p"™ — 1.

All summands in with ¢1 4+ ... 4+ £s > m are congruent to 0 modulo p™ by , since this

ensures that b\ - 5*) =0 mod p™. We need only consider those with
k1 ks

(17) O+...+4;=m—t forsomet>1.

In this case, instead ensures that the coefficient b,(cll)bg) e b;fs) is divisible by p"~t, so we

just need to show that the summation 3 (¥ 1k(1a)) (f 2(23)) (! Sk(a)) is divisible by p'.
aeB °
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In view of (T6), (I7), (2) and ¢ > 1, we have
deg ((ﬁ;f‘)) (fZéj)) .. (fSkEX)>> =kideg fi+... +ksdeg fs

s

< (G + (t+ 1™ — 1) deg f;

j=1
=(p— 1)( : g.so(pmi) deg f; + iw degf)
z:1zp_1 Z i=1 p—1 I
p(P™) ~(ti+1)p™ 1
<p-D(ts+... +¢, 1, deg f; TP 72 e f;
<@-(6+e) g 1 25 egf}+; b1 k)
p(P™) ~(ti+1)p™ —1
=(p-—1 —1—-(t—1 1 deg f; —————deg f;
=m0 1) s 1, T e i+ 32 e 1)
(™)
“)(n-@-1 1 deg f; 8 ) < (p—1 1—1),
<@-0(n- -0 me {1, 2 e i} < - D 1-0
implying that
deg ((flk(lx)) (fzk(;)) e (fsé:c))) +1
n>(t—1)+ :
p—1
But now Lemma [2.7] implies that (f 1k(1x)) (f Qk(:)) e (f sk(x)) is divisible by p!, completing the
aeB °
proof as already noted. O

To effectively use Theorem requires a “good” choice for the complete system of residues
modulo p. This can generally be achieved by use of Hensel’s Lemma [37, Theorem 2.23]. We

state one commonly used version below.

Theorem 2.8 (Hensel’s Lemma). Let p > 2 be prime, let m > 1 be an integer, and let f(X) €
Z[X] be a polynomial. If f(x) =0 mod p™ and f'(x) 20 mod p, where x € Z, then there is
some y € Z with

y=z modp™ and f(y)=0 mod p™tL.

Moreover, the value of y is uniquely determined modulo p™+1.

We conclude the section by giving the short derivation of Proposition [1.4] using Hensel’s
Lemma, which provides the appropriate choice for the complete system of residues for many
combinatorial applications of Theorem

Proof of Proposition[1.]} Let z € [1,p — 1] be a primitive residue class modulo the prime p,
meaning {0} U {z*: i € [1,p — 1]} is a complete system of residues modulo p (since Z/pZ is a
finite field with cyclic multiplicative group, such z exists) and

27'=1 mod p.
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Let

f(X)=XP"1-1ez[X]
and note that f'(z) = (p— 1)z = —x £ 0 mod p for any = € Z with  Z 0 mod p. For each
i € [1,p— 1], we have f(2!) = (2»71)) =1 =1 -1 =0 mod p. Thus we can repeatedly apply
Hensel’s Lemma (Theorem to find some y; € [0,p™ — 1] with

(18) yi=2#0 modp and yf_l —1=f(y)=0 mod p™,

for all i € [1,p—1]. Let T = {0} U {y; : i € [I,p—1]}. Since {0} U{z*: i € [I,p— 1]} was a
complete system of residues modulo p with y; = z* mod p for all 4, it follows that Z remains a
complete system of residues modulo p, and one with the needed properties in view of . ([l

3. APPLICATIONS IN COMBINATORIAL NUMBER THEORY

In this section, we give the proofs of the applications of Theorem

Proposition 3.1. Let G be a finite abelian p-group with exponent ¢ > 1, and let S be a sequence
of terms from G with |S| > m(p%)q + D*(G), where m > 0. Then

o

Z(p ~1)N;(S) =0 mod p™*.

j=0

Proof. Write G = Cy, @ ... @ C,, with each ¢; a power of p and

l<qg<...<¢ =q.

Then D*(G) = > (¢; — 1) + 1. Let (e1,...,e,) be a basis for G with ord(e;) = ¢; for ¢ € [1,r].
i=1
Let S=g¢g1+...-gs, 80 L= |S| > m(p%)q + D*(G). For each i € [1, /], write

gi = Zagj)ej with al(j) €[0,¢; — 1.

Let
Za])Xpl Z[X1,...,X)], forje[Lr].

In view of Proposition u let I C [0,¢g — 1] be a complete system of residues modulo p such
that

(19)

1 if
Pt = { mod ¢ if 20 mod p for every x € 7.

0 modg ifxz=0 mod p,

'} = maxjep,) {#(g))} = ¢(q) = L222 and

}—l—ZqJ deg f; + 1.

Observe that max;c {17 Z(qjl)

E—]S]>mmax {1
JE[L,r]
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Thus we can apply Theorem m with m taken to be m + 1, taking Z; = T for all j, and using
the polynomials f1,..., f., prime powers ¢i,...,¢ = ¢, and weight functions w;(X) =1 for all
J € [1,r]. As a result, letting

V={acZ': fi(a)=0 modgq; forallje[l,r]},
it follows that
(20) V| =0 mod p™tt.

Let us next describe what |V| equals in terms of the zero-sum subsequences of S.

Associate to each a € Z¢ the subsequence S, = [Ter, 95, where Io C [1,] consists of all
J € [1,4] for which the j-th coordinate of a is nonzero modulo p. Thus the nonzero (modulo
p) terms in Z “select” the terms included in the sequence S,. In view of , the conditions
fi(a) = 0 mod ¢; in the definition of V, for j € [1,7], restrict to tuples a € 7% for which
the associated sequence Sy is zero-sum. This means that the tuples a € V' are precisely those
whose associated sequence S, is a zero-sum subsequence, in which case |S,| = j for some j > 0.
Moreover, each zero-sum subsequence of length j is associated to exactly (p —1)7 tuples a € 7t
for there are (p — 1) elements of Z that are nonzero modulo p, each of which selects one term in
Sa, while the unique element of Z congruent to zero is the only way to not select a term in S,.

As aresult, |[V|= 3 (p—1)7N;(S), which combined with yields the desired conclusion. [

j=0

We now can complete the proof regarding the Davenport Constant. We remark that Propo-
sition [3.1] is only formulated as a congruence involving the number of zero-sum subsequences
of S, but the method also produces a similar congruence involving the number of subsequences
of S with sum g, for any fixed g € G. The collection of all such congruences (with m = 0),
when rephrased in terms of group algebras, is then equivalent to [38, Theorem 1], which was
the original main step for proving Theorem just as Proposition is the main step here.
For this simple application, only the existence of a nontrivial solution to the linear equation
featuring in Proposition is needed, meaning a generalization of Chevalley’s Theorem (rather
than the Chevalley-Warning Theorem) would suffice. In this sense, the proof below may be
viewed as a variation on one given by Schanuel [42].

Proof of Theorem[I.5 Let G = Cy, ®...®C,, and let (eq, ..., es) be a basis for G with ord(e;) =
gi for all ¢ € [1,s]. We can assume G is nontrivial else D(G) = D*(G) = 1. Now D*(G) =

1+ > (¢ — 1) and the sequence H;e[l N egqr” is zero-sum free, showing D(G) > D*(G). To
i=1 '
show the upper bound, let S be a sequence of terms from G with length D*(G). Assuming

by contradiction that S is zero-sum free, we obtain N;(S) = 0 for all ¢ > 0, in which case
Proposition applied with m = 0 yields the contradiction 1 = Ny =0 mod p. O

As a minor variation on Proposition [3.1] we have the following result giving a system of ¢
linear equations (modulo p™*1) in the variables Nu(S), Nyta(S), Nogia(S), . ...
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Proposition 3.2. Let G be a finite abelian p-group with exponent ¢ > 1, let o € [0,q — 1], let
t > 1, and let S be a sequence of terms from G with |S| > m(p%)q +tqg — 1+ D*(G), where
m > 0. Then

[e.9]

Z(p — 1)Jate (jiqu+a(S)) =0 mod p™,  for everyi € [0,t —1].
7=0

Proof. Write G = (Z/q1Z) & ... ® (Z/¢,Z) with each ¢; a power of p and
l<g <...<5¢ =q¢+1:=q.
Then D*(G) = Z( —1)+ 1. Let (e1,...,e,) be a basis for G with ord(e;) = ¢; for ¢ € [1,7].

LetS—gl-...-gg,sofz S me—ktq—l—}—D*G.ForeachiE 1, /4], write
P

gi=> aPe;  witha? € [0,q; - 1].

Let
Za])Xp Yez[Xxy,...,X), forjellr]
Let
fri1(x ZXP '—aez[Xy,..., X
i=1

For each i € [0,t — 1], let

wi(X) = X' € Z[X].
In view of Proposition let Z C [0,qp™ " — 1] be a complete system of residues modulo p
such that

1 d gpmtt if 0 d
(21) aP! = moc ap 1 1 v#0 modp for every x € 7.
0 mod gp™ ifz=0 mod p,
Observe that max;cpy 41 {1 } = MaX;c[1,r4+1] {¢ qj } o(q (p—pl)q and

=S| >m max {1 (q])

de
FE[L,r+1) fj} +

deg fre1 + Z - deg fi + 1.

Thus, for any fixed ¢ € [0,¢ — 1], we can apply Theorem |1 . with m taken to be m + 1, taking
Z; = T for all j, and using the polynomials f1,..., f, fr41, weights wo, ..., wo, w;, and prime
—_——
powers qi, - .-, qr, ¢r+1 = q- As a result, letting
V={acI': fi(a)=0 modg; foralljellr+1]},

it follows that the weighted size of V is congruent to 0 modulo p™*!. Let us next describe what
this size equals.
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Associate to each a € 7! the subsequence Sa = H;e 1. 9j» where I, C [1,] consists of all
j € [1,4] for which the j-th coordinate of a is nonzero modulo p. In view of , the conditions
fi(a) = 0 mod ¢; in the definition of V, for j € [1,r], restrict to tuples a € 7¢ for which
the associated sequence S, is zero-sum. Likewise, the additional condition f,4i(a) =0 mod ¢
further restricts to tuples a € Z¢ whose associated sequence S, has length |Sa| = |I.| = «
mod ¢g. This means that the tuples a € V are precisely those whose associated sequence Sy
is a zero-sum subsequence of length |Sa| = o mod ¢, meaning |Sa| = jq + « for some j > 0.
Moreover, each zero-sum subsequence of length jq + o is associated to exactly (p —1)79t% tuples
a € I and the weighted size of each such tuple is w;(j) = j° mod p™*! (in view of (2I)).

2 . .

As a result, given any i € [0, — 1], the weighted size of V equals > (p — 1)79t@ (jZqu+a(S)>
=0

modulo p™*!, meaning the conclusion of Theorem is precisely the desired conclusion of the

proposition. ]

We now give the proof of the Kemnitz Conjecture, which contains Alon and Dubiner’s ar-
gument that N3,(S) # 0 implies Np(S) # 0 [2, Lemma 3.2]. We remark that it would also be
possible to derive the congruences below using the higher order p divisibility of |V'| in Theorem
[1.3] (combined with combinatorial double counting arguments of the type used by Reiher [39])
rather than the weight functions. However, using the weight functions directly is simpler.

Proof of Theorem[1.6. Let G = C2 with (e1,e2) a basis for G. Note that olp=11. e[lp*l] . 6[21)71] .
(e1 + 62)[7’_1] is a sequence of 4p — 4 terms from G containing no p-term zero-sum subsequence,
showing sp(Cg) > 4p—3. To show the upper bound, assume by contradiction that S is a sequence
of terms from G with |S| =4p — 3 and 0 ¢ £,(S). If p = 2, then |S| = 4p — 3 = 5 ensures via
the Pigeonhole Principle that S contains a term g with multiplicity at least two, in which case
gp] will be a p-term zero-sum subsequence, contrary to assumption. Therefore we can assume
p > 3.

If T | S is any subsequence with |T'| > 3p — 2, then Proposition (applied with a = 0,
m = 0 and t = 1) implies that No(T") — Np(T') + Nop(T') — N3,(T") = 0 mod p. In particular,
since Np(S) = 0 by assumption, it follows that any zero-sum subsequence T' | S with |T'| = 3p
has Noy(T - g1) = —No(T - gI=1)) = =1 mod p, for any g € Supp(T), ensuring that T - gl
has a zero-sum subsequence R of length 2p. However, the complement of R in T" would then be
a zero-sum subsequence of length |T'| — |R| = p, contradicting that N,(S) = 0. Therefore we
instead conclude that

(22) Np(S) = N3p(5) =0,
and now Proposition [3.2] implies that

(23) Nop(T)=—-1 modp foral T |S with |T] > 3p—2.
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For j > 0, let
Nj = N;(S).
Since |S| > 3p — 2, Proposition (applied with a« =p—1, m = 0 and ¢t = 1) implies that
(24) Np—1—Nop_1+ N3p—1 =0 mod p
Let T'| S be an arbitrary zero-sum sequence with || = 3p — 1. Then N,_1(T) = Ngp(T) =

—1 mod p by , with the first equality holding since the complement in T of a zero-sum
subsequence of T' is also zero-sum. Thus ) N, 1(T)) = —N3p—1 mod p, where the sum is taken
T

over all zero-sum subsequences T' | S with |T| = 3p — 1. On the other hand, every zero-sum

subsequence R | S with |R| = p— 1 is contained in exactly Ny, (S - RI=1) zero-sum subsequences

T | S with |T| = 3p—1. Since |S- R =3p—2, ensures that Noy(S+ RI7Y) = —1 mod p

for any such R, in which case —N3z,—1 = S.N,_1(T) = Y. Nop(S- Ry = =N, 1 mod p, where
T R

the second sum is taken over all zero-sum subsequences R | S with |R| = p — 1. Hence
(25) Np—1 = Ns3p—1 mod p.

Observe that N;(S - 0) = Nj + N;_; for every j > 0. Thus, since |[S-0| = |[S|+ 1 =4p — 2,
applying Proposition (with a =0, m =0 and t = 2) to S - 0 implies

Np + Np_l - 2N2p — 2N2p_1 + 3N3p_1 + 3N3p =0 mod p.
We have No, = —1 mod p by , and N, = N3, = 0 by . Thus
(26) Np—l — 2N2p_1 + 3N3p_1 = -2 mod p.

The equations , and form a system of 3 linear equations in the variables N,_1,
Nop—1 and N3j,_q over the field Z/pZ. However, for p > 3, this system is inconsistent, yielding
a proof concluding contradiction. ([l

The remainder of the section is devoted to the constant s exp(G)(G). We begin with the
refinement to the result obtained via Rényai’s method.

Proof of Theorem[I.7] Letting X’ C X be the subset consisting of the smallest d + m elements
in X, we have max X’ < max X — (|X| —d — m). Since max X’ < min(X \ X’), it follows that
also holds for X’. If the result holds whenever | X| = d + m, then applying this case to X’
yields

sx.q(G) < 5x14(G) < (max X' —d — % +1)g+D*(G) -1
-1
< (maxX—]X]—l—m(];)—l—l)q—l—D*(G)—l

< (maxX+lf%)qfr,
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with the third inequality in view of the hypothesis |X| > d + m, as desired. Therefore it suffices
to handle the case when |X| = d + m, which we now assume. We need to show

sx.q(G) < (k—d— % +1)g+D*(G) -1,

where k = max X. Let {z1,...,2s} = [1,k]\ X, where s=k—d—mand 1 <z < ... <zs <k.
Write G = Cy, @ ... ® Cy, with each ¢; a power of p and

< <. < =q11:=¢q.

Then D*(G) = > (q¢i — 1) + 1. Let (eq,...,e,) be a basis for G with ord(e;) = ¢; for ¢ € [1,r].
i=1

Let S'=g1-...- g be asequence of terms from G with |S| = £ = (k—d— " +1)¢+D*(G) — 1.
We have

(27) VY'Jgk—dJr{lJrD(GHJ:k.
q q
For each i € [1, /], write

.
9 = Zagj)ej with a € [0,¢; — 1]

Let
Za Xt ez[Xy,.. X)), forje L.

Let
¢

fraa(x) =) _XP T ez[Xy,..., X.
=1

For i € [0,k —d — m], let

wi(X) = X' € Z[X].
In view of Proposition let Z C [0,qp™ " — 1] be a complete system of residues modulo p
such that

41 for every x € 7.
0 mod gp™

(28) -1 — 1 mod gp™*' ifx#0 modp
if =0 mod p,

Observe that max;e(1,4+1] {17 sg(qgl)

= MaX,c[1,r41] {e(aj)} =wla) = (p— 1)1% and

(=8| = +Z (k—d—m+1)q

=m max {1, ()
Je,r+1]

' g —1 L (k=d-—m+1)g-1
}+;p_1degfj+ . deg fy1+ 1.
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Thus, for each i € [0,k — d — m], we can apply Theorem with m taken to be m + 1, taking
Z; = T for all j, and using the polynomials f1,..., fr, fr41, weights wo, ..., wq, w;, and prime
—_————

T
powers qi, .. .,qr,q. As a result, letting

V={acZ': fi(a)=0 modgq; foralljc[l,r+1]},

it follows that the weighted size of V is congruent to 0 modulo p™*1, for each i € [0,k —d —m)].
Let us next describe what this size equals.
Let
Nj := Nj,(S) for j [0,k

Let i € [0,k — d — m] be arbitrary. Associate to each a € Z* the subsequence S, = Hjela 9;,
where Iy C [1,/] consists of all j € [1,/] for which the j-th coordinate of a is nonzero modulo
p. In view of , the conditions fj(a) =0 mod g;, for j € [1,7], restrict to tuples a € Z¢ for
which the associated sequence S, is zero-sum. Likewise, the additional condition f,11(a) = 0
mod ¢ further restricts to tuples a € Z* whose associated sequence S, has length |Sa| = |Ia| = 0
mod ¢q. This means that the tuples a € V' are precisely those whose associated sequence Sy is a
zero-sum subsequence of length |Sa| =0 mod ¢, meaning |Sa| = jq for some j € [0, k] (in view
of ) Moreover, each zero-sum subsequence of length jq is associated to exactly (p — 1)79

tuples a € Z*, and the weighted size of each such tuple is w;(j) = j° mod p™*! (in view of (28))).
k . .
As a result, for i € [0,k — d — m], the weighted size of V equals Y j'(p — 1)/YN; mod p™*1,
=0
meaning the conclusion of Theorem [I.3]is that

(p— 1INy +(p—1D¥No+...+(p—1IN; + ...+ (p— 1)"N, = —No = —1 mod p™*!
and
(p— 1INy +2'(p — DNy + ... +5°(p — DIIN; + ... + k' (p — D*MNy =0 mod p™*,

for every ¢ € [1,k —d —m].

Assuming by contradiction that S has no zero-sum subsequence of length kq with k € X, it
follows that N; = 0 for all j € X. This leaves us with a system of k —d —m+ 1 linear equations,
one for each i € [0,k — d — m], in the k — d — m variables N;, where j € [1,k]\ X, over the ring
R = 7/p™ 7. We proceed to show this system is inconsistent, which will complete the proof.

Let A" be (k—d—m+1) x (k—d—m) matrix, with rows indexed by i € [0,k —d—m], columns
indexed by j € [1,k]\ X, and (i, j)-th entry equal to j%(p — 1)79, and let y be the column vector
[Njljeprpx- Then the above system of linear equations can be written as A’y = [~1,0,...,0]

M+l To show this system is inconsistent, it suffices to show a nonzero (modulo p™+1!)

mod p
multiple of the first row of A’ can be written as a linear combination of the remaining rows.
To this end, let A = [j'(p — 1)"9];cq1 k—d—m],jepu)\x De the (k —d —m) x (k — d — m) matrix

obtained from A’ by removing the first row. We continue by calculating det A. Note that A can
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be obtained from the matrix B = Ui]z‘e[O,k—d—m—l],je[l,k]\X by multiplying each j-th column of
B by j(p —1)79. Thus

s

detd=( [ jw-1y7)detB = (a0 —1)") det B,
JE[LENX J=1

where we recall that [1,k] \ X = {z1,...,2s} with 1 < ... < x5 (by hypothesis). However,

note that B is simply a Vandermonde matrix, whose well-known determinant (see [25, Theorem

17.1.1]) equals det B = [[;;;j<(z; — ;). It follows that

det A = (ﬁxj(p - 1)"”1"1)( H (x; — -Tz)) £0 mod p™T!,
j=1

1<i<j<s
with this determinant being nonzero by hypothesis. In consequence, the rows of A are linearly
independent over (Q, meaning there is some Q-linear combination of the rows of A equal to the
first row in A’. Moreover, since the entries of A’ are integers, Cramer’s Rule (see [25 pp. 348])
ensures that each coefficient in this linear combination has its denominator dividing det A. By
clearing denominators, it then follows that there is a Z-linear combination of the rows of A equal
to the first row of A’ multiplied by the integer det A # 0 mod p™*!. Reducing modulo p™*1,

1) multiple of

we obtain a linear combination of the rows of A equal to a nonzero (modulo p
the first row of A’, which shows that the system of linear equations is inconsistent, completing

the proof as noted earlier. O

The following is the main step in the proof of Theorem [I.9}

Proposition 3.3. Let G be a finite abelian p-group with exponent q, let d = [D*(G)-| , and let k

q
be an integer such that @ +1<k<p. Then

skq(G) < kg + D*(G) — 1.

Proof. If ¢ = 1, then G is trivial with s;,(G) = kg = kg + D*(G) — 1, as desired. Therefore
D*

D(G)tr—1 Note that d > 1.

we can assume g > 1. Let r € [1,g] be the integer such that d = .

Assume by contradiction that S is a sequence of terms from G with
0¢Xy(S) and |S|=kq¢+D"(G)—-1=(k+d)qg—r.

Claim A: There are disjoint subsequences 77 - ...+ T;_1 | S such that each T; is zero-sum
with |T;| = ig, for every i € [1,d — 1].

Proof. Let Y C [1,d — 1] be a maximal subset (possibly empty) such that there are disjoint

subsequences [[7cy T; | S with each T; is zero-sum and |T;| = ig, for every i € Y. To establish

the claim, we need to show Y = [1,d — 1]. If d = 1, then the claim is trivial taking Y = (), so we
can assume d > 2.

We begin by showing [Y| > 1. To this end, let X = [1,d—1]U{k}. In view of k > 41 11

]

>
d > 1, we have X C N and |X| = d. In view of k < p, we have [l,max X|\ X = [d,k — 1] C
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[d,p—1]. Thus, since |S| = (k+d)g—r > (k+1)g—r (as d > 1), we can apply Theorem[L.7] with
X =[1,d—1]U{k} and m = 0 to conclude that there is some zero-sum subsequence 7" | S with
IT| € ([1,d —1]U{k}) - q. Since 0 ¢ X,(S), it thus follows that |T'| = ig for some i € [1,d — 1],
and taking 7; = T and Y = {i} now shows that |Y| > 1. The claim is now complete unless
d>3.

We continue by showing that |Y| > 2. If this fails, then we have Y = {y;} for some y; €
[1,d—1], and there is a zero-sum subsequence 7} | S with |T1| = y1¢. Since 0 ¢ Xj,(S), we have

(29) 0 ¢ Sieyia(T - 5).
Let X = ([1,d — 1]\ {y1}) U{k — y1 } U {k}. Since k> 2 1 1 >9(d—1) and ¢ € [1,d— 1],
we have X C N with |X| = d. Since k¥ < p, we have [I,max X|\ X C [1,k—1] C [1,p — 1].
Since y1 < d — 1, we have |T1[71] cSl=(k—-yp1+dg—r>(k+1)g—r. As a result, we can
apply Theorem to Tl[fl] - S with X = ([1,d — 1]\ {y1}) U{k — 1} U {k} and m = 0 to find
a zero-sum subsequence 7% | Tl[fl] - S with |T5| = yaq for some y2 € [1,d — 1]\ {y1} (in view of
(29)). But now the set {y1,y2} can be taken for Y, showing that |Y| > 2. The claim is now
complete unless d > 4.

In view of the our prior work, let s :=|Y| > 2, let Y = {y1,...,ys}, and let Ty - ... T | S
with each T; a zero-sum subsequence of length |T;| = y;q with y; € [1,d — 1], for every i € [1, s].
Assume by contradiction that 2 < s <d—2. Let y =41 + ...+ ys and let

max([l,d —1]\Y) =d—so, where sp€[l,s+1].

Observe that

s+1
. s(2d — s —3) d(d—1)
0 < d—1i)—(d— =—* - 1<—=—-1<k-2
with the final inequality holding by hypothesis. Let T = y; - ... - ys, which is a sequence of
terms from Z. Since 0 ¢ X,(S), we have
(31) 0¢ Shng(T1-...-Ty)EY.S),  for every t € 2(T*) N [1,k —1].

Since s > 2, we have
yeX(T*) and y—vyvi=y1+...+Yi-1+Yiy1+...+ys € X(T), foreveryie[l,s].
Hence, in view of and y1,...,ys > 1, it follows that y,y —y1,...,y —ys € Z(T*)N[1, k —1]

are distinct elements. Thus implies that

(32) 0 ¢ B {(hy) (b—ybvn)s(byrre)ya (TL - - T S).

Now let X = ([1,d—1]\{y1,...,y5})U{k—y, k—y+wyi, ..., k—y+ys} By definition of
so, we have max ([1,d — 1]\ {y1,...,ys}) =d — so. If k —y < d — s, then and s < d—2

yield
2d — s — did—1
kgd_sﬁygdﬁ(;ff)_lS(z),
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contrary to hypothesis. Therefore, we must instead have k — y > d — s, which ensures that
o ([1,d =1\ {y, - p}) < min ({k =y, k—y+y0, o k—y+u})  and
| X| = d.

In view of k < p, we have [1, max X]\ X C [1,k—2] C [1,p—2]. We also have |(T}-...-Ts)"1.8| =
|S| —yq = (k—y+d)g—r. As a result, in view of y1,...,ys € [1,d — 1], it follows that we can
apply Theorem [I.7] using m = 0 and

XZ([lad_l]\{ylv7y8})U{k_y7k_y+y177k_y+ys}

to conclude in view of that there is a zero-sum subsequence Ty | (T} - ... Ty) 71U+ S with
‘TS"Fl‘ = Ys+19 for some Ys+1 € [17 d— 1] \Y = [1? d— 1] \ {y17 s 7y8}' But now {y17 sy Ysy ys+1}
contradicts the maximality of Y, completing the proof of the claim. ]

Let y = d(dgl) = Y d,andlet X =[k—y,k—y+d—1]. Since k > @—i—l by hypothesis,

1€[1,d—1]

we have X C N and |X| = d. Since k£ < p, we have [l,max X|\ X =[1,k—y—1] C [1,p —1].
In view of Claim A, we have |(T} - ... - Ty_1)I"0 . S| =|S| —yqg= (k — y + d)qg — . As a result,
we can apply Theoremto (Ty ... Ty )Y . Swith X =[k—y,k—y+d—1] and m =0
to conclude that

(33) 0e Z[(k—y),k—y—‘rd—l]'q((Tl e Td,1>[_1} . S)

In view of Claim A, we have 0 € X4(T7 - ... Tyq_1) for every t € [0,y], which combined with
implies that 0 € ¥4(S), contrary to assumption, completing the proof. O

Next, we handle the main step in the proof of Theorem

D*(SG)—‘ . Suppose

Proposition 3.4. Let G be a finite abelian p-group with exponent q, let d = {
d <4 and k is an integer with d < k < p. Then

ske(G) < kg + D*(G) — 1.

Proof. If ¢ = 1, then G is trivial with s;,(G) = kg = kq+ D*(G) — 1, as desired. Therefore we
can assume g > 1. Note that d > 1. Assume by contradiction that S is a sequence of terms
from G with

0¢Xy(S) and |S|=kq¢+D"(G)-1=(k+d)qg—r,

where r € [1, q] is the integer such that d = %.

Case 1: d=1

Let X = {k}. Since 1 =d < k < p, we have X C N and [I,max X]\ X = [1,k —1] C
[1,p — 1], allowing us to apply Theorem using X = {k} and m = 0 to conclude that
skq(G) < kq+ D*(G) — 1, as desired.

Case 2: d =2
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Note that & > d = 2. Suppose there is a zero-sum subsequence 7' | S with |T| = gq. Then
0 ¢ Xiq(S) ensures that 0 ¢ E{(k_l),k},q(T[_l] - S). Let X = {k—1,k}. In view of k > 2, we
have X C N and |X| = 2. In view k < p, we have [l,max X|\ X = [1,k —2] C [1,p — 2] and
|71 S| = (k4 1)¢ — r, allowing us to apply Theorem to TI-1 . S using X = {k,k — 1}
and m = 0 to conclude that 0 € E{(k_g%k}.q(T[_l] - S), contradicting that the opposite was just
shown. So we instead conclude that

(34) 0 ¢ Xr143.4(5).
Now let X = {1,k}. In view of k > 2, we have X C N and |X| = 2. In view of k < p, we have
[1,max X]\ X =[2,k—1] C [1,p—1] and |S| > (k+ 1)q — r, allowing us to apply Theorem [L.7]
to S using X = {1,k} and m = 0 to conclude that 0 € ¥Xq 33.4(5), contrary to (34).

Case 3: d =3

Note that £ > d = 3. Suppose there is a zero-sum subsequence 77 | S with |71| = ¢. Then
0 ¢ ¥14(S) ensures that 0 ¢ 2{(k—1),k}.q(T1[_1] -S). Let X = {1,k —1,k}. In view of kK > d = 3,
we have X C N with |X| = 3. In view of k < p, we have [1,max X]\ X = [2,k —2] C [2,p — 2]
and \Tl[_l} -S| = (k+ 2)q — r, allowing us to apply Theorem using X = {1,k — 1,k} and
m = 0 to conclude that 0 € E{L(k,l)’k}.q(Tl[_” - S), which in view of 0 ¢ 2{(k,1)7k}_q(T1[_1] - 5)
means there is some zero-sum subsequence T | Tl[_l] - S with |T3| = ¢. But now 0 ¢ Xi,(5)

ensures that

0 ¢ Sqnoa). bt aq(TH 1T 5).
Now let X = {k -2,k —1,k}. Note X C N with |X| =3 = d in view of £ > d = 3. In view
of k < p, we have [I,max X]\ X = [1,k—3] C [1,p—3] and [T - 71 8| = (k+ 1)g — r,
allowing us to apply Theorem using X = {k — 2,k — 1,k} and m = 0 to conclude that
0e E{(k,g)y(k,l)’k},q(Tl[_l] . TQ[_1 - S), contrary to what was just noted. So we instead conclude
that

(35) 0 ¢ g1 k}q(5)-

Suppose there is a zero-sum subsequence T' | S with |T'| = (k4 2)q. Let X = {1,k,k + 1}.
Then X C N with |X| = 3 in view of k£ > 2. Since the complement of a zero-sum subsequence in
T is also zero-sum, we conclude from that 0 ¢ E{l,k,(k+1)}~q(T)- In view of k < p, we have
[lmax X|\ X =[2,k—1] C[2,p—1] and |T| = (k+ 2)qg > (k + 2)q — r, allowing us to apply
Theorem using X = {1,k,k+ 1} and m = 0 to conclude that 0 € {1k, (k+1)}-q(T), contrary
to what was just noted. So we instead conclude that

(36) 0 & 341k, (k42)1-q(S)-

Now let X = {1,k,k+2}. Then |S| = (k+3)g—r and [1, max X]\ X = [2,k—1]U{k+1}. We
also have k < p. As a result, unless p = k+ 1, we can apply Theorem using X = {1,k,k+2}
and m = 0 to conclude that 0 € ¥y 1 (k42)}.¢(S), contrary to (36). Therefore we must have
p=k+1>d+1=4, whence k+1=p > 5 as p is prime. In particular, k& > 4.
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Now let X = {1,2,k}. Note that |X| = 3 in view of & > 3. In view of k& < p, we have
[I,max X|\ X =[3,k—1] C [3,p—1] and |S| = (kK + 3)¢ — r, allowing us to apply Theorem [1.7
using X = {1,2,k} and m = 0 to conclude that 0 € ¥; 5 }.4(S), which in view of implies
that there is a zero-sum subsequence T' | S with |T| = 2¢. But now 0 ¢ 3;,(S) ensures that
0¢ E(k_g)q(T[_” - S). Thus yields

(37) 0¢ Z{1,(k—2),k}~q(T[_1] - 9).

Now let X = {1,k —2,k}. In view of k > 4, we have X C N and |X| = 3. In view of k < p,
we have [1,max X]\ X C [2,k—1] C [2,p—1] and |T=1. S| = (k+1)q —r, allowing us to apply
Theorem using X = {1,k — 2,k} and m = 0 to conclude that 0 € 2{17(k,2)’k}.q(T[_” - S),
contrary to (37]).

Case 4: d = 4.

Note that £ > d = 4. We divide the proof into five subcases. Note, since p is prime, that

=5 and p = k + 1 cannot both hold, ensuring all possibilities are covered.

CASE 4.1: 0 ¢ X1 93.4(5).

Suppose there is a zero-sum subsequence T' | S with |T| = (k + 1)g. Then, since the com-
plement of zero-sum subsequence of T' is also zero-sum, it follows from the subcase hypothesis
0 & 3q1,2).4(5) that 0 & Y10 1) k)q(T). Let X = {1,2,k — 1,k}. Since & > 4, we have
X C Nand |X| =4. In view of k¥ < p, we have [1,max X|\ X = [3,k —2] C [3,p — 2] and
IT| = (k+1)q > (k+ 1)g — r, allowing us to apply Theorem [L.7to T with X = {1,2,k — 1,k}
and m = 0 to conclude that 0 € 2{1727(k_1)7k},q(T), contrary to what was just noted. So we

instead conclude that

(38) 0¢ E{l,2,k,(k+l)}'q(s)'

Now let X = {1,2,k,k + 1}. Since k > 3, we have X C N and |X| = 4. In view of k < p, we
have [1,max X|\ X = [3,k—1] C [3,p—1] and |S| = (k+4)g—r. But now Theorem [1.7] applied
to S with X = {1,2,k,k + 1} and m = 0 yields 0 € Xy; 5 1 (k+1)}.4(5), contrary to (38).

CASE 4.2: There exists disjoint subsequences T} - T, | S with |T1| = ¢, |T2| = 2¢, and T} and
T5 each zero-sum.

In this case, there are zero-sum subsequences of T} - T5 having lengths ¢, 2¢ and also 3¢q. As
a result, since 0 ¢ ¥,(5), we have

0 ¢ Se-s) 2 (b-1ppa(TL T3 109,
Let X = [k — 3,k]. Since k > d = 4, we have X C N and |X| = 4. Since k¥ < p, we have
[l,max X]|\ X = [1,k — 4] C [1,p — 4]. Hence, since |T£_l] . TQ[_” -S| = (k+1)g—r, we
can apply Theorem to Tl[fl] . T2[71] - S with X = [k — 3,k] and m = 0 to conclude that
0e€ E{(k,g)’(k,m’(k,l)’k}.q(Tl[il] . T2[71] - S), contrary to what was just noted.
CASE 4.3: 0 € £4(95).
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Let T1 | S be a zero-sum subsequence with |T}| = ¢, which exists by subcase hypothesis. In
view of CASE 4.2 and 0 ¢ ¥,(S), we can assume

(39) 0 ¢ So bty iya(T - 9).

Suppose there is a zero-sum subsequence T | Tl[_l] - S with |T| = (k + 1)q. Then, since
the complement of a zero-sum subsequence of T is also zero-sum, it follows from that
0¢& Xp2k-1)k (1) Let X ={1,2,k —1,k}. Since k > d = 4, we have X C N and [X| = 4.
Since p > k, we have [1,max X|\ X = [3,k — 2] C [3,p — 2]. Hence, since |T| = (k+ 1)q >
(k+ 1)qg — r, we can apply Theorem to T with X = {1,2,k — 1,k} and m = 0 to conclude
that 0 € 2{1727(k_1)7k}.q(T), contrary to what was just noted. So we instead conclude that
0¢ E(kﬂ)q(Tl[*H - S), which along with ensures that

(40) 0¢ 2{2,(1§_1)7k7(k+1)}.q(Tl[_l} - 9).

Now let X = {2,k —1,k,k+ 1}. Since k > d =4, we have X C N and |X| = 4. Since p > k,
we have [1,max X|\ X = {1} U[3,k — 2] C [1,p — 2]. Hence, since \Tl[fu -S|=(k+3)g—r, we
can apply Theorem to Tl[fl} - S with X = {2,k — 1,k,k+ 1} and m = 0 to conclude that
0 € X2 (k=1),k,(k+1)}-q(T), contrary to ([40).

CASE 4.4: p £k + 1.

We have 0 ¢ X,(S) and can assume 0 ¢ ¥,(5) in view of CASE 4.3.

Suppose there is a zero-sum subsequence T' | S with |T'| = tq for some t € [k + 2,k + 3].
Then, since 0 ¢ Z{Lk}.q(S’ ) with the complement of a zero-sum subsequence in 7" also zero-sum,
it follows that

0 ¢ X1 (1) b, (t—1)}g(T)-

Let X = {1,t —k,k,t —1}. Since k >d=4and k+2 <t < k+3 < 2k, we have X C N and
| X| =4. If t = k+ 2, then [1,max X]\ X = [3,k —1]. If t = k + 3, then [I,max X]\ X =
{2} U4,k — 1)U {k + 1}. In either case, since p > k with p # k + 1 (by subcase hypothesis), it
follows in view of |T| = tq > tg—r that we can apply Theoremto T with X = {1,t—k,k,t—1}
and m = 0 to conclude that 0 € 2{17(t_k),k,(t_1)}.q(T), contrary to what was noted above. So
we instead conclude that 0 & Yy(19) (k+3)}.q(S), which along with the already noted fact that
0 ¢ Y1 ky.q(S) means

(41) 0 & X{1 k,(k+2),(k+3)}-q(5)-

Now let X = {1,k,k+ 2,k + 3}. Since k > d = 4, we have X C N and |X| = 4. Since
p > k, we have [I,max X]\ X = [2,k — 1JU{k + 1}. We also have p > k with p # k + 1
by subcase hypothesis. Hence, since |S| = (k + 4)q — r, we can apply Theorem to S with
X ={1,k,k+2,k+3} and m = 0 to conclude that 0 € ¥y i (k+2),(k+3)}-q(S), contrary to .

CASE 4.5: k # 5.
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In view of CASES 4.1 and 4.3, we can assume there is a zero-sum subsequence T, | S with
|T5| = 2q. Then, since 0 ¢ ¥1,(5), it follows in view of CASE 4.3 that

(42) 0 ¢ E{l,(k—Z),k}-q(TQ[_l] - S).

Suppose there is a zero-sum subsequence T | Tz[_l} - S with |T'| = (k + 1)g. Then, since the
complement of a zero-sum subsequence in T is also zero-sum, it follows from that

0 ¢ X1 3,(k—2),k}-q(T)-

Let X = {1,3,k —2,k}. Since k > d = 4 and k # 5 (in view of the subcase hypothesis), we
have X C N and |X| = 4. Since p > k, we have [1,max X]\ X C [2,k — 1] C [2,p — 1]. Hence,
since |T| = (k+ 1)q¢ > (k+ 1)qg — r, we can apply Theorem to T with X = {1,3,k — 2,k}
and m = 0 to conclude that 0 € E{lygj(k_g)yk}.q(T), contrary to what was noted above. So we
- S), which together with means

can now assume 0 ¢ ¥, 1),(75

(43) 0¢ E{l,(k—Q),k,(k:—&—l)}'q(TQ[_H - 9).

Now let X = {1,k —2,k,k+ 1}. In view of kK > d = 4, we have X C N and |X| = 4.
In view of p > k, we have [1,max X]\ X = [2,k —3]U{k — 1} C [2,p — 1]. Hence, since
\TQPH -S| = (k+2)q — r, we can apply Theorem to T;H - S with X ={1,k—2,k,k+ 1}
and m = 0 to conclude that 0 € Xy (1_9) i, (k+1)}-¢(T), contrary to , which completes the
proof. O

The means of transferring Propositions [3.4] and [3.3]into Theorems [1.8 and [1.9]is the following

simple lemma.

D*(G)
q

Lemma 3.5. Let G be a finite abelian p-group with exponent q, let d = [ —‘, and let kg > 1.

Suppose spq(G) < kg + D*(G) — 1 for all k € [ko,2ko — 1]. Then
Skq(G) < kq+D*(G)—1  for all k > ky.

Proof. Let k > ko be arbitrary. Write k = mko + r with m > 0 and r € [ko, 2ko — 1]. Let S be
a sequence of terms from G with |S| = kg + D*(G) — 1 > mkoq + D*(G) — 1. We need to show
0 € Xiq(S). By repeated application of the definition of sj,,(G) < kog + D*(G) — 1, we can find
subsequences Tj - ...+ T,, | S such that each T; is zero-sum with |T;| = kog, for i € [1,m]. But
now

(Ty - ... Tp)TH . S| = |S| — mkog = rqg + D*(G) — 1,

so applying the definition of s.,(G) < rq 4+ D*(G) —1to (Ty - ... Tp)71 - S, we find another
zero-sum subsequence Tp | (T} - ... - Tp,)l"1 + S with |Ty| = ¢ and r € [ko, 2ko — 1], and now
T=Ty-T1-... Ty is a zero-sum subsequence of S with |T'| = (mko +r)q = kq, as desired. O

We conclude with the proofs for both results regarding sy, cxp(a) (G)-
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Proof of Theorem[I.8, Let ko = d. Since p > 2d — 1, we have p > k for every k € [ko, 2k — 1] =
[d,2d —1]. Thus Proposition [3.4]implies that s;,(G) < kg+ D*(G) —1 for every k € [ko, 2ko — 1],
and the result now follows by applying Lemma [3.5 g

Proof of Theorem[1.9. Let ko = @ + 1. Since p > d*> —d + 1, we have p > k for every

k € [ko,2ko—1] = [@—&—1, d?>—d+1]. Thus Propositionimplies that spq(G) < kg+D*(G)—-1
for every k € [ko,2ko — 1], and the result now follows by applying Lemma O
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