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ABSTRACT. For a sequence S of terms from an abelian group G of length |S|, let £, (S) denote
the set of all elements that can be represented as the sum of terms in some n-term subsequence
of S. When the subsum set is very small, |3,(S)| < |S| —n + 1, it is known that the terms of
S can be partitioned into n nonempty sets Ai,..., A, C G such that £,(S5) = A1 + ... + Ax.
Moreover, if the upper bound is strict, then |A; \ Z| < 1 for all 4, where Z = (', (A; + H)
and H = {g € G: g+ 3,(5) = ,(5)} is the stabilizer of 3,(S). This allows structural
results for sumsets to be used to study the subsum set X,(S) and is one of the two main
ways to derive the natural subsum analog of Kneser’s Theorem for sumsets. In this paper,
we show that such a partitioning can be achieved with sets A; of as near equal a size as
possible, so \_%J < |4 < [%] for all ¢, apart from one highly structured counterexample
when |X,(S)| = |S| —n + 1 with n = 2. The added information of knowing the sets A;
are of near equal size can be of use when applying the aforementioned partitioning result, or
when applying sumset results to study X, (5) (e.g., [20]). We also give an extension increasing
the flexibility of the aforementioned partitioning result and prove some stronger results when

n > 1|S| is very large.

1. INTRODUCTION

Basic Notation. Let G be an abelian group. Following standard conventions in Combinatorial
Number Theory (see [37] [22] [21]), by a sequence S of terms from G, we mean a finite, unordered

string of elements
S=g1+... g

with g; € G the terms of the sequence S, each term separated via the boldsymbol - (differentiating
it from multiplication in circumstances where both operations are in use). Formally, a sequence
is considered as an element of the free abelian monoid F(G) with basis G and operation -, giving
a standardized system of notation for sequences. Given an element g € G, we let v4(S) > 0
denote the number of occurrences of the term ¢ in S and let g™ represent the sequence consisting
of the element g repeated n times, so that any sequence S € F(G) has the form

S = H.g[vg(s)]
geG

We let T' | S denote that T" is a subsequence of S, so v4(T') < vy(S) for all g € G, and in such

case use TI=1 . S or § - T to denote the sequence obtained by removing from S the terms
1
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in T, so vy (T« 8) = vy(S) — vy(T). The support of the sequence S is the set of all elements

occurring in S
Supp(S) = {g € G : v4(S) > 0}.

For a subset X C G, let Sx | S denote the subsequence of S consisting of all terms from X, so

Sx = [ gt
geX

Then |S| = ¢ is the length of the sequence,
h(S) = max{vy(S) : g € G}
is the maximum multiplicity of a term in S, 0(S) = g1 + ... + gy is the sum of S, and
Y.(8)={c(T): T|S, |T|=n}CG

is the set of n-term subsums of S, for n > 0.
All intervals are discrete, so [m,n] = {z € Z: m < x < n}. Given subsets A4;,..., 4, C G,
their sumset is defined as

A1—|—...—+—An:{a1—i—...—|—an: CLZ‘GAi}.

The stabilizer of a set A C G is the subgroup H(A) = {g € G: g+ A = A} < G, which is the
largest subgroup H such that A is a union of H-cosets. If H(A) is trivial, then A is aperiodic, and
otherwise A is periodic. We say that A is H-periodic if A is a union of H-cosets, equivalently, if
H <H(A). Forr € Gand A, BC G,weletraip(z)=|(A—x)NB| =|{(a,b) € AXB: a+b=
x}| denote the number of representations for x as an element of A+ B, and call z € A+ B a
unique expression element when raip(z) = 1. For H < G, we let ¢y : G — G/H denote the

natural homomorphism.

Background. The study of sequence subsums is a classical topic in Combinatorial Number
Theory. Often, it is desired that either 0 € X,,(A), or [X,(9)| is large, or £,(S) = G, and
either conditions that guarantee the appropriate outcome, or the structure of sequences failing
to satisfy the desired outcome, are sought. The Erdés-Ginzburg-Ziv Theorem [37] [45] [10] and
Davenport Constant [37] [22] [43] are two such examples of very well-studied problems along
these lines. A selection of other examples may be found here [1] [16] [24] [47] [48] [49].

One effective tool for studying %,(S), e.g., employed in the original proof of the Erdds-
Ginzburg-Ziv Theorem [10], is via setpartitions. Consider a sequence A = Aj - ... A, whose
terms A; are nonempty (and finite) subsets of G. We call such a sequence a setpartition over G.

Note the setpartition A naturally partitions the terms in its underlying sequence

sy =1 11 s

1€[1,n] gEA;
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into n nonempty sets. It is then rather immediate that > A; C %,(S) when S(A) | S, which

=1
allows sumset results to be used for studying ¥,,(S). This becomes even more effective if we
know there is some setpartition A = A; - ...+ A, with S(A) | S such that equality holds,

n
> A; = ¥,(S5), for this means the subsums X,,(A) can be represented as an ordinary sumset,
i=1

and sumset results directly applied. The more structure that is known for the A;, the easier
and more effective it is to apply the corresponding sumset results. While this cannot hold for
a general sequence, we have the striking fact that this is always possible so long as |%,(5)] is
sufficiently small [37, Theorem 14.1] [26].

Theorem A (Partition Theorem). Let G be an abelian group, let n > 1, let S € F(G) be a
sequence of terms from G, and suppose S" | S is a subsequence with h(S") < n < |S’|. Then
there exists a setpartition A = Ay - ...+ A, with S(A) | S and |S(A)| = |S’| such that either

L X, (9] > D 4 > 1S —n+1, or
i=1

2. %u(8) = Y- A, Supp(S(A)TU.S) C Z and |A;\Z| < 1 for alli, where Z = (_, (Ai+H)
i=1
and H = H(X,(9)).

n

Theorem A ensures that ¥,(S) = > A;, for some setpartition A = A;-...- A, with S(A) | S
i=1

and |S(A)| = |9’|, provided |2, (S)| < |S’|—n+1, with additional structural information holding

when the upper bound is strict. Worth noting, Theorem A can always be applied (so long as
|S| > n) with S’ taken to be the maximal subsequence of S with h(S”) < n. In case Theorem A.2
holds, this allows us to apply Kneser’s Theorem [42] [37] [45] [22] to derive yet more information
regarding ¥, (.S), which is often incorporated into the statement of Theorem A itself (e.g. [37,
Theorem 14.1] [38]).

Theorem B (Kneser’s Theorem). Let G be an abelian group, let Ay,..., A, C G be finite,
n

nonempty subsets, and let H = H(>_ A;). Then
=1

7

n

>4l = (Dlon(An —n+1)[H| = 3|4+ H| — (n — D] H|
=1 i=1

i=1
Kneser’s Theorem is the fundamental lower bound for sumsets in an abelian group. Combining
it with Theorem A (applied modulo H) yields the analogous result for sequence subsums [38].

Theorem C (Subsum Kneser’s Theorem). Let G be an abelian group, let n > 1, let S € F(Q)
be a sequence of terms from G with |S| > n, and let H = H(X,,(S)). Then

2a(8)] = (I6n(S)] = n+1)|H],

where S" | S is a mazimum length subsequence with h(¢g(S")) < n.
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Note [¢u(S")| = > max{n, v4(¢r(S))}. The Subsum Kneser’s Theorem can alternatively
eG/H
be derived as a Specgial /case of the DeVos-Goddyn-Mohar Theorem [9] [37]. Theorem C, and the
more general Theorem A, have found numerous use in problems regarding sequence subsums
[5] [15] [18] [19] [23] [25] [27] [28] [29] [30] [31] [32] [33] [34] [36], extending, complementing or
resolving questions of established interest [2] [3] [4] [6] [7] [8] [10] [11] [12] [13] [14] [17] [39] [40]
[41] [44] [46] [50].

In this paper, we will further strengthen Theorem A. Theorem 1.1 applies to the more general
object X + X,,(S) rather than %,,(S) (which is the case X = {0}), showing that Theorem A
holds even if a fixed portion is “frozen” in the set X. For instance, if X C 3,,(T), then
X +3,(5) € Zpyn(T - S), and we obtain the conclusion of Theorem A under the restriction
of only being able to repartition the terms from S. Theorem 1.1 also shows that, apart from
one highly structured counter-example characterized in Theorem 1.1.3, the resulting setpartition
A=A;-...- A, can be chosen such that the sizes of the sets A; are as near equal as possible,
Le., with |[4;] — [4;]| < 1 for all 4, j € [1,n] (equivalently, | 2| < |4, < [BAL for an
i). We call such a setpartition equitable. While such improvements are not needed for every
application of Theorem A, they can simplify technical issues related to the use of Theorem A,
sometimes in an essential fashion. For example, the results of this paper (Sections 2 and 3) are
needed to prove the main result in the forthcoming paper [20] dealing with refined properties of

product-one sequences over a dihedral group.

Theorem 1.1. Let G be an abelian group, let n > 1, let X C G be a finite, nonempty set, let
L <H(X), let S € F(G) be a sequence of terms from G, and suppose S’ | S is a subsequence with
h(¢r(S") <n < |S’|. Then there is a setpartition A = Ay - ...+ A, with S(A) | S, [S(A)| = |9
and |pr,(A;)| = |A;| for all i € [1,n] such that

L X+ 2,09 >|1X+ > A > (|9 —n)|L| + |X| and A is equitable, or
i=1

2. X +3,(8) = X+ S A;, A is equitable, Supp(S(A)=1-8) C Z and |4;\ Z| < 1 for all
i=1
i, where Z = (}_(Ai + H) and H = H(X + £,(5)), or

3.n =2, X\ (B+L) and (A, + L) N (Ay + L) are K-periodic, Supp(S(A)=1 . 8) C
(Ay+L)Nn (A2 + L), ((A1+L)U (A2 + L))\ ((A1 + L) N (Ay + L)) is a K-coset,

H(X 4 2,(5)) = H(X + 20 Ai) = H(X) = L, and | X + E,(5)| = (IS’ = n)|L| + | X], for
=1
some B € X and K < G with L < K and K/L = (Z/27Z)?.

In Section 3, we will also derive some additional strengthenings of Theorem 1.1 in the case
n > %|S 'l is very large. In particular, we will achieve the same strengthened conclusions recently
guaranteed in [38] under a different n is large assumption (Theorem 3.2). This, in turn, will
allow us to derive additional information for S, in particular, when |S| = 2n with |X,,(S)| < n+1
and h(S) < n (Theorem 3.3).
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2. PARTITIONING RESULTS FOR GENERAL 71

In this section, we will make heavy use of the arguments used to prove [37, Theorem 14.1]
and the following easy consequence of Kneser’s Theorem (see [37, Theorem 5.1]).

Theorem D. Let G be an abelian group, and let A, B C G be finite, nonempty subsets. If
|A+ B| < |A|+|B| -1, then A+ (B\ {z}) = A+ B for all x € B.

We will also need the following observation, that follows by a routine induction on n.

Lemma 2.1. Let G be an abelian group and let Ay, ..., A, C G be finite, nonempty subsets.
7 7j—1 n n

Suppose | > Al > |>° Ail +Aj| =1 for all j € [2,n]. Then |> Al > > |Ail —n+1. Moreover,
i=1 i=1 i=1 i=1

n n J j=1
if [D0Ail = DAl —n+ 1, then | Y- As| = | > Ail + |Aj] — 1 for all j € [2,n].
i=1 i=1 i=1 i=1

Let G be an abelian group, let X C G be a nonempty subset and let S € F(G) be a sequence.

A setpartition A = A; - ...+ A, with S(A) | S will be called mazimal relative to X if any
setpartition B = By -...- B, with S(B) | S, |S(B)| =|S(A)] and X + > A; C X + > B; has
i=1 i=1
X+ > A, = X + >.B;. We simply say A is maximal relative to X if this is the case with
i=1 i=1
S =S(A).

Lemma 2.2. Let G be an abelian group, let n > 1, let X C G be a finite, nonempty subset, let
S € F(G) be a sequence, let A = Ay -...- A, be a setpartition with S(A) | S mazimal relative to

X, and let H=H(X + > A;). Suppose
i=1

(1) X+ Al < X[+ A -
=1 =1

Then there exists a setpartition B = By -...- By, with S(B) | S, |S(B)| = |S(A)| and X + > B; =
i=1

X+ A; such that Supp(S(B)=U.8) C Z and |(y+H)NB;| < 1 for ally € G\ Z andi € [1,n],
i=1
where Z = (;_,(B; + H).

Proof. In view of (1) and Kneser’s Theorem, we conclude that H is nontrivial. Consider an

arbitrary setpartition B = Bj - ... B, with S(B) | S, |S(B)| = |S(A)| and X + Y A; C
i=1

n n n

X + > B;. Then X + Y B; = X + ) A; since 8§(A) | S with A maximal relative to X. Let
i=1 i=1 i=1

Z = (Bi + H). In view of (1) and Lemma 2.1, there must be some j € [1,n] such that
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J j—1
| X + > Bi| <|X + > Bi| + |Bj| — 1, in which case Theorem D implies
i=1 =1

Jj—1 J
(2) X+) Bi+(Bj\{z})=X+) B forallze B,
=1 i

-1
Since | X + ZB | < |X + ZB | + |Bj| — 1, Kneser’s Theorem implies that |(z + H') N Bj| > 2
1=1 1=1

for every « € Bj, where H' = H(X + ZB,) < H. In particular,
i=1

(3) (x+ H)NBj| >2 forall x € Bj.

Now further restrict B by assuming Z |¢rr(B;)| is maximal (subject to the defining condition

for B). Then we must have B; C Z, Where Jj € [1,n] is the index defined above. Indeed, if this
fails, then there is some x € B; \ Z, and thus also some k € [1,n] with ¢x(x) ¢ ¢u(Bi) by
definition of Z. We can then remove x from B; and place it in By, to yield a new setpartition

B' = Bj-...- By, where B; = B; \ {z}, B, = By U{z} and B} = B; for i # j, k. In view of
(2), we have X + ZAZ- =X+ > B; C X+ > B, while in view of (3) and ¢y (z) ¢ ¢u(Bk), we
i=1 i=1 i=1

have Z]¢H(B’)| = Z|¢H( B;i)| 4+ 1, and now B’ contradicts the maximality of > |¢y(B;)| for
: i=1
B. Therefore

(4) B; C Z.
Claim A. |[(y+ H)NB;|<1lforallye G\ Z and i€ [1,n].
Proof. Assume by contradiction there is some k € [1,n] and Ly € By\Z with |(y+ H)N By > 2.
Let € = C}-...-C), be a setpartition with S(€) = S(B), X—i—ZC X+ZA1, and C;\Z = B;\Z
and ¢p(C;) = ¢u(B;) for all ¢, such that |Cy| is rnaxunal Slnce ou(C. ) ¢ (B;) for all i, we
still have )" |¢x(C;)| maximal, while Z = (\_,(B; + H) =(;-,(Ci + H). Thus, let j' € [1,n]
i=1

be an index so that C} satisfies (2), (3) and (4) for € (in place of Bj).

Suppose Cj» C Cy. Since y ¢ Z but Cjy C Z (by (4)), we actually have C;y € Cy \ {y}, in
which case

(5) Cy +Cp € (Cy U{y}) + (Cx \ {y})-

In such case, we can define a new setpartition ¢’ = Cf - ... CJ, by removing y from Cj and
placing it in Cy, so C = Cp \ {y}, €} = Cy U {y} and C'/ = C; for i # k,j’. Note y €

Bi\ Z = C; \ Z. In view of (5), wehaveX—l—ZA X + ZC CX+ ZC’ while in view of
\(y+H)ﬂCk|—\(y+H)ﬂBk|>2(aby¢Zande\Z Bk\Z)aﬂd¢H()¢¢H(Cj’) (as
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y ¢ Zand Cy C Z by (4)), we have > |¢u(CL)| = > |ou(Ci)|+1 = >"|¢u(B;)| +1, so that €
i=1 i=1 i=1

n
contradicts the maximality of Y |¢g(B;)| for B. So we instead conclude that Cj; € Cj. Thus,

i=1
in view (4), it follows that there is some x € Cy C Z with x ¢ Cj,.
In this case, we define a new setpartition ¢’ = C{ - ... C] by removing z from Cj and

placing it in Cj, so C}, = Cy \{x} C) = Ck U{z} and C! = C; for i # j',k. In view of

(),WehaveX+ZA —X—i—ZC CX—i—ZC’ while in view of (3) and x € Z, we have
i=1

ou(Cl) = ou(C;) = (;SH( ;) and C/\ Z = C; \Z B;\ Z for all i. Thus, since |C}| = |Cy| + 1,
we see that €' contradicts the maximality of |Cy| for €, completing the claim. O

In view of Claim A, we see that the lemma holds with the setpartition B unless there is some
y € Supp(S(B)[=U. S) with y ¢ Z. However, if this were the case, then ¢z (y) & ¢u(B;) in view
of (4). Define a new setpartition B’ = B] - ... - B, by removing any term z € B; from B; and
placing y into Bj; instead, so B} = B; \ {JJ} U{y} and B = B; for i # j. In view of (2), we

have X + ZA =X+ ZB CX+ ZB while in view of (3) and ¢n(y) ¢ ¢u(B;), we have
i=1 =1 =1

Z]¢H(B’)| = Z](i)H( ;)| + 1, in which case B’ contradicts the maximality of Z|¢H( B;)| for
B completlng the proof. O

Lemma 2.3. Let G be an abelian group, let n > 1, let X C G be a finite, nonempty subset, let
n
A=A;-...- A, be a setpartition over G mazimal relative to X, let H =H(X + > A;) and let

i=1
Z =iz (A + H). Suppose |(y+H)NA;| <1 forally e G\ Z and i € [1,n], and

(6) |X+ZA|<|X|+Z|A|_n+(yH|_1)
i=1 i=1

Then there exists a setpartition B = By -...- B, with S(B) =S(A), X+ > Bi=X+ >_A; and
i=1 i=1
Z C(ie,(Bi + H) such that |B; \ Z| < 1 for all i.

Proof. In view of (6) and Kneser’'s Theorem, we conclude that H is nontrivial. Consider a
setpartition B = By - ... B, with

)=

(7)  S(B) =S(A), X+Zn:Bi:X+zn:Ai, Z=(\A+H) C()Bi+H) and

%

I
\_l [l

(y+ H)NB;| <1 forallyeG\Zandze[

n

Since A satisfies these conditions, it follows that such a setpartition B exists. Let e = ) |B;\Z| >
i=1

0. Let I, C [1,n] be all those indices ¢ € [1,n] with B; \ Z nonempty, and let Iz C [1,n] be all
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those indices i € [1,n] with B; C Z. By re-indexing the B;, we can w.l.o.g. assume Iz = [1,m)]
and I, = [m+1 n]

Suppose |X + ZB\ > | X + ZB | + |Bj| — 1 for all j € [1,m]. Then Lemma 2.1 implies

| X + ZBl] > | X |+ Z|Bl| — m. Kneser’s Theorem implies
i=1 i=1

(8) |(X Z )+ ZB|>|X+ZB|+ Z|B Y H|— (n—m)|H]|

=1 i=m+1 i=m-+1
> |X + ZBZ-! + Z |Bi| + e(|H| = 1) — (n — m)|H],
i=1 i=m+1
with the second inequality in view of the final condition in (7). Combined with the previous
m
estimate for | X + Y B;|, we find

i=1

(9) X+ Bil > [X|+ ) _|Bil = nlH|+ (m +e)(|H| - 1).
1=1 =1

Note that e > |I.| = n — m. If equality holds, then |B; \ Z| < 1 follows for all i, completing

the proof. Therefore we can instead assume e > n — m + 1, which combined with (9) yields

n n n n
(X + 2 Ail = [X + 2 Bi = [X| + X [Bil —n+ ([H| = 1) = |X][ + 2 |Ail —n + (|H] - 1),
i=1 i=1 i=1 =1

J
contrary to hypothesis. So we may instead assume there is some j € [1,m] with | X + > B;| <
=1

| X+ Z B;|+|Bj|—1. In particular, this argument shows that I is nonempty for any setpartition

satlsfylng (7), and Theorem D ensures that

7j—1 J
(10) X+) Bi+(Bj\{z})=X+) B forallze B,
i=1 =
J
In particular, |Bj| > 2. Let K = H(X + Y B;) < H. If |(y+ H) N B;j| = 1 for some y € G,
i=1
j—1
then |(y + K) N Bj| = 1 as well, whence Kneser’s Theorem implies |(X + ZBZ> + Bj| >
i=1
= -l
X+ > Bi|+|Bj+ K|—|K| > |X+ ZB |+ |Bj| — 1, contrary to the definition of j. Therefore

i=1 i=1
we instead conclude that

(11) (y+H)NBj| >2 forallyec B;.

Now assume our setpartition B satisfying (7) is chosen such that

M1. |I.| is maximal (subject to (7)),
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M2. > |B;| is maximal (subject to (7) and M1).
1€l
If |B;\ Z| = 1 for every i € I, = [m+ 1,n], then the setpartition B satisfies the conditions of the
lemma. Therefore we may assume there is some k € I, = [m+ 1, n] with distinct y1,y2 € B\ Z.
Since j € [1,m] = Iz, we have B; C Z. Thus yi1,y2 ¢ Bj.
Suppose By C By, for some s € Iz. Then By C By \{y1} and Bs+ By, C (BsU{y1})+(Br\{y1}),
the former as y; ¢ Z but Bs C Z as s € Iz. In such case, define a new setpartition B’ =
B| - ... By by setting B, = BsU {1}, B, = Bi \ {y1} and B} = B; for i # s, k. Then

Bs+ By, € (BsU{y1}) + (Br \{y1}) = B.+ By, ensures that X + ZA X+ ZB CX+ ZB
1=1 1=1
and equality must hold as A is maximal relative to X. By definition, S(B’) = S(B) = S(A)

Since By C Z, we have still have |(y + H) N B}| < 1for alliand y € G\ Z, while Z C (), B}
follows since y; ¢ Z. Thus B’ satisfies (7). Since y1 ¢ Z and y2 € B}, \ Z, we see I.U{j} C [1,n]
is the subset of indices i € [1,n] for which B]\ Z is nonempty, meaning B’ contradicts the
maximality condition M1 for B. So we instead assume By € By for all s € I. In particular,
B; ¢ By, meaning there is some x € B; \ By.

In this case, define a new setpartition B’ = Bf-...- B}, by setting B} = BJ\{:E} B; = BpU{x}
and B = B; for i # j, k. In view of (10), we have X + ZA =X+ ZB C X+ ZB and
equality must hold as A is maximal relative to X. By deﬁmtlon S(B ) =S(B) = S(A) Since
x € Bj C Z, we have still have |(y + H)N B} <1 foralli and y € G\ Z, while Z C (., B!
follows in view of (11). Thus B’ satisfies (7). Since x € Bj C Z, we see I, C [1,n] is still the

subset of indices ¢ € [1, n| for which B} \ Z is nonempty, meaning B’ satisfies M1. However, since

|B,.| = |Bk| + 1, k € I. and j ¢ I., the maximality of " |B;| for B is contradicted by B’. [
i€le

Lemma 2.4. Let G be an abelian group, let n > 0, let X C G be a finite, nonempty subset, let
S € F(G) be a sequence, and let A = Ay -...+ A, be a setpartition with S(A) | S, Supp(S(A)=1.
S)C Z, and |A;\ Z| <1 for all i, where Z = Z + H C () (Ai + H) and H < H(X + Y A;).

i=1
Then the following hold.

L X +3,(8) =X + > A
=1

2. If Z = g+ H for some g € G, then X + ¥y(S) = X + > A; + ({ — n)g for any
i=1
(€ n,n+|SA)T. 5.
Proof. 1. Note X 4+ >~ A; C X + ¥,(S) holds trivially. Let T' | S with |T'| = n be arbitrary.
i=1

n
Since X + > A; is H-periodic by hypothesis, to establish the reverse inclusion, it suffices to
i=1

show o(¢pp(T)) € > ou(A;). Write T = 1+ ...« Ts* Ysq1 * --- * Yn, with the z; the terms of
i=1

T with z; € G\ Z, and the y; the terms of T with y; € Z. In view of Supp(S(A)~1.8) C Z
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and |A; \ Z| <1 for all i, we can re-index the A; so that x; € A; for i € [1,s]. But now, since
yj € Z=7Z+H C i ,(Ai+H)CAj+H for all j > s+ 1, it follows that o(¢u(T)) =

d(x1)+ ...+ ou(xs) + dr(Yst1) + ... + o (yn) € Db (A;), completing Item 1.
i=1
2. By translating all terms of S appropriately by —g, we can w.l.o.g. assume g = 0, whence
H C N (A; + H). In particular, H N A; # 0 and |A4; \ H| <1 for all i. Since X + > A; is

=1
H-periodic with S(A) | S, Supp(S(A)~1.S) C g+ H =Handn <€ <n+[SA)U. S|, we

trivially have X + Y A; = X+ > A;+ (£ —n)g C X + X¢(S). To show the reverse inclusion, let
i=1 i=1
T = gi-...-g¢ be an arbitrary /-term subsequence of S. Since Supp(S(A)[=1.S) C g+H = H and

|A; \ H| <1 and for all 4, there are at most n non-zero terms in ¢y (7), and by re-indexing, we
can w.l.o.g. assume ¢ (g;) = 0 for i > n. Then, since H N A; # (), Supp(S(A)=1.8) C H and

n

|Ai \ H| < 1 for all 4, it follows that ¢p(g1) + ...+ dm(9e) = ¢rlg1) +...+ dulgn) € 2o du(A:).

i=1
n
Hence, since X + > A; is H-periodic, we conclude that X + o(T) = X + g1 + ... + g0 C
i=1

n
X + > A;. Since T was an arbitrary ¢-term subsequence of S, this establishes the reverse
i=1

inclusion X + ¥,(S) C X + iAi. O
i=1
Let G be an abelian group and A C G a subset. We say A is quasi-periodic if there is a
subset Ay C A such that A\ Ay is nonempty and periodic with Ay contained in a H(A \ Ay)-
coset. If H < (G is a nontrivial subgroup, then an H -quasi-periodic decomposition is a partition
A= (A\ A4p) U Ay with Ay a subset of an H-coset and A\ Ay H-periodic (or empty). It is
reduced if Ay is not quasi-periodic. As is easily derived,

(12) H(A) =H(Ap) <H when () # Ay C Ag+ H.

If Ay is quasi-periodic, as exhibited by Aj C Ay, then A = (A \ Aj) U A} is a quasi-periodic de-
composition with Afz) C Ay. Every finite set A C G has a reduced quasi-periodic decomposition,
and this decomposition is unique unless AU{a} is periodic for some o ¢ A (see [35, Proposition
2.1]). The Kemperman Structure Theorem [37, Theorem 9.1] implies that, if A, B C G are
finite, nonempty subsets with |[A+ B| = |A|+|B| — 1 and either A+ B aperiodic or containing a
unique expression element, then there are H-quasi-periodic decompositions A = (A \ Ap) U Ay,
B=(B\By)UByand A+ B = ((A +B)\ (Ap + B@)> U (Ag + By) with the pair (A, By)
satisfying one of four possible structural types (I)~(IV), each with explicitly defined restrictions
on where, and how many, unique expression elements there are. We will make use of this theory,
referencing the details regarding Kemperman’s Critical Pair Theory rather than repeating the
rather lengthy statements and details here.
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Lemma 2.5. Let G be an abelian group, let H < G be a subgroup with |H| > 3, and let Y C G
be a finite subset such that Y \ {yo} is H-periodic (or empty) for some yp € Y.

1. Y is aperiodic with Y = (Y \{yo})U{yo} its unique reduced quasi-periodic decomposition.

2. If there is a K-quasi-periodic decomposition Y = Y1 U Yy, then yo € Yy and Yo \ {yo} is
H -periodic. Moreover, if |Yo| > 2, then H < K.

3. If A, BC G with A+ B=Y and |A+ B| = |A|+ |B| — 1, then there are ag € A and
bo € B such that A\ {ao} and B\ {bo} are H-periodic with ay+ by = yo.

Proof. We may w.l.o.g. assume H = H(Y \ {yo}). We may also assume Y \ {yo} is nonempty,
else Items 1-3 all hold trivially. Item 1 follows from [35, Proposition 2.1] and [35, Comment c.6].

2. Suppose Y =Y UY) is a K-quasi-periodic decomposition and let Yy = (Yp \ Yp) U Y} be
a reduced quasi-periodic decomposition of Yy. Then (Y \ Yy) U Yy is a reduced quasi-periodic
decomposition of Y with either H(Y \ Yp) = H(Yp \ Yp) < (Yo — Yo) < K or Yy =Y} (by (12)).
Hence Item 1 ensures that Yy = {yo} with H = H(Y \ {yo}) = HY \ Yy) < K if |Yo| > 2. If
Yo ={y} =Y, then Y1 =Y \ {yo} = Y \ Yy is H-periodic. Otherwise, H < K ensures Y] is
H-periodic, while Y \ Yy =Y \ {yo} is H-periodic by hypothesis. In either case, Y7 and Y \ Yj
are both H-periodic, and it follows that (Y \ ) \ Y1 = Yo \ Yy = Yo \ {vo} is also H-periodic.
Item 2 now follows.

3. Suppose A+ B =Y and |A+ B| = |A|+ |B] — 1. Since Y = A + B is aperiodic by
Item 1, we can directly apply the Kemperman Structure Theorem [35, Proposition 2.1] to A+ B
yielding associated K-quasi-periodic decompositions A = (A\ Ap) U Ay, B = (B \ By) U By and
Y = (Y \ (Ap + By)) U (Ap + By). If the pair (Ap, By) has type (IV), then Y U {g} is periodic
for some € G\ Y. In such case, any reduced quasi-periodic decomposition ¥ = Y; U Yy must
have |Yy| > 2 or |H(Y1)| = 2 (cf. [35, Proposition 2.1]), contrary to Item 1. If the pair (Ay, By)
has type (III), then Y is periodic, contrary to Item 1. If the pair (Ay, By) has type (II), then
either Y U {f} is periodic for some § € G, yielding the same contradiction as before, or else
Y = (Y\(4Ap+Byp))U(Ap+ Byp) is a reduced quasi-periodic decomposition of Y (by [35, Comment
c.3]) with |Ag + By| > 3, again contrary to Item 1. We are left to conclude that (Ay, By) has
type (I), so w.lo.g. |Apy| = 1, say with Ay = {ap}. Hence A+ B =Y is a union of ag + B with
a K-periodic set. In particular, (Y \ (ap + By)) U (ao + By) is a K-quasi-periodic decomposition
of Y. If | By| > 2, then Item 2 yields H < K with yp € ag + By and (ag + By) \ {yo} H-periodic.
Letting by = yo — ap € By, Item 3 follows. Therefore instead assume |By| = 1, say By = {bo}.
Moreover, in view of [35, Proposition 2.2], we can assume ag + by € A + B is the only unique
expression element.

In this case ((A +B)\{ao+ bo}) U{ap+bo} is a reduced K-quasi-periodic decomposition, in
which case Item 1 implies ag+by = yo and (A+B)\{ao+bo} = Y\{vo}. Since (yo+H)N(A+B) =
(yo+H)NY = {yo} with yo = ag+bo, we must have (ap+H)NA = {ap} and (bp-+H)NB = {bo}. If
|Ap| = |Bo| = 1, then Item 3 follows trivially. Therefore we can instead w.l.o.g. assume |Ag| > 2.
Since ag+bp = yo € A+ B =Y is the only unique expression, we have (A\{ao})+B =Y \{yo}
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with H((A\ {ao}) + B) = H(Y \ {y0}) = H. Kneser’s Theorem now implies
(13) [A|+[B| -2 = [(A\{ao}) + B| = |[(A\{ao}) + H| + B+ H| — |H| = |[A\ {ao}| +|B| -1,

with the latter inequality in view of (bp + H) N B = {bp}. Thus we must have equality in (13).
In particular, equality holding in the second inequality in (13) forces (A \ {ao}) + H = A\ {ao}
and (B\{bo})+H = B\ {bo}, i.e., A\{ao} and B\ {bo} are H-periodic, completing Item 3. [

Lemma 2.6. Let G be an abelian group and let A, B C G be finite, nonempty subsets with
H =H(A+ B) =H(B). Then |(AU{z})+ B| > [(Au{a})+ H|+ |B+ H|— |H| for any = € G.

Proof. By hypothesis, ¢ (A) + ¢ (B) is aperiodic. Thus (¢g(A)U{dn(x)}) + ¢r(B) is either
still aperiodic, in which case Kneser’s Theorem implies |¢g(AU{x})+¢u(B)| > |pu(AU{z})|+
| (B)|—1, or else it is periodic, and thus strictly contains the aperiodic subset ¢ (A)+¢m(B).
In such case, applying Kneser’ Theorem to ¢p(A) + ¢u(B) yields |pg(A U {z}) + ¢u(B)| >
o (A)|+ |0 (B)| > |pu(AU{x})|+|ou(B)|—1. In either case, since (AU{x})+ B is H-periodic
in view of H = H(B), the desired conclusion follows by multiplying the inequality by |H]|.

n

Lemma 2.7. Let G be an abelian group, let n > 1, let X C G be a finite, nonempty subset,
let S € F(G) be a sequence, and let A = Ay - ...+ A, be a setpartition with S(A) = S and

| X + > Al > min{|S| —n+ |X]|, |X +2,(5)|}. Then one of the following holds.
i=1

1.n =2, X\ {B} and A1 N Ay are K-periodic, (A1 U A2) \ (A1 N A2) is a K-coset,
X +X,(5) = X+ A1+ Ay is aperiodic and | X +X,(S)| = |S| —n+|X|, for some 5 € X
and K < G with K = (Z/27)?.

2. There exists an equitable setpartition B = By - ... B, with S(B) =S and | X + Zn:Bz] >
min{|S|—n+|X|, | X +X,.(S)|}. Moreover, if | X +%,(S)| < |S|—n+|X| and |A1TIZ| <1
for all i, where H = H(X + ilAz) and Z = (_1(Ai + H), then Z = (\_(B; + H),

X+ B=X+YA=X+%.(5) and |B;\ Z| < 1 for all i.
=1 =1

n

Proof. If |S| = > |Ail| <n+1orn=1, then A is trivially equitable, and Item 2 follows taking
i=1
B to be A. Therefore we may assume |S| > n+ 2 and n > 2. In particular, G is nontrivial. Let

A=A4;-...- A, be an arbitrary setpartition with S(A) = S and

(14) X+ Al = min{| X[+ ) | Ai| = n,|X + Za(9)]}.
=1 i=1

Note A exists by hypothesis. If, for the original setpartition A, we have | X+3,,(S)| < |S|—n+|X|
and |A; \ Z| < 1 for all 4, where H = H(X + " A4;) and Z = (), (A; + H), then fix the set
i=1
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Z C @ and only consider setpartitions A also satisfying

(15) ﬂ Ai+H) and |A;\Z|<1 foralli,

n
for the fixed set Z. Otherwise, simply let Z = H = G. In either case, let e = > |A; \ Z|.
i=1

n
Note | X +2,(9)| < |S|—n+|X| = |X|+ > |Ai| —n and |A; \ Z| <1 for all i combined with
i=1

n

(14) imply X + ZA X + X,(S), combined with > |A4;| = |S| > n+ 2 imply Z is nonempty,
i=1

and combined w1th the definition of e imply e < n. Moreover, if e = n, then the n terms from

the sets A; \ Z for i = 1,...,n cannot all be equal modulo H, else they would be included in
the set Z by definition. What this means is that an arbitrary setpartition A satisfying (14)

n
and (15) must have X + Y A; = X + X,(S) and Z = (), (A4; + H), so that the quantities
i=1

=H(X + ZA ) = H(X +%,(5)) and Z =, (A4; + H) remain invariant as we range over

all setpartltlons satisfying (14) and (15). This is also trivially the case when Z = H = G. Now
choose a setpartition A with S(A) = S satisfying (14) and (15) that is as equitable as possible,
meaning one such that

(16) > |4 is minimal.

Assume by contradiction that A is not equitable, so

m = min {|4;]} < max{]A [} —2.
i€[1,n] i€[l,n
Note this ensures that H is nontrivial, lest |A;| € {|Z],|Z| 4+ 1} for all i. Let I,,, C [1,n] be the
subset of indices ¢ € [1,n] with |A;| = m, let I,41 C [1,n] be the subset of indices i € [1,n)]
with |4;| = m + 1, let I,,,12 C [1,n] be the subset of indices i € [1,n] with |[4;] > m + 2, let
Iz C[1,n] be all indices i € [1,n] with A; C Z, let I. C [1,n] be all indices ¢ € [1,n] with A4; \ Z

nonempty, and let
JZ:(ImUIm—i-l)mIZ and Je —( UIm_H)ﬁI

Since A is not equitable, I, 12 and I,,, are nonempty. Consider k € I,,,4+2 and s € I,,,. Since
k € Lnyo and |Ax \ Z| <1, we have |[AxNZ| > |Ag| —1>m+ 1. Let ay,...,a, € Ay N Z be
those elements contained in Z with (o; + H) N A = {«;}, and let Z; ={ay,...,a,} + H C Z.
Then [AxN(Z\ Z1)|=|AxNZ|—r > |Ax| —1—r>m+1—r. Since s € I,,, and Z C A;+ H,
it follows that [(Z \ Z1) N As| < |AsN Z| —r < |As| —r = m —r, in which case the pigeonhole
principle guarantees there is some y € (A \ As) N Z with |(y + H) N Ax| > 2. Consequently, the
indices k and s and element y in the hypothesis of the following claim always exist. Moreover,
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if k € L,42N Iz, then we get the improved estimate |A; N Z| = |Ax| > m + 2, in which case the
above argument yields at least two elements y, ¢y € A satisfying the hypotheses of Claim A.

Claim A. A; ¢ Ay andX—i—ZA + (Ar \ {v}) #X—i—ZA for any k € I49, s € I, and

z;ék
€ (Ap\ As) N Z with [(y + H) N Ag| > 2.

n n
Proof. It X+ 3" A+ (Ax\{y}) = X+ >_ A, then we can remove y from A and place it in A to
=1 =1
:';ék '
yield a new setpartition B = B ... B, where Bk = Ap\{y}, Bs = A;U{y}, and B; = A; for all

i # k, s, such that S(B) = S, X—}—ZA CX+ZBZ,ZCﬂ 1(Bi+H) (since |(y+H)NAg| > 2),

and |B; \ Z] = |A;\ Z| < 1 for all i (since y E Z). Thus B satisfies (14) and (15). However,
since |Ag| > |Ag| + 2, it follows that |Ag|? + |As|? > |Bi|? + | Bs \2 so that B contradicts the
minimality of (16) for A. Therefore we instead conclude that X + Z Ai+ (A\{y}) # X+ ZA
z;ék
If Ay C Ag, then let y € (A \ As) N Z be any element with |(y + H) N Ag| > 2, which exists
as argued above Claim A. Then Ay C Ay \ {y}, whence A5 + A, C (As U {y}) + (Ax \ {y}),
and removing y from A; and placing it in Ay yields a new setpartition B that contradicts the
minimality of (16) for A as before. Therefore A; € Ay, completing the claim. O
Let L =H(X + > A;) and re-index the A; such that Jz = (I, U Ipt1) NIz = [1,nz],

’ieImUIm+l
Je=InUlpt1) NI =[ngz+1,n] and I4o = [ne + 1,n].

Claim B. Ay + L| > |Ax| +3(|L| — 1) for any k € I4a.

Proof. Let k € I40 and s € I,,. Since X + ZA is L-periodic (as k ¢ I, U Ip41), it follows
z;ék:

from Claim A that any element y € A N Z satisfying the hypotheses of Claim A must be the
unique element from its L-coset in Ay. Since L < H, the same is true of any element y € Ay
which is the unique element from its H-coset in Aj. Since there is always at least one element
satisfying the hypotheses of Claim A, at least two when k € Iz, and also an element from A\ Z
which is the unique element from its H-coset in A when k € I, the claim follows if there
is any y € Ap N Z that is the unique element from its H-coset in Aj, so we instead assume
|(y+ H)N Ag| > 2 for all y € A, N Z. Thus

(AR N Z)\ A 2 [A N Z] = [As| + 1 = [Ap N Z] —m + 1,

is the number of elements y € Ay N Z satisfying the hypothesis of Claim A, with the inequality
following since Claim A ensures that A; & Ag. If k € Iz, we obtain at least [(Ax N Z) \ A >
|Ar N Z| —m+1=|Ax| —m+ 1 > 3 elements satisfying the hypotheses of Claim A. If j € I,
we obtain at least [(Ax N Z) \ As| > |AxNZ| —m+ 1> |Ag| — m > 2 elements satisfying the
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hypotheses of Claim A, as well as the element from Ay \ Z, which is the unique element from
its H-coset in Aj. In either case, the claim follows. ]

Claim C. Either [X + ) A;| <|X|+ ) |Ai| —|Jz| —max{|L| —1, 1}, or else L is trivial and
i€Jy i€Jy

J Jj—1
X+ SSA| = | X+ Ai| + | 4] — 1 for all j € [1,n].
=1 =1

Proof. Suppose

(a7) X+ S Ad > (X]+ 3 1A - ] — max{|L] — 1, 1} + 1.
i€Jy i€Jy
Note JzUJ. = I, Ul and L=H(X 4+ > A; + > A;). Kneser’ Theorem implies
i€y i€,
(18) X+ D> Al =X+ YA+ A+ L = |l
1€l Ulm 1 i€Jy i€Je

By definition, each A; with i € J. C I, has some element z € A; \ Z which is the unique
element from its H-coset in A;, meaning (z + H)NA; = {z}. Since L < H, it is also the unique
element from its L-coset in A;, ensuring that |A4; + L| > |A4;| + |L| — 1 for ¢ € J.. Combining
this observation with (17) and (18), we conclude that
(19 X+ > Al=IX[+ D Al = I ULpga| - max{|L| -1, 1} + 1.

i€l Ul i€l Ul

k—1
Let k € Ippt2 = [ne + 1,n]. Since X + ZA is L-periodic, it follows that X + Z A; is also L-

periodic. Consequently, in view of Claim A it follows that there is a unique express10n element in

the sumset ¢, (X—i— > Ai> +¢1,(Ag). Thus Theorem D implies that |¢y, (X—i— > Ai> +or(Ag)| >
i=1 i=1

k-1
oL <X + ;Al)| + |¢n(Ag)| — 1 for k € I,;,12. Lemma 2.1 now yields

n
20) X+ AlzIX+ S Ad+ ST A+ L= [Dugel — (L= D)lDusal.

=1 iEImUIm+1 ’iEIm+2
By Claim B, we have |A; + L| > |Ag| + 3(|L| — 1) for all k € I,;,+2. Combining this observation
with (19) and (20), we deduce that

n n
(1) X+ Y AL = X+ DAL - nk 2Lal(1Z] - 1) - max{[Z] - 1,1} + 1.
=1 =1

n
Suppose |X + ZA | < |X|+ > |Ai] — n. Then, since |I,+2| > 1, we must have equality

=1
in (21) with L trwlal and equality must hold in all estimates used to derive (21). Since L is

trivial, Kneser’s Theorem implies | X + EAJ > | X|+ Z |A;| — 7 for all j € I, UL,11 = [1,ne].

=1 =1
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But now Lemma 2.1 ensures that equality must hold in all these estimates, as otherwise (19)

holds strictly, implying (21) also holds strictly. We also have equality holding in the modulo L
k k

estimates used to derive (20), meaning |X + > A4;| = |X|+ > |A;| — k for all £ > n. + 1, for

i=1 i=1
otherwise (20) holds strictly, and thus (21) as well. The claim now follows. So it remains to

consider the case when

n n
X+ Al > X[+ A —n=|S|-n+]|X],
i=1 i=1
in which case Z = H = G.
In this case, since n € I, 49 by our choice of indexing, Claim A ensures that every element

n—1
y € A, \ As is part of a unique expression element in (X + > AZ-) + A, where s € I,,,. If some
i=1

n—1
y € Ay, \ As is part of exactly one unique expression element, then | X + > A; + (A, \ {y})| =
i=1

n n

X + > A — 1> |X|+ > |A4i| —n. Thus removing y from A, and placing it in A, yields
i=1 i=1

a new setpartition contradicting the minimality of (16) for A. Therefore we can assume each

y € Ap \ Ag is part of at least two unique expression elements. Since A; € A, by Claim A,
we have |A, \ As| > 3, so there are at least three such elements in A,, and thus at least two

elements in A4, \ {y} that are each part of at least two unique expression elements in the sumset
n—1

(X + > Ai> + (An \{y}), for any fixed y € A, \ As. In consequence, the Kemperman Structure
i=1

Theorem [37, Theorem 9.1] [35, Proposition 2.2] implies

(22) (X+ZA) + (4n \{y}\>rX+ZAr+|A \{u}.

If L is trivial or |I,42| > 2, then repeating the arguments used to derive (20) and (21) for
n—1 n—1
Ay ...+ A,_q rather than A; -...- A, yields | X + ZA1| > | X|+ Z |A;| — (n —1). Combined

with (22), it follows that | X + ZA + (A, \{y})| > |X| + Z|A | — n, and now removing y

from A,, and placing it in A ylelds a new setpartition contradlctlng the minimality of (16) for
A. Therefore we now assume L is nontrivial and |I,42| = 1, meaning I, U I, = [1,n — 1].
In this case, since H = G ensures n € Iz N I42 so that there is at least one element from
Ay \ {y} satisfying the hypothesis of Claim A, we can repeat the arguments used to derive (20)
for Ay -...- A1+ (Ap \ {y}) rather than A; -...- A, to find

(23)

n—1 n—1

X+ A+ (A D] = X+ A+ (AN +LI= L1 > [ X+ D Al +]An|+]L] -

i=1 i=1 i€LmUl i1
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with the latter inequality as Claim B ensures |(A,, \{y})+L! A \{y} > 2(|L|-1). Combining
-1
(23) with (19) and using that L is nontrivial, we obtain | X + Z Ai+(AN\{y})| > |X|+Z |Ai| —n.
=1

=1
Once again, removing y from A,, and placing it in Ay yields a new setpartition contradlctlng the

minimality of (16) for A, completing Claim C. O

We now split the proof into two cases depending on which outcome holds in Claim C.

CASE 1. | X + > Ail <|X|+ > |Ail —|Jz| — max{|L| — 1, 1} holds for every setpartition
i€Jy i€ty

A=A;-...- A, with S(A) = S satisfying (14), (15) and (16).
J
For j € [0,nz],let K; = H(X+ > A;) < L. In view of the case hypothesis, let j € Jz = [1,nz]
i=1

J J
be the minimal index such that | X + Y~ A;| < |X|+ > |A;| —j — max{|K;| — 1, 1}.
i=1 i=1

J Jj—1 J Jj—1
Claim D. Kj = H(X-|— ZAZ) = H(X+ ZAZ) and |X+ ZA1| < |X+ ZAZ| + |A]| — 1.
=1 =1 =1 =1

Proof. If j = 1, then | X 4+ A;| < | X|+]|A1]—2, so that Kneser’s Theorem implies K is nontrivial
with | X| 4+ |A1] — |K4] > | X + A1| > | X + K| + |A1] — |K1| (both upper bounds for | X + A;|
follow from the definition of j). Thus X + K; = X, ensuring that Ky = K, and the claim
follows. Therefore we now assume j € [2,nz]. Hence the minimality of j ensures

J— J—
(24) X+ Y Al = X+ ) Al = (= 1) = max{| K| - 1, 1} + 1.

Applying Kneser’s Theorem again, we find

) -1
(25) |X+ZA\>|X+ZA+K\+!A!—IKI
=1 i=1

=1 =1
If K;_1 # Kj, then Kj is nontrivial and |X + > A; + K;| > |X + > A;| + |K;_1|, which
i=1 i=1
J J
combined with (24) and (25) yields | X + > A;| > | X|+ Y |Ai| —j+1— (|K;| - 1) = [X| +
i=1 i=1
J
> |Ai| = j + 1 — max{|Kj;| — 1, 1}, contrary to the definition of j. Therefore K;_; = K;. If

=1

j j—1 j j
X + DA > |X + YA+ |Aj] — 1, then (24) yields | X + Y Al > | X[+ YA -7+ 1—
=1 =1 =1 =1

J
max{|K;_1| —1, 1} = | X| + Z]Az\ —j+1—max{|K;| —1, 1}, again contrary to the definition

-1
of j. Therefore | X + ZA | < |X + ZA | +|A;| — 1, and the claim follows. O

=1 =1
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All the above is valid for any A with S(A) = S which satisfies (14), (15) and (16). We now
impose additional extremal conditions on A:
(a) |Jz| is minimal (subject to satisfying (14), (15) and (16)), say |Jz| = nz, with the A;
indexed so that Jz = [1,nz].
(b) j is maximal (subject to satisfying (14), (15), (16) and (a)).

j—1
(c) Y |or(A;)| is maximal, where K = H(X + Y A;) (subject to satisfying (14), (15), (16),
i=1

e

)

1
(a) and (b)).
Let k € 1,42 be fixed and set K := K; < L < H, so

Jj—1 J
K=HX+> A)=HX+> 4
=1 =1

j—1 j—1
by Claim D. Since Claim D ensures [(X + >~ A;) + A;| < [ X + Y Ai| +|A;| — 1, it follows from
i=1 i=1

j—1

Kneser’s Theorem applied to (X + > A;) + A; that K is nontrivial and
i=1

(26) Ay + K| = [4;] < [K| =2

In particular,

(27) (x+ K)NA;|>2 forallz e Aj.

Since j € Jz C Iz, we have A; C Z. Let Zyp = (A; + K) \ (Ax + K) C Z. Let Xog C ZpN A;j be
a subset consisting of one element from A; for every K-coset contained in Zy. Thus

| Zo| = | K| Xo|
with Zy the union of all K-cosets that intersect A; but not Aj.

Claim E. Thereis asubset Y C (A;N2)\(A4;+K) with |Y| > max{1,|Xo|} and (A \Y)+H =
Ak + H.

Proof. Let us first show there is some y € (4N 2) \ (4; + K) with [(y + H) N Ag| > 2. Let
Yo € Ar N Z be an element satisfying the hypotheses of Claim A. Then |(yo + H) N Ag| > 2.

Moreover, since X + > A; is K-periodic with k € I,,42, the conclusion of Claim A
1€l Ulm41
ensures that (yo + K) N Ar = {yo}. If yo ¢ A; + K, then taking y = yo yields the desired

element y. Therefore we may assume yy € A; + K. Then Zy U (yo + K) C A; + K with
(20U (w0 +K)) N Ak = {yo}. Thus |40 (A + K)| < |4+ K| = Zo = K| +1 < |A5] = | Zo] -1,
with the second inequality in view of (26). It follows that

(28)

[(ARNZ2)\(Aj+K)| = [AxNZ| = [AxN(Aj+ K)| = (|Ak[ = 1) = (|4j]=Z0[—1) = [Ak|—[A;]+]|Z0]-
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In particular, since |Ag| — [Aj] > (m+2) —(m+1) =1 (as k € Ly and j € Iy, U L),
we conclude that (A N Z) \ (4; + K) is nonempty. If there is some y € (AN Z) \ (4; + K)
with [(y + H) N Ag| > 2, then the desired element y is found. Otherwise, we conclude that
each y € (AyNZ)\ (4; + K) is the unique element from its H-coset in Aj. However, since
y€ Z C Aj+H, it follows that (y+ H) N A; is also nonempty, say with 3 € (y+H)NA;. Since
y¢ Aj+ K, we have y ¢ v/ + K, ensuring that ¢/ + K # y + K. Thus, as (y + H) N A, = {y},
we conclude that (y' + K) N Ay is empty, meaning v + K C Z;. As this is true for each
ye (AxNZ)\ (A; + K), with the corresponding sets y’ + K each lying in the distinct cosets
y+ H for y € (A, N Z)\ (A; + K) (as each such y is the unique element from its H-coset in
Ay), it follows that

%ol 2 [(Ax 0 Z2) \ (A; + K)| |K| > [(Ax 0 2) \ (45 + K.

However, applying this estimate in (28) yields the contradiction m + 2 < |Ay| < |4;| < m + 1.
Thus the existence of the desired element y € (A N 2) \ (A4; + K) with |(y + H) N Ag| > 2
is established, and we assume |Xy| > 2 as the claim is now complete taking ¥ = {y} when
| Xo| < 1.

By definition, Zy N Ay, = 0 and Zy C A; + K. Thus [Ax N (4; + K)| < |4; + K| — |Zy| <
|Aj| — | Zo| + |K| — 2 = |4j] — |K|(|Xo| — 1) — 2, with the second inequality in view of (26). It
follows that

(29) (AN 2)\ (Aj + K)| = [Ax N Z| = [Ax N (Aj + K)| = |Ag| = [A4;] + |K|(|Xo| = 1) + L.

Let Z{ = ((AkﬂZ)\(Aj—FK)—i-H) N(Zy+ H) and partition ((AkﬂZ)\(Aj—i—K)—i—H) = Z)UZ;.

Since each H-coset in Z) contains a K-coset from Zj, we have
(30) [ Xol > [Zo|/1H|.

Let Y C (Ay N Z) \ (A; + K) be obtained by taking the set (A N Z) \ (4; + K) and removing
one element from (A; N Z)\ (4, + K) from each of the | Z]|/|H| H-cosets contained in Z. Then

(31) V] =[(Ar N Z)\ (4 + K)| = || /|1H| = [(Ax 1 Z) \ (A; + K)| = | Xol,

with the inequality in view of (30), and (v + H) N (Ag \ V) is nonempty for every o+ H C Z|
(as one element for each of these H-cosets was left out of Y, and thus remains in Ay \ Y).
For each o + H C Z; C Z, we have a + H C Z C A; + H, and thus there is some o €
a+ H with (¢/ + K) N A; nonempty. Since a + H ¢ Z|, it follows by definition of Zj and
Zy that (¢ + K) N Ay, is nonempty, and necessarily disjoint from (A; N Z) \ (4; + K), and
thus also from Y C (Ax, N Z) \ (4; + K). In consequence, we have (A; \Y)+ H = A, + H.
If Y| > | Xo|, the claim is complete, so we instead assume |Y| < |Xo| — 1, in which case (31)
implies |(Ax N Z) \ (4; + K)| < 2|Xo| — 1. However, using this estimate in (29) along with
|Ai| — |Aj] > (m+2) — (m+ 1) = 1 yields (|K| —2)(|Xo| — 1) +1 < 0, which is not possible
since K is nontrivial (as noted above (26)) and |Xo| > 1, completing the claim. O
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In view of Claim E, there is a nonempty subset Y C (A, NZ)\ (A; + K) with (A, \Y)+H =
Ar + H and Y| = max{l, |Xo|}. Define a new setpartition B = Bj - ... - B, by setting
j—1
Bj = (A] \Xo) uY, B, = (Ak\Y> U Xo and B; = A; for all i # k,j. Since K = H(X—l— ZAZ),
i=1

-1

(27) ensures that ¢ (A;) = ¢ (A; \ Xo) and X + ZA X+ ZA + (A \ Xo). As a result,
i=1 1=
(32) X+ A CX+ > A+ (4\ Xo) + (Ap U Xo).
i=1 i=1
i#jk

By definition of Y, we have ¢ (Y) disjoint from ¢x(A;), and thus also from ¢ (Xo), while the
definition of X ensures that ¢x(Xo) is disjoint from ¢ (Ay) with ¢ (A; \ Xo) = ok (4;) C
¢K(Ak U Xo) \ ¢K(Y) It follows that

or(Aj\ Xo) + dr (Ar U Xo) C (¢K(A \ Xo) Uk (Y )) + <¢K(Ak U Xo) \ <Z5K(Y)>
C ¢k (Bj) + ¢k (Bk).

izl =1
As a result, since X + >  A; = X + > B; is K-periodic, we conclude from (32) that

n n n
X+2Ai CX+ ZAi+(Aj\X0)+(AkUX0) QX—I-ZBi,
i=1 i=1 i=1
i34,k

so (14) holds for B. Since Xg C A; C Z (as j € Jz), Claim E ensures that Z C Ay +H = B+ H
and |By \ Z| = |Ar \ Z| < 1. Since ¢x(A4;) C ¢x(B;) with Y C Z by definition, we have
Z CBj+H = A;+ H and |B; \ Z| = |A; \ Z| = 0. Consequently, Z C (' ,(B; + H)
and |B; \ Z| < 1 for all 4, in which case B satisfies (15). We have |B;| = |A;| — |Xo| + Y,
|Bi| = |Aj| — Y| + | Xo|, and |B;| = |A;| for i # j,k. Let I}, I}, .\, I, o, I/, I; and J}, be the
associated quantities I, Im+1, Im+2, Ie, Iz and Jz for B rather than A.

Suppose |Xo| = 0. Then |Y| =1, |Bj| = |Aj|+ 1 and |By| = |Ax| — 1. If |Ax| > |A;| + 2,
then B contradicts the minimality of (16) for A. Otherwise we have |Ag| = |4 +1=m+2,

|Bj| = |Ak| = m+2 and |By| = |Aj| = m+1 so that Z|B 1> = Z|A |2, meaning B satisfies the
=1
extremal condition (16). Now I}, .| = L1 \ {j} U {k} I, = I and I}, o = Ipq2 \ {k} U {j}.

If k € I, then k € I (as Y C Z), in which case J, = Jz \ {j}, contradicting the minimality
condition (a) for A. On the other hand, if k € I, then J7, = Jz\{j}U{k}, so condition (a) holds
for B. Swapping the indices on By and Bj, so now By, = (4;\ Xo)UY and B; = (4, \ Y) U X,
we obtain Jj, = Jz and I}, U1, = I,41 UIy. Since A; = B; for i < j, the definition of j
ensures j/ > j, where j' is the associated quantity for B corresponding to the index j for A,
while the extremal condition given in (b) forces ;' < j. Thus j* = j. However, since k € I,
there are at least two elements y satisfying the hypotheses of Claim A for A, which in view of
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j—1 §'—1

the conclusion of Claim A and K = H(X + >  A;) = H(X + > B;), means both these elements
=1 =1

are the unique element from their K-coset in Ag. As at most one of them can be contained in

the singleton set Y, we conclude that B; = A\ Y contains some y € B; with |(y+K)NB;| = 1.
However, in such case, (27) could not hold for the index j in B, contradicting that it must hold
for j/ = j by the arguments above. So we instead conclude that |Xo| > 1,

Since |Xp| > 1, we have \Xo\ = Y|, |Bj| = |Aj| and |By| = |Ak|, so (16) holds for B with
I, =1In, I,y =Ing1and I}, o = Ipyo. Since Y C Z and A; C Z (as j € Jz), we conclude

that J, = Jz, meaning condition (a) holds for B. As argued in the previous case, we must
j—1
have j' = j, so that condition (b) holds. In particular, we must have K = H(X + >  A;) =
i=1
ji-1
H(X+ > B;). By definition of Y, each y € Y is disjoint from A;+ K. Thus, since |Y| = [Xo| > 1
i=1
and ¢k (A;\Xo) = ¢ (A;), we conclude that [px (B;)| > |¢x(A;)|, in which case the maximality

condition (c) for A is contradicted by B, completing CASE 1.

CASE 2. L is trivial and |X + ZA | = | X + ZA | +|A4;] — 1 for all j € [1,n], for some

setpartition A = Ay -...- A, Wlth S( )=2S satlsfylng (14), (15) and (16), where Jz = [1,nz],
Je = [nz + 1,n¢] and Im+2 = [ne + 1,n].

n—1 n
Let Y =X+ > A;jand V =X+ > A, =Y + A,,. In view of the case hypothesis and Lemma
i=1 1—1

2.1, we have | X + ZA\ = |X|+ Z\A | —j for all j € [1,n]. In particular, | X + > Ai| =
i€Jy
X[+ > A = |JZ\ and

i€Jy

n n
(33) VI =X +> Al = [X]+ D Al —n =S| —n+]|X|.

i=1 i=1
The former equality combined with Claim C ensures that the hypotheses of CASE 2 hold for
A under any re-indexing of the A; with i € I,,,19 = [n. + 1, n], allowing us to freely assume an
arbitrary set Ay with k € I,,49 occurs with £ = n. We aim to either contradict the extremal
condition (16) or show that Item 1 holds.

n

Claim F. If H = H(X + > A;), then Ay C Z with |(y+ H) N Ag| > 2 for all k € I,,12 and
i=1

y € Ag.

Proof. Suppose H = H(X + ZA ). Note H is nontrivial as remarked after (16). By our choice

of indexing, n € I,42. Let s E I . Each y € A, satisfying the hypothesis of Claim A is a unique
expression element in Y 4+ A,,, of which there is at least one. Thus, since Y + A, is H-periodic
with |Y + A,| = |Y| 4+ |An| — 1 by case hypothesis, we can apply the Kemperman Structure
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Theorem directly to Y 4+ A, to conclude that there are H-quasi-periodic decompositions (cf.
[35, Comment c.14]) Y = Y1 U Y, and A4, = X; U Xy with |Yp| + |Xo| = |H| + 1. Moreover, in
view of [37, Theorem 5.1] and H nontrivial, either all unique expression elements are contained
in Yp + Xo, or |Xp| = 1 with all unique expression elements involving the unique element in X,
or |Yy| = 1 with all unique expression elements involving the unique element in Yj. If | Xo| = 1,
then |Yy| 4+ | Xo| = |H| + 1 ensures |Yy| = |H| > 2, in which case all unique expression elements
in Y + A, must involve the unique element from Xy. However, this contradicts that there is an
element y € A, satisfying Claim A, which is part of a unique expression element in Y + A,, but
not the unique element from its H-coset. Therefore |Xo| > 2, ensuring that |(y + H) N A,| > 2
for all y € A,,. Since any element from A, \ Z is the unique element from its H-coset in A,
it follows that A, C Z. Repeating the above argument for an arbitrary A with k € I,19
(using an appropriate re-indexing), we conclude that |(y + H) N Ag| > 2 for all y € A, and that
Ay C Z, which completes the claim. O

Let s € I, be arbitrary. Recall n € I,,12 by our choice of indexing. In view of Claim F, any
element y € A, \ As satisfies the hypotheses of Claim A (this is trivially true if H = G). Thus,
since Claim A ensures that A; ¢ A,,, we conclude that there are |A,,\ Ag| > 3 elements satisfying
the hypotheses of Claim A. Each such y € A,, \ A; is part of a unique expression element in
Y + A, by Claim A. As there are at least three such y, and since |Y + A,| = |[Y|+ |4, — 1
by case hypothesis, the Kemperman Structure Theorem [37, Theorem 9.1] [35, Proposition 2.2]
ensures this is only possible if there are K-quasi-periodic decompositions Y = (Y \ {y}) U {y}
and A, = (4, \ 4p) U Ay with y + Ay C Y + A, the subset of all unique expression elements in
Y + A,, and

K = (Ay — Ay).

In particular, A, \ As C Ay with each = € Ay being part of exactly one unique expression element
y+x € Y+ A,. Moreover, since Ay is a subset of a K-coset, we have |K| > |4g| > |A,\ As| > 3.
Consequently, in view of the case hypothesis and Lemma 2.5.3, it follows by a short inductive
argument that there are a; € A4; for i € [1,n —1] and S € X such that X \ {5} and 4; \ {a;} for
i € [1,n — 1] are K-periodic with 4+ a; + ...+ ap—1 = ¥.

Let x1,...,z, € Ap\As C Ap be the r > 3 distinct elements in A, \ A;. By translating all terms
of S appropriately, we can w.l.o.g. assume as = 0. Consider an arbitrary xz; € A, \ As C Ay.
By the above work, Y + (A, \ {z:}) = V\{y +a:}. If V\ {y + 2} is aperiodic, then Lemma

n—1
2.6 together with Kneser’s Theorem implies that | X + (As U {x¢}) + > Ai + (An \ {ze})| >
=1
i;ﬁs
n—1 n
|AgU{a |+ | X + D Ai+ (Ap \ {z¢})| — 1 > | X|+ > _|Ai| — n, in which case moving z; from A,
i=1 i=1

i;«_és
to A yields a new setpartition satisfying (14) and (15) (in view of Claim F), thus contradicting
the minimality of (16) for A. Therefore we instead conclude H; := H(V \ {y + x+}) is nontrivial
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for every z; € A, \ As C Ay. Since there are at least two such elements, [35, Proposition 2.1]
implies the H; are distinct cardinality two subgroups for ¢t € A, \ As. Moreover, V U {a} is
(Hi + ...+ H,)-periodic for the unique element

(34) a € (y+x+ He) \ {y + 24}

Since V' \ {y + 2} is periodic, [35, Comment c.6] implies

n
(35) V=X+ ZAi is aperiodic.
=1

n

Thus, since H is nontrivial (as noted after (16)), we conclude that H # H(X + > A;), leaving
i=1

us in the situation where H Z = G with I, empty

We must have ¢ (8) + quK (ai) € o (X) + Z¢K(Ai) a unique expression element, where

an € Ay, for otherwise V=X + ZA will be K-periodic (as X \ {8}, 4, \ Ap and A; \ {a;} for

1=

i € [1,n — 1] are all K-periodic), contrary to (35). In particular,

i=1 i=1

n—1
for some K-periodic set Z; ,) € G. Since X + > A; + (Ap \ {zt}) = Zp ) U (y + Ag \ {z4})
i=1
is a K-quasi-periodic decomposition with H; = H (Z[l,n] U(y+ Ag \ {xt})) and y + Ag \ {z:} a
nonempty, proper subset of a K-coset, we must also have (by (12))

(36) Hy =H(Ap\{z:}) < K for any z; € A, \ As.

As a result, since X \ {f} and A; \ {a;} are K-periodic, it follows that | X + H;| = |X| + 1 and

|A;+Hy| = |A;|+1 for all i € [1,n—1]. Moreover, A, \{z:} is H;-periodic. Now 0 = a5 € As with

As\{0} Hi-periodic. Hence, if {z, a5} = {x¢,0} # Hy, then |(As U{mt})+Ht\ = |As|+3. In such
-1

case, Lemma 2.6 together with Kneser’s Theorem implies | X +(AsU{z})+ Z Ai+(Ap\{z:})| >
z;ﬁs

| X + Hy| + |(As U{a}) + Hy| + Z\A + He| +[(Ap \{ze}) + He| — n[Hy| = |X|+Z\A |—n+1,

z;és
in which case moving z; from A, to As yields a new setpartition contradicting the minimality

of (16) for A. Therefore we instead conclude that
H,={0,z;} < K, foreachz; € A, \ As,

is a cardinality two subgroup. Repeating the above arguments using any ¢ € I, in place of s,
we find that a; = 0 for all i € I,,, (as {a;,x;} must equal a single Hy-coset with z; € H; the
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unique nonzero element of Hy). Since Hy = {0, x4}, it follows from (34) that
a=y+2r =y

Thus V U {y} = Zjg U (y + (4 U {0})) is (Hi + ... + H,)-periodic with Hy + ...+ H, < K,
ensuring that Ay U {0} is also (H; + ...+ H,)-periodic.

Suppose |A,| > m + 3 and let K’ = Hy + Hy = {0, 21, 22,21 + 22} < K. As just noted,
Ay U {0} is (Hy + ...+ H,)-periodic, and thus also K’-periodic with K’ < K. Consequently,
A \{x1, 20} = Z'U{x1 429} with Z/' := A,,\ K" a K'-periodic set and x1 + 25 the unique element
from its K'-coset in A, \{z1,z2}. Thesets X\{8} and A;\{a;} fori € [1,n—1] are all K-periodic,
and thus also K'-periodic. The set (An\{xl, 3:2}) \{z1+22} = 7' = A, \ K’ is also K'-periodic

with ¢/ (x1+22) = 0. It follows that ¢ i (y) = qﬁK/(ﬁ)—l—nilgbK/(ai) € o (X)+ iqbK/(Ai) must
i=1 i=1

n
be a unique expression element, as otherwise X + > A; would be K’-periodic, contradicting (35),
i=1

and thus X +(A,U{z1, w2})+7§31114¢+(14n\{a:1, z2}) = V\(y+K")U(y+{0, 21, za}+{z1+22}) =V
Removing x; and x5 from A:ésand placing them in A now yields a new setpartition with the
same cardinality sumset as A, contradicting the minimality of (16) for A (as |A,| > m + 3).
So we conclude that |A,| = m + 2. Re-indexing the Ay with k € I,,42 and repeating these
arguments for any Ay with k € I, 12, we conclude that |Ag| = m + 2 for all k € Ip,4o.

Since A, \ As C Ay, we have A, \ A4y C A,. Hence, since A, \ A4y is K-periodic and
0 € A; is the unique element from it K-coset in As, it follows that A, \ A4y C As\ {0}. If
A\ Ay # As\{0}, then A;\{0} and A, \ Ay being K-periodic ensures |As| > |A,\ Ag|+|K|+1 >
|Ap \ Ag| +1A4g| +1 > | A, |+ 1, which is not possible. We are left to conclude A, \ Ay = A5\ {0}.
Thus m — 1 = |As \ {0} = |A, \ Ay|, implying m + 2 = |A,| = (m — 1) + |A4y| and |Ay| = 3,
and since A, \ As C Ay is a set of size at least three, we conclude that Ay = A, \ As and
A, NAs = A, \ 4p = As \ {0}. In particular, K = (Ay — Ay) = H1 + Hy + Hz = (z1, %2, 73).
Since V U {y} = Zpj ) U (y + (Ag U {0})) is K-periodic, with Z}; ,,) a K-periodic set, it follows
that {0} U Ag = {0, 21, 22,73} = K is an elementary 2-group of order 4, whence K = (Z/27)2.
Repeating these arguments for any s € I, and k € I,,19, it follows that there exists a K-periodic
subset W C G\ K such that

(37) As=WU{0} and Ar=WU(K\{0}) foreveryse I, andk € Lo

Since As \ {0} is K-periodic, we have |As \ {0}| = m — 1 divisible by |K| = 4. Any j € I+
also has A; \ {a;} K-periodic, whence m = |A;| — 1 is divisible by 4. Since m — 1 and m cannot
both be divisible by 4, it follows that I,,+1 is empty.

Suppose |I42| > 2. Then (37) implies 4,1 = A,. Since 4,1 \ {an—1} is K-periodic,
we have |A,—1] =1 mod |K|. Since A, \ Ay is K-periodic with |Ay| = 3, we have |4,| = 3
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mod |K|. However, since |K| = 4, this contradicts that 4,1 = A,. So we conclude that
iIm+2i =1

We now know A; = Ay = ... = A,—1 = WU{0} and 4,, = WU{x1,z9, 23} with W C G\ K
and X \ {8} K-periodic sets and K = {0, z1,29,23}. If n > 3, then consider the setpartition
A=A ...« A with AL =WuU{0} forie[l,n—3], A,_o =WU{x1}, A,_; = WU{0, 22}

and A, = W U{0,z3}. Then X + > A, = VU{B} = V + K, so that A’ contradicts the
=1

minimality of (16) for A in view of (3_3) Therefore n = 2 (as we assumed n > 2 at the very
start of the proof). It is now readily checked that A = A; - Ay with 41 = W U {z} and
Ay = W U (K \ {x}), for :13 € K, are the only setpartitions partitioning the terms of S with

\X+ZA| >m1n{\X|+Z|A| 2, | X + X2(9)|} = |X|+Z|A|—2— |V|, so the original

setpartition A from the hypotheses must have this form. As the above works shows Item 1 holds
for such A, the case and proof is complete. O

We can now proceed with the proof of Theorem 1.1.

Proof Theorem 1.1. The case when L is nontrivial follows by applying the case L trivial to

or(S") | ¢r(S). So it suffices to handle the case when L is trivial, which we ow assume. Let

A= Ay-...- A, be a setpartition with S(A) | S and |S(A)| = |S’| with | X + ZA | maximal. In
=1

view of [37, Proposition 10.1], the hypotheses S’ | S and n < |S’| < h(S’) are equivalent to such
a setpartition existing. Then A is a setpartition with S(A) | S maximal relative to X.
n n
Suppose | X + > A;| > | X[+ Y |4i|—n =|5"| —n+]|X|. Note we trivially have | X + X, (S)| >
i=1 i=1
n
| X + X,(S(A))| > |X + > A;|. Applying Lemma 2.7 to A allows us to assume A is equitable

n
(by replacing A by a modified setpartition as need be, potentially losing that |X + >  A,| is
i=1
maximal), yielding Item 1, unless Lemma 2.7.1 holds. Assume this is the case. By translating

all terms of S appropriately, we can w.l.o.g. assume (A; U A2)\ (A1 NAg) = K with 0 € A; and
K\{0} C A,. If there is some x € Supp(S) with z € K, then the setpartition A’ = A} - A} defined
by A} = (A1\K)U{z,z1} and A}, = (A2\ K)U{z, z2}, where 21,29 € K \ {z} are distinct, is an
equitable setpartition with X +A]+ A5 = X+ A1+ A+ K and | X+ A + 45| = | X+ A1+ Az +1.
Item 1 holds in this case. If there is some x € Supp(S) with z ¢ K and =z ¢ A; N As,
then (12) ensures H = H(X 4+ A; + Az \ {y}) = H(A42 \ {y}) with K \ {0,y} an H-coset,
for any y € K\ {0}. In such case, the setpartition A’ = A} - Al defined by A} = A; U {z}
and A, = As \ {y}, where y € K \ {0}, is an equitable setpartition, while Lemma 2.6 and
Kneser’s Theorem imply |X + A} + A5 > |[(A1 U {a}) + H| + | X + (A2 \ {y}) + H| — |H| >
| X+ H|+[(AiU{z})+ H|+|(A2\{y})+ H| —2|H| = | X|+|A1]|+|A2| — 1. Ttem 1 follows in this
case as well. Otherwise, we have Supp(S(A)=1 . S) C A; N Ay, and the remaining conclusions
needed for Item 3 to hold follow from Lemma 2.7.1.
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Next instead suppose | X + ZA | < |X|+ Z\A |—n=|8|—-n+|X|. Let H=H(X + ZA )
=1
and Z = (i~,(4; + H). In view of Lemma 2.2, we can assume Supp(S(A)-1 . S) C Z and

(y+ H)NA;] <1forallye G\ Z and i € [1,n] (by replacing A by a modified setpartition as
need be). This allows us to apply Lemma 2.3 to add the stronger assumption that |A4; \ Z| <1
for all i (by replacing A by a modified setpartition as need be) But now Lemma 2.4 ensures that

X+ ZA X+3,(5(A) = X+2,(S). Thus H =H(X + ZA ) =H(X+X,(5)), and we can
i=1

apply Lemma 2.7. Since |2,,(5)| = |E,(S(A))| = | X + ZA1| <| X[+ 4| —n= |5 —n+]|X],
=1 i=1

Lemma 2.3.1 cannot hold. Thus Lemma 2.3.2 allows us to further assume A is equitable (again,
by replacing A by a modified setpartition as need be), and Item 2 follows, completing the
proof. O

3. PARTITIONING RESULTS FOR LARGE n

In this section, we derive stronger results in the case our setpartition A = A; -...- A, satisfies
n
>T1A;] < 2n.
i=1

Lemma 3.1. Let G be an abelian group, let n > 1, let X C G be a finite, nonempty subset, let

A=A -...- A, be a setpartition over G, let H = H(X + Y A;) and let Z = (\}_,(A; + H).
i=1

Suppose > |A;| <2n, [A;\Z| <1 foralli€[1,n], and

X+ A < X+ H+ (3|4l —n) 1H]

Then H is nontrivial and Z = o+ H for some a € G.

Proof. Kneser’s Theorem implies
n n
(38) X+ Al > (X +H|[+ Y |A;+ H| —n|H|.
i=1 i=1
If Z = (), then the hypothesis |4; \ Z| < 1 implies |4; + H| = |H||4;| = |H]| for all i. Thus
n n
(38) implies | X + > Ai|l > | X + H| + (Z\AA - n) |H|, contrary to hypothesis. Therefore Z
i=1 i=1

is nonempty. If H is trivial, then (38) implies | X + Y A;| > |X|+ > |Ai| —n = |X + H| +
i=1

n

(Z |A;| — n) |H|, contrary to hypothesis. Therefore H is nontrivial. Note that Z is H-periodic
i=1

by its definition. If |Z| > 2|H]|, then |A; + H| > 2|H| for all 7, so that (38) and the hypothesis
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|S| < 2n imply
n n
X+ DA = |X + H| +nlH] = |X + ]+ (Y|4 - n)|H],
i=1 =1
contrary to hypothesis. Therefore |Z| = |H|, completing the proof. O

We now derive our strengthening of Theorem 1.1 for large n, mirroring the main result from
[38] (which obtained the same conclusion assuming n is large with respect to the exponent).

Theorem 3.2. Let G be an abelian group, let n > 1, let X C G be a finite, nonempty subset, let
L <H(X), let S € F(GQ) be a sequence, and let S’ | S be a subsequence with h(¢r(S")) <n < |5’
Suppose |S’| < 2n. Then one of the following holds:

1. n=2,158"| =S| = |Supp(¢r(S))|, Supp(¢r(S)) = a+ K/L for some K < G and o € G
with L < K and K/L = (Z/27)?, X \ (B + L) is K -periodic (or empty) for some B € X,
and X +3,(5) =X+ (K \ L)+ 2 with | X +3,(5)| = | X|+2|L| = (|S| —n)|L| +|X].

2. There exists an equitable setpartition A = Ay - ...+ A, with S(A) | S, |S(A)| = |5],
|6L(Ai)| = [Ail for alli € [1,n], and | X 4+ 5n(S)| = [X + 3 Ail = (|9 = n)|L] + | X].
i=1
3. There erists an equitable setpartition A = Ay - ...+ A, with S(A) | S, |S(A)| = |95

and |pr(A;)| = |4;| for all i € [1,n], a subgroup K < H = H(X + X,(5)) with L < K
proper, and o € G such that

(a) X +3,(8) =X + S A,
=1
(b) Supp(SA)FU-S) Ca+ K =N, (4 + K) and |A;\ (a + K)| <1 for all i,
(€) | X+En(9)] = [ X+H|+[Se\ (ot [H| and | X +E,(5)| = [X+K[+|Sc\(a+ 1) || K]
)

(d) L+ > A; = a|llg| + K, where Ix C [1,n] is the nonempty subset of all i € [1,n]
i€l
with A; Ca+ K.

Proof. As with the proof of Theorem 1.1, it suffices to prove the case when L is trivial, as we
can then apply this case to ¢,(S") | ¢1(S). We divide the proof into two mains cases.

CASE 1: | X +%,(9)] < |9 — n+ |X].

We will show Item 3 holds. In this case, let A = A; -...- A, be an arbitrary setpartition
resulting from the application of Theorem 1.1.2 to S’ | S. By Theorem 1.1.2, A is equitable, so
|As] < 2 foralli (as |S'| < 2n), S(A)|S, |S(A)| =S|, (a)holds, Supp(S(A)-".8)C Z, and
1A\ Z| <1 for all 4, where Z = (", (4 +H) and H = H(X + X,,(5)). By case hypothesis, we
have | X + ZA | = |X + S(8)] < |X|+ 2|A |—n < |X|+ (2|A | —n)|H], so that Lemma

3.1 implies H is nontrivial and

Z=a+H for some a¢cd.
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But now Theorem 1.1.2 implies (b) holds with K = H, in which case n + [Sq\(a+m)l =
i[ng(Ai)\, and now (c) holds with K = H by Kneser’s Theorem. Since H is nontrivial,
Ele case when G is trivial is complete, allowing us to proceed by induction on |G| € NU {oco}.
Let Iy C [1,n] be all those indices i € [1,n] with A; C o+ H, and let Ij; C Iy all those
indices i € Iy with |A;| = 1. If [y = [L,n], then Y. 4; = 3> A; = allu| + H and (d) holds

=1 i€l
with K = H, yielding Item 3 with K = H, as desired. Therefore, we may assume Iy C [1,n] is

a proper subset. Since (b) and (c¢) hold with K = H, it follows that
(39) [X +Xn(9) = [ X+ H[+[Se\(arm |- [H| = [X + H[+ (0= [Ia|)|H| > [X]+ (n— I |)|H].

Since A is equitable with |S’| < 2n, we have |A;| < 2 of all 4, and thus [S’| < 2n — |I};|. Hence
the case hypothesis yields | X + X, (S)| < |S| —n—1+|X| < n—1+|X|— |I};|, which combines
with (39) and Iy C [1,n] proper to yield

(40) [Ta \ Iy| = (n — [Ig])(|H| - 1) + 1 > |H|.

Consequently,

(41) DAl =l + 1= > A = [Iu \ Iy +1>[H|+1,
i€ly €I\l

with the final inequality following by combining (40) with the fact that |A;| = 2 for i € Iz \ I};.

As a result, if | Y° A;| > min{|H|, > |Ai| — |Ig|+ 1} = |H]|, then | ) A;| = |H]| follows, in
i€l i€l i€l

which case (d) holds with K = H, completing the proof as before. By translating all terms

appropriately, we can w.l.o.g. assume o = 0.

Let T = Sy, let T' = 8(I]}.;., Ai),let ' = |Iy| > |H| > 0, and let H' = H({0}+%,/(T)) < H.

i€l
By re-indexing the A;, we can w.l.o.g. assume Iy = [1,n]. Since T” is the sequence partitioned
by the setpartition Aj - ...+ A, it follows that h(7”") < n’ < |T’| (see [37, Proposition 10.1]).

Since the setpartition A; -...- A, is equitable with |S| < 2n, we have |4;| € {1,2} for all 4, so
|T'| < 2n'. Since T' € F(H), we trivially have

(42) S (D) < |H| < Y01l = Hu| + 1= T =’ + 1,

i€l
with the second inequality following from (41). If H = G, then (a) becomes X + ¥, (5) =

n

X + > A = G with [Sen (a4¢)| = 0, in which case (b)—(d) all follow trivially with K = H = G.
i=1

Therefore we may assume H < G is a proper, nontrivial subgroup, and since the stabilizer

H = H(X + X,,(5)) of a finite set must be finite, it follows that we can apply the induction
hypothesis to {0} + X,/(T) using 7" | T. Then Item 3 must hold for ¥,/(T") in view of (41).
Let B = By -...- B, be the resulting setpartition and let 3 + K, where K < H' < H, be the
resulting coset. Let Ix C [1,n'] = Iy be the subset of indices ¢ € [1,n'] with B; C §+ K. By
re-indexing the B;, we can w.l.o.g. assume I = [1,n"], where n" = |Ix|.
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Define a new setpartition A" = A} - ... A/ as follows. Set A} = B; for i € [1,n/]. Since each
A; with ¢ € [1,n]\ Iy = [0/ 4+ 1,n] contains a term from outside H = a + H, it follows that

|A;] =2 and |[HNA;| =|A;] —1=1forall i ¢ Iy. Since Y |B;| = >_|4;| = D |4; N H|, we
i=1 i=1 i=1

have |S(B)=U . Sy| > S |A; N H|. This means we can take each set A; with i ¢ Iy and
i=n/+1
replace the element from A; N H with a separate term from S(B)I=1. Sy to yield the set A}. As
|A; N H| =1 for all i ¢ Iy, we are guaranteed that |A}| = |A4,| for all .
By translating all terms of S by —3 € H, we can w.l.o.g. assume 8 = 0. Since all terms
of S(B)=1 . Sy are from K = B+ K by (b) (holding for B), it follows that each A/, with

i > n/, has |A, \ K| = 1. Since (b) holds for B, we also have |A,\ K| = |B; \ K| < 1 for all

n n
i <n' with K =", (A; + K). Thus, since Z:Bi = Z:A; is K-periodic, Lemma 2.4.1 implies

=1 =1

n/

Y AL =%,(5) = > A;. Hence (a) holds for A" = A}-...- Al . If > B, = > A, = H, then (a)—(d)
i=1 i=1 i=1 i=1

n/
all hold for A’ with K = H, completing the proof. Therefore we may assume |>_ B;| < |H|— | K|
i=1
n/

(as > B; € H is K-periodic). Thus (c) for B ensures that [T | < |H/K| — 2. The first part

=1

of (¢) was already established. If the second fails for A’, then it follows that
[ X+ H[+[Se\u| [H| < [X+Xn(5)| < [X+K[+[Se\x | |K| < | X +H|+([Se\u|+|H/K|-2)| K],

implying |Se\g|(|H/K| — 1) < |H/H| — 2, which forces |Sc\g| = 0. However, in such case
(a)—(d) all hold for A with K = H. Thus we can assume both parts of (c) hold for A" using
K. In view of the construction of the A, and (b) for B, it follows that (b) holds for A" with K,
while (d) holds for A" with K as it holds for B. But now (a)-(d) all hold for A’ with subgroup
K < H, which completes CASE 1.

CASE 2: | X +3,(9) > |5 —n+ |X|
Apply Theorem 1.1 to S’ | S. If either Theorem 1.1.1 or Theorem 1.1.2 holds, then the case

hypothesis ensures there exists an equitable setpartition A = A; - ...+ A, with S(A) | S and
IS(A)| = |S"| such that

n
(43) X +50(8)] > [X + ) Al > 5| —n+]|X].

i=1
It follows that Item 2 holds in this case. Therefore we may instead assume Theorem 1.1.3 holds,
and let A = A; - Ay be the resulting setpartition. Then [A;] =1 mod 4 and |A2| =3 mod 4
with |A1] + |As| = |S'] < 2n = 4. Tt follows that |[A1] = 1, |A3] = 3 and A3 N A2 = 0. Ttem 1
now follows from Theorem 1.1.3, completing the case and proof. U
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Finally, we conclude with the following application of Theorem 3.2, deriving some structural
information regarding S when, in particular, |S| = 2n with [¥,(5)] <n+1 and h(S) <n.

Theorem 3.3. Let G be an abelian group, let n > 1, and let S € F(G) be a sequence with
|S| > n. Suppose |2,(S)| < m + 1, where m = min{n, |S| — n,|S| — h(S)}. Then one of the
following holds, with Items 1—4 only possible if |X,(S)| =m + 1 or | Supp(9)| = 1.

1. n = 2, |S| = |Supp(S)|, and Supp(S) = =z + K for some K < G and x € G with

K = (Z/27)2.

2. m =2 and Supp(S) =z + K for some K < G and x € G with K = 7/37.

3. | Supp(9)| < 2.

4. Supp(S) C {x — d,z,x + d} for some x, d € G with v4(S) = h(S) > |S| —m.

5. There exists x € G and a setpartition A = Ay - ...« Ay with S(A) | S, |[S(A)] =n+m,
ST A; = 2,(S), Supp(S(A)Y - 8) C x+ H, |A)] <2 and (z + H)N A; # 0 for all
i=1

€ [1,n], and |>_ Ail = |>_ Ai| for some j € [1,n], where H = H(X,,(S)) is nontrivial.
i=1 i=1

i#]
Proof. If h(S) = |S], then |Supp(S)| = 1, and Item 3 holds. Therefore we may assume h(5) <
|S|, and so, since |S| > n, may let m be the maximal integer in [1,7n] such that there is a
subsequence S’ | S with [S’| = n+m and h(S’) < n. If m = n, then 2n < |S] and h(S) < |S|—n,
whence m = n = min{n, |S| — n,|S| —h(S)} > 1. If S’ = S, then |[S| = |S'| =n+m < 2n
and h(S) < |S| —m = n, whence m = |[S| —n = min{n,|S| —n,|S| —h(S)} > 1. If m <n
and S’ is a proper subsequence, then the maximality of m ensures that (S’ )[_1} - S has only one
distinct term, say x. Now v, (S) < n. If v;(S’) < n, then S” = S’ -z is a subsequence with
S| = |S|+1=n+m+1, h(S") <nand m+1 < n, so m+ 1 contradicts the maximality
of m. Therefore h(S) = vz(S) = |S| = |9 + n = |S| — m > |S| — n in this case, implying
h(S) = |S| =S| +n > n and m = |S| —h(S) = min{n,|S| —n,|S| —h(S)} > 1. In consequence,
in all possible cases, we deduce that

(44) m = min{n, |S| —n,|S| —h(S)} > 1.

Let H = H(Z,.(9)).

By hypothesis, [£,(S)] < m +1 = |§'| —n + 1. If [8,(S)] < m, then Theorem 1.1.2
applied to S’ | S (with X = {0}) yields a setpartition A = Ay -...- A, with S(A) | S,
IS(A)| = |5 =n+m, 3. A; = 2,(S), Supp(S(A)1.8) C Z, and |4;] < 2 and |4;\ Z| < 1 for

=1
all ¢, where Z = (' (A; + H). By indexing the A; appropriately, we can assume |4;| = 2 for

J Jj=1
€ [1,m]. By Lemma 3.1, H is nontrivial and Z = x + H for some z € G. If |> ] A;| > |>_ A
i=1 i=1

n
for all j € [2,m], then it follows that |%,(S)| =|>_ A;| > m + 1, contrary to assumption. Thus
i=1
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J =1
there is some j € [2,m] with |} A;| = | > A4;|, meaning Item 5 holds. It remains to consider the
: ~

i=1 i=
n
case when |X,(S)|=m+1=|5|—-n+1=> A —n+1.
=1

Suppose m = 1. If 1 =m = |S| — h(S5), thezr: h(S) = |S| — 1, implying | Supp(S)| < 2, so Item
3 follows. If 1 = m = n, then |Supp(9)| = |X1(5)| = |Zn(5)|] < m+ 1 =2, and Item 3 follows.
If 1 =m = [S|—n, then n = |S| — 1 and | Supp(S)| = |E1(S)| = [0(5) = X|g=1 ()| = [Xn(9)] <
m+ 1 = 2, and Item 3 again follows. So we may now assume m > 2.

Apply Theorem 3.2 (with X = {0}) to ¥,(S) with S’ | S. If Theorem 3.2.1 holds, then Item
1 follows. Otherwise, in view of |X,(S)| < m+1=|5-n+1,let A= A;....- A, be the
resulting equitable setpartition with Z = (., (4; + H),

(45) S(A)|S, [S(A)| =1|5|=n+m, ZAZ- =%,(S) and |A;|=2 forallie[l,m].
i=1

J Jj—1
CASE 1. For any setpartition A satisfying (45), we have | > A;| > | >  A;|+1 for all j € [2,m)].
i=1 i=1
n
In this case, Lemma 2.1 implies | Y A;| > m + 1, with equality only possible if equality holds
i=1

J i i -1
in each estimate | Y A;| > | > Ail + 1 for j € [2,m]. As this is the case, |> A;| = |> Ail +1
i=1 i=1 i=1 =1

for all j € [2,m]. Moreover, this must be true under any re-indexing of the A; with ¢ € [1,m],

J
whence each A; is an arithmetic progression with a common difference d € G, and each ) A; is
i=1
also an arithmetic progression with difference d and length j 4 1 for j € [1,m]. In particular,

3<m+1<ord(d),

n
and X, (S5) = Y A; is an arithmetic progression with difference d, whence either H is trivial or
i=1

H = (d). Thus > A; is aperiodic for any j € [1, m]. Moreover, if H = (d), then m = ord(d) — 1
i=1
i#]

and X,(S) = > A; is a single H-coset, which in view of |S| > n is only possible if Supp(S) is

i=1
contained in a single H-coset.
Suppose some pair A; and A; are disjoint with 4, j € [1,m], say A, = {z,z + d} and
Apm—1={y,y+d}. Theny ¢ {x+d,z,z — d} and

Yolx-(z+d)-y-(y+d)={x+y,x+y+d,z+y+2d,2y+d,2z+d}

is a set of cardinality at least 4. Thus, since Ay +...+Apo+32(z- (z+d) -y (y+d)) + Aps1+
m—2

oo+ A, CEL(S) with [2,(S)] = m + 1, we must have m > 3. Now >  A; is an arithmetic
i=1

progression with difference d and length 2 < m —1 < ord(d) — 2, but {z,y} is not an arithmetic
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m—2
progression with difference d since y ¢ {x+d, x,x —d}. It follows that | > A; +{z,y}| > m+1.

i=1
Thus, since |£,,(S)| = m + 1, we conclude that
m—2 m—2
(46) Za(S) = 1D A {e,y} = 1) Ai+{ey} +{z +dy +d}],
i=1 i=1

m—2 m—2
implying that > A; 4+ {z,y} is a translate of 3,,(S) = > A+ {z,y} +{z+d,y+d}+ Amny1+
i=1 i=1

m—2
.+ Ay with e —y € H=H(Y A+ {z,y}). In such case, H is nontrivial as = # y, so we
1

have m = ord(d) — 1 and SuppZ(S) C z+ H = z + (d) by the observation at the end of the
previous paragraph. Letting A’ = A} -...+ A, where 4] | ={z,y}, A, ={x +d,y + d} and
Al = A; for i # m —1,m, it follows in view of (46) that Item 5 holds. So we can now assume
A;NA; #0 for all 4,5 € [1,m]. Thus, since each A; is an arithmetic progression with difference
d, it follows that there must be some z € (", A; (this is trivially true if ord(d) = 3, as then
m < ord(d) —1=2). Thus Ay U...UA,, C{z—d,z,z+d} with z € A4; for all i € [1,m)].

If there is some y € Supp(S)\{z—d, z, x+d}, then we can exchange the term equal to x £d in
A,, with y, resulting in a set A}, = {z,y} that is not an arithmetic progression with difference d,

while A1 remains an arithmetic progression with difference d as m > 2. Since i A; is aperiodic,
iZm

Knseser’s Theorem ensures the resulting setpartition (replacing A,, by A,) satisfies (45), and so

repeating the above arguments using the setpartition Ay-... A1+ AL+ Apy1-. ..+ Ay, completes

the proof. Therefore we may instead assume Supp(S) C {z—d, z,z+d}. Indeed, we may assume

Supp(S) = {z — d,z,x + d}, else Item 3 holds. If ord(d) = 3, then 2 < m < ord(d) — 1 forces

m = 2. In this case, Supp(S) = =z + K with K = {0,d, —d} a subgroup of size 3, and Item 2

follows. Therefore we can assume ord(d) > 4.

Suppose there is a term y € Supp((A; - ... - Am)[_l} - S) with y # . Since Supp(S) =
{r —d,z,z + d}, we have y = = £ d, say wlo.g. y = z+d. If A, = {z,z + d} for all
i € [1,m], then either | Supp(S)| = 2, yielding Item 3, or else we can exchange y for some

y =z —de Supp((A; - ...  Ap)TU . S). Thus, swapping y as need be, we obtain that there is
some A; with i € [1,m], say A,,, with y ¢ A,,. Then w.lo.g. y =2 +d and A, = {0,z — d}.
Note we either have 3 € Supp(S(A)~1.S5) or A, = {y} = {z+d} for some k > m. Define a new
setpartition A’ = A} - ... A} with A} = A; for i <m, A, = {x — d,z + d}, and either A, = 4;
for all i > m (if y € Supp(S(A)[=U . S)) or else A} = {x} and A, = A, for all i € [m+1,n]\ {k}
(if y ¢ Supp(S(A)=1.9)). Since ord(d) > 4, it follows that A’, is not an arithmetic progression

with difference d, while each A} with ¢ € [1, m—1]is. Since m > 2, repeating the above arguments
n
using the setpartition A’ completes the proof (as > A; is aperiodic, Kneser’s Theorem ensures
i=1
izyém
(45) holds for A’). So we instead assume Supp((4; - ... Ap)"U.8) C {z}. Combined with
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x € A; for all i € [1,m], we find v,(S) = h(S) > |S| — m, and now Item 4 holds, completing
CASE 1.

n n
CASE 2. There is some setpartition A satisfying (45) with | > A;| = |>_ A;| for some j € [2,m)].
i=1 i=1
]
By case hypothesis and Kneser’s Theorem, H = H(X,,(5)) is nontrivial. If m+1 = |3,(5)| =
|H|, then ¥, (S) is an H-coset, which in view of |S| > n is only possible if Supp(S) C = + H
for some z € G. Hence Item 5 holds in view of the case hypothesis. So we now assume

n n
1> Ail = |2,(S)| > 2|H|. Thus ) |¢u(A;)| >n+1. Let B = By-...- B, be a setpartition with
i=1 1=1

S(B)| S, |S(B)| =n+m, and > B; = %,(5) such that, letting I> C [1,n] be the subset of all
i=1
i € [1,n] with |¢g(B;)| > 2, the following hold

M1. For each i € Iy, there is some b; € B; such that |y (B;\ (b; + H))| = |B; \ (b; + H)|, and

M2. either Z ’¢H(Bz>‘ > 2‘[2‘ or ’¢H(Bz’)‘ = ’Bz’| for some ’i/ S I2
i€l

n
Since |A;| < 2foralliand ) |¢pm(A;)] > n+1, A satisfies all these hypotheses. Let I} = [1,n]\ 2
i=1
be the subset of all i € [1,n] with |¢g(B;)| = 1, and re-index the B; so that Iy = [1, |[1|]. Kneser’s
n

Theorem implies |32 Bi| > 5 |By+-H| (||~ D[ H| > X [Bil+(|Lal+1)(1H|~1)— (L]~ )| H| =
i=1 i€l i€la
> |Bil — [I2] + (2|H| — 1), with the latter inequality in view of conditions M1 and M2 (note
1€ls
Yo (Bi)| > 2|I2] holds trivially in view of |¢r(B;)| > 2 for i € I). Combined with the
1€ls
n n n

inequality | Y Bi| = [Z,(S)| < |S'|—n+1= > |Bi|l —n+1= > |Bi| — || — |I2] + 1, we find
i=1 i=1 i=1
(47) > IBil = |L] + 2|H| - 2.
i€l

Consequently, [; is nonempty, and since we trivially have | >’ B;| < |H| (as each B; with
i€l
i € I is contained in an H-coset), it follows that | Y B;| < |H| < Y |B;| — || — (|H| - 2) <
el €l
> |Bi| — |I1| + 1, with the later inequality holding since H is nontrivial (as noted at the start
i€l

J j=1
of the case). Lemma 2.1 now implies there is some j € (2, |[I1]] with |Y_ B;| < |>_ B;| + |Bj| — 1,
i=1 i=1

in which case Theorem D implies

Jj—1 J
(48) > Bi+ (Bij\{y}) =) _Bi forallye B,
=1 =1
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n

In particular, |B;j| > 2. Also, since |B;| > 2 for all ¢ € I, and since ) |B;| = |S'| < 2n, it
i=1

follows that

(49) S IBil <2[h|  and L] >2|H| -2 > |H|,

el
with the latter inequality above following from the former combined with (47).
Now additionally assume that our setpartition B is chosen, subject to S(B) | S, |S(B)| = n+m,

n
> B; = X,(5), M1 and M2, so that
i=1

n
M3. Z|¢H(Bz)‘ is maximal.

Since A satisfies the defining conditions for B, we have Z|¢H( )| > Z|¢)H( i) > n+1,
=1
ensuring that I is nonempty. We claim that this ensures B; + H C B; for all i € [1,n], where

j € I is the index defined above. Indeed, if this fails, then there is some « € Bj and k € [1,n]
with ¢p(x) ¢ ng(Bk) In this case, remove x from Bj; and place it in By, to yield a new

setpartition B = B} - ... By, where B; = B; \ {z}, B, = By U {z} and B; = B; for i # j, k
In view of (48), we have S(B’) = S(B), |S(B)| = |S(B)| = n + m and EB; = %,(S). Since
i=1

ou(x) ¢ ¢u(By), it follows that x is the unique element from its H-coset in B}, so M1 and M2

also hold for B'. However, since |¢x(B))| = |¢u(Bj)| =1 and |¢n(By)| = [¢n(By)| + 1, we see
n

that B’ contradicts the maximality of )" |¢x(B;)| for B given in M3. Therefore, B; + H C B;

=1
for all ¢, as claimed. Letting € B; and recalling that B; is contained in an H-coset (as j € I1),

it follows that = + H = (N}, (B; + H). Likewise, if there were some y € Supp(S(B)[=) - ) with
¢u(y) # ¢u(x), then we could remove x from B; and place y in B; to yield a new setpartition
B =Bj-...-B,, where B} = B;\ {z}U{y} and B} = B, for i # j, which would again contradict
the maximality of B given in M3. Therefore we may assume otherwise. In summary,

(50) Supp(S(B)U.8) C o+ H = (nW(BZ + H).
i=1

Claim A. (y+ H)NB; ={y} forany i € [1,n] and y € B; \ (v + H).

Proof. Assume by contradiction there is some k € [1,n] and y € B\ (z+H) with |(y+H)NBg| =
r > 2. Since B; C x + H for each ¢ € I by (50), we must have k € Is. Let C=Cy1-...-C),
be a setpartition with S(C) = S(B) and ZB = ¥, (S5) such that C; = B; for all i € Iy \ {k},

Ck \By Caz+ H, CpyNDBy = B\ {ylw--?yt} Cinjsi—i \ (@ + H) = {yi} C Cpyjy1 for
€ [1,t], where y1,...,y € (y+H)N DBy are t € [0, —1] distinct elements, and (subject to these
conditions) |(x + H) N Cf| is maximal, and then (subject to prior conditions) ¢ > 0 is maximal.
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Note B satisfies these conditions with t = 0, so € exists. The defining conditions for € ensure
!/
IL=LU[L|+1-t/]L]]

is the subset of indices i € [1,n] with |¢x(C;)| > 2 and that M1 holds for all C; with i € I}\ {k}.

Suppose t = r—1. The defining conditions for € along with M1 for B ensure all elements from
Cr\({z,y}+H) are the unique element from their H-coset in Cj with |(y+H)NC| = r—t. Thus,
since t = r—1, we see that M1 holds for €. The defining conditions for € ensure ¢ (C;) = ¢u(B;)
fori € Iy and i € [1\[|[[1[+1—¢,[[1]], while ¢ (B 1, |11-i) C ¢u(C),|41—) for i € [1,t]; moreover,
C; = B; fori e I\ {k}. Thus since M2 holds for B, it also holds for € (note i’ # k‘ in M2 as

((y + H) N Bg| > 2), and Z!¢H( )I—Z|¢H( )I+t—Z\¢H( )\+T—1>Z!¢H( i)l

Hence € contradicts the maxunahty condltlon M3 for B. So we instead assume t < 7r—1,
meaning |(y+ H)NCy|=r —t > 2.

Suppose (z + H)NCy = x + H. Then C; C . + H C Cy for all i € [1,[[;| — t] (since
ou(Cs) = ¢op(B;) for all i ¢ [|[I1| +1 —t,|11]]). Let yq1 € (y + H) N Ck. In view of (49),
we have |I1| > |H| > r > t + 2, so we can define a new setpartition C' = C] - ... - CJ, where
C. = Cr\{yt+1}, Clh\ + = Cin =t U{yer1}, and Cf = C; for all i # k, |I;]—t. Then S(G’) =5(0C).
We have O\Il|*t Ce+H=(x+H)NCyand yp41 €y+H # x+ H. Thus C|11| t C Cr \{y+1}

nd Cipy-t + Ok € (Clnj-t U () + (G {urs}), enstwing () = $5C: € 3501 € 2,(8).

forcing equality to hold. But now, since t +1 < r — 1, we see that €’ contradu:tb the maximality
of t for €. So we instead conclude that

(51) (z+H)NCy, C x+ H.

Note p := |H|—|(z+H)NCk| > 1 by (51). Since Cy\By C z+H and CyNB, = Bp\{y1, ..., Yt}
with ¢ < r, it follows from M1 for B that

(52) [(Cx + H)\ Ci| = (Iou(C)l = 2)([H] = 1) +t+p >t +1.

We also have |(C; + H)\ Ci| > (|¢u(Ci)| — 1)(|H| — 1) > |H|— 1 for i € I\ {k} (by M1 for B),
either |¢g(Ck)| > 3 (improving the final estimate in (52) by |H|—1) or [(C;+H)\C;| > 2(|H|—-1)
for some i € I \ {k} (by M2 for B, noting that ¢’ # k in view of |(y + H) N By| > 2), and
(Ci+ H)\ Ci| =|H|—1forie[|Ii|+1—t]|[]]. As a result,

S N(Ci+ H)\Ci| = |Cil + [I|(JH| - 1) + ¢+ 1.

i€l i€l
Combining this estimate with Kneser’s Theorem, we obtain \ZC | > M |Ci+H|—-(|I5]-1)|H| >
1=1 S

ST|Ci| — ||+t + 1+ |H|. Combined with the inequality |EC’1| =|Z,(9) <15 —-n+1=
S i=1
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SNICil —=n+1=>|Ci| — [I1| = |I5] + 1, where I := [1,n] \ I} = [1, |I1] — t], we find
i=1 i=1

(53) D |G| = 1]+ [H| + ¢ = |If] + |H].

iel]
Consequently, since we trivially have |Z/ C;| < |H| (as each C; with i € I] is contained in an
H-coset), it follows that | Z/ Ci| <|H ]Zill Z, |Ci| — |I]] + 1. As before, this ensures via Lemma
2.1 and Theorem D that tzliélre is some j’ 1661[12, |I1]] with

-1 j
(54) ZCi +(Cy \ {z}) = ZCi for all z € Cj.
i=1 i=1

Suppose Cjv € Cy. Let y41 € (y + H) N Cy. In view of (49), we have |[1| > |H| >
r > t+ 2, so we can define a new setpartition ¢’ = C{ - ... C}, where C}; = Ci \ {yi+1},
Cl = Cy U{y1}, and Cf = C; for all i # k, j'. Then S(€’) = S(€). We have Cj» C Cj, and
thus Cj C Cy \ {yi41} (since j' € I ensures Cy C x + H 7$ Yy + H and ytH € y+ H). Hence

Cy 4+ Cr € (Cjr U{yss1}) + (Cr \ {yt+1}), ensuring 3, ( ZC’ C ZC’ C X,.(S), forcing

equality to hold. But now, since t +1 < r — 1, we see that ¢’ contradlcts the maximality of ¢
for C (re-indexing the C/ with i € I] so that j = |I{]). So we instead conclude that Cj & Cy.
Since Cjy € Cy and Cj C z + H (as j' € I}), there is some z € Cy \ Cf with z € z + H.
Define a new setpartition C' = Cf - ... - Cy,, where CJ, = Cj/ \ {z} C;, =CrU{z}, and C! = C;
for all i # j', k. Then S(C") = S(€), and (54) ensures X,(S) = ZC’ C ZC” C ¥,(S), in which

1=1
case equality holds. But now |(z 4+ H)NCL| = [(x + H) N Ck| + 1, so that €’ contradicts the

maximality of |(x + H) N Cy| for €, completing Claim A O
Since H is nontrivial (as noted at the start of CASE 2) and m + 1 = |3,(S)| < || —n +

n
= > |Bil —n+ 1, Claim A allows us to apply Lemma 2.3 to B (with X = {0}), giving

the existence of a setpartition € = C; - ... Cy with S(C) = S(B), ZC’ = ZB = 3,(95),
(x+H) C Z = (Ci + H), and |C; \ Z| < 1 for all . If Z 7& :1:+H thenm =n
and |¢p(C;)| = 2 for all ¢ (recall |S’| = n 4+ m < 2n), whence Kneser’s Theorem implies

n
1Sl = n+1 = |E,(9)] = ]ZCZ| > (n+ 1)|H| > (]S’ = n + 1)|H|, contradicting that H is

nontrivial. Therefore Z = x + H. It necessarily follows that Z|¢H( )| = Z|¢H( ;)| since
=1
v+ H =N (B +H)=NL,(C; + H) with |(y + H) N C}| < 1 and |(y+H)mB| <1 for

all i € [I,n] and y + H # x + H (cf. Claim A and Lemma 2.3). Applying Lemma 2.7 (with
X = {0}) allows us to replace C with a setpartition having all the defining properties for € and
which is equitable (Lemma 2.7.1 cannot hold since H = H(X,,(.9)) is nontrivial), so we gain that
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|C;| < 2 for all i. In doing so, we find that € now satisfies the defining conditions for B. Thus
we can w.l.o.g. assume the setpartition B defined above has |B;| < 2 for all 7. In view of (47),

there are at least 2|H| — 2 > |H| sets B; with |B;| =2 and ¢ € I;. Since | Y B;| < |H| in view
icly
of each B; being contained in an H-coset for ¢ € I, it now follows by a simple greedy algorithm

[28, Proposition 2.2] that there is a subset J; C I} with |J;| < |H| —1 and | Y B;| =|)_ Bil.
i€J1 i€l
Recalling (50), we find Item 5 holds using the setpartition B, completing the case and proof. O
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