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Abstract

Let G be an additive finite abelian group. For a positive integer k, let s<x(G)
denote the smallest integer ¢ such that each sequence of length £ with terms from
G has a non-empty zero-sum subsequence of length at most k. In this paper,
we investigate the inverse problem of s<p(g)—(G) for the rank 2 abelian group
G =7Z/nZ & Z/nZ, where D(G) denotes the Davenport constant of G. Among
other results, we solve the inverse problem when n = p™ > 5 is a prime power
and 2 < k < L;H, provided k # 0 mod p. In particular, this solves the
inverse problem for the elementary p-group G = Z/pZ & Z/pZ when p > 5 and
2 < k<2t
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1. Introduction

Let C), denote the cyclic group of n elements. Let G be an additive finite
abelian group. It is well known that |G| =1 or G = Cp, & Cp, -+ - @ Cp,, with
1<mny|ng]|- | n- Then, r(G)=ris the rank of G and the exponent exp(G)
of G is n,. Let

Si=g1+... g

be a sequence of terms g; € G (a finite, unordered string of terms from G,

repetition allowed) written multiplicatively using the bold dot operation - . We

let .#(G) denote the set of all such sequences S € % (G) with terms from G, use

gl =g..... g to denote the sequence consisting of the term g € G repeated
—

k
k times, and we call S a zero-sum sequence if g; + -+ - + g, = 0. We say that S
is a minimal zero-sum sequence if S is a nonempty zero-sum sequence and no
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proper, nonempty subsequence is zero-sum. The Davenport constant D(G) is
the minimal integer £ € N such that every sequence S over G of length |S| > ¢
has a nonempty zero-sum subsequence. Set

D*(G) =1+ Z(n —1).

It’s known that D(G) > D*(G) and that equality holds if r(G) < 2 or if G is an
abelian p-group [0]. In particular, it follows that

D(C,®Cp)=2n—1.

Let d(G) denote the maximal length of zero-sum free sequences in a group G.
It’s easy to see that d(G) = D(G)—1. Let n(G) denote the smallest integer £ € N
such that every sequence S over G of length |S| > ¢ has a nonempty zero-sum
subsequence T of length |T'| < exp(G). Denote by s<j(G) the smallest element
¢ € NU {400} such that each sequence of length ¢ has a non-empty zero-sum
subsequence of length at most k (k € N). In particular, when k > D(G),

s<p(e)(G) = D(G);
and when k = exp(G),
SSeXp(G)(G) =n(G).

In [§], the authors determined s<x(G) for all finite abelian groups of rank
two.

Theorem 1 ([8], Theorem 2). Let G = C,,®&C,,, where m and n are integers
with 1 <m | n. Then

s<p(@)-k(G) =D(G) +k=m+n—1+k  for every k € [0,m — 1].
Let G = C), & C),. By Theorem [l we know that
s<p(@)(G) =s<am-1(G) =D(G) =2n—1,

and
S<exp(@) (G) = s<n(G) = n(G) = 3n — 2.

We investigate the inverse problem of the invariant s<o,—1-5(Cp ® C,) for k €
[0,n — 1], that is, characterizing the structure of those sequences S with |S| =
S<on—1-k(Cn ®Cyp) —1 = 2n — 2+ k having no zero-sum subsequences of length
from [1,2n — 1 — k]. Our focus is on the case when n = p™ is a prime power,
and in particular, when n = p is prime.

Definition 2. Let G = C,, @ C,, with n > 2. We say that n has

e Property B, if every minimal zero-sum sequence S € % (G) with length
|S| = 2n — 1 contains some element with multiplicity n — 1;
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e Property C, if every sequence S € F(G) with length |S| = 3n — 3 which
contains no zero-sum subsequence of length at most n has the form S =
a" b tenL for some distinct elements a,b,c € G of order n.

In fact, it’s known that Property B holds for all n > 2. The paper [13] of
Gao, Geroldinger and Grynkiewicz reduces its validity to the prime case, which
was resolved by Reiher in [9]. From then on, the structure of minimal zero-sum
sequences with length D(G) in the group G = C,, @ C,, is known. It’s worth
noting that in [I3] the authors fully described the structure of the minimal zero-
sum sequence with length D(G) in the abelian group of rank two. Property C
was investigated by Weidong Gao and Alfred Geroldinger [10] in detail. From
[10] and [II], we know that the property C holds for any positive integer n > 2.
We have S<j(G) = oo for k < exp(G), while s<p(c)(G) = D(G) if & > D(G),
and s<x(G) = n(Q) if k = exp(G). From the above, we see that the inverse
problems were solved for the group C,, @ C,, if k > D(G) — 1 or k = exp(G). It
is natural to consider the inverse problems for k € [exp(G) + 1,D(G) — 2]. For
these problems, we give a conjecture in the prime case.

Conjecture 3. Let G = C, ® C, with a prime p and let k € [2,p—2]. If a
sequence S of terms from G with length D(G) + k —1 = 2p — 2 + k has no
zero-sum subsequences with length from [1,D(G) —k] = [1,2p—1+k], then there
is a basis (e1,e2) for G such that

S = e[lpfl] . e[2p71] - (e + ex)M.
Our main result is the following, establishing Conjecture [3[ for k < %.

Theorem 4. Let G = C, & C,, with p > 5 a prime and let k € [2, @} be an
integer. If S is a sequence of terms from G with length |S| = D(G) +k—1=
2p —2+k such that 0 & 3 p(q)—(S) = Yocop_1-1(S), then there is a basis

(e1,e2) for G such that
S = 6[11)_1] . 6[2p_1] - (ex + Bz)m-

We derive Theorem [ from the following result applicable in the prime power
case.

Theorem 5. Let G = C,®C, with p™ > 5 a prime power, and let k € [2, %]
be an integer with p t k. If S is a sequence of terms from G with length |S| =
D(G)+k—1=2p" —2+k such that 0 & 3__py_x(S) = DX copn_1-1(5), then
there is a basis (e1,e2) for G such that

g — e[lpn,l} . e[2pn,1} cer + 62)[k].
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2. Preliminaries

In this paper, our notation is consistent with [6], and we briefly present some
key concepts. Let N denote the set of positive integers and No = NU {0}. All
intervals are discrete, so [z,y] ={z€Z: 2 <z <y} forz,y € R.

Let .#(G) be the free abelian monoid, multiplicatively written, with basis
G. The elements of .Z(G) are called sequences over G. Each sequence from
Z (@) has the form

S = gi+... Qo= HQEGQ[VQ(S)] c tQ‘(C;’)

with v4(S) € Ny for all ¢ € G and almost all v,(S) = 0. We call v4(S) the
multiplicity of g in S, and if v4(S) > 0, we say that .S contains g. If vy(S) =0
for every g € G, then we call S the empty sequence, denoted by S =1 € .Z(G).
We use T' | S to denote that T is a subsequence of S, meaning v,(T) < v, (.5)
for all g € G, and let S - TI-1 = TI=1. S denote the sequence obtained from
S by removing the terms from T, so v, (S - TI71) = v, (S) — v, (T). For k > 1,
g€ Gand T € Z(G), welet gl = g.....g and T* =T.....T bea
H,_/ E/—/

sequence with the term g repeated k times and the sequence T repeated k
times. Moreover, if T* | S, then S . TI=* = .S =8 - (T s the
subsequence of S having the terms from 7'¥! removed. We have the following:

|S| =1 = Z vg(S) € Ny, the length of S;

geG
h(S) = max{vy(S) : g € G} €[0,|S]], the maximum multiplicity of S;
Supp(S) = {g € G: v4(S) > 0} C G, the support of S;

ZQZ_Z (S)g € G, the sum of S;

9geqG
S) = {Zgl o I C[1,0) with 1 <|I] < £}, the set of all subsums of S;
iel
= {Z gi [1,4] with |I| =k}, the set of k-term subsums of S.
i€l

We write

JE[L,K] jzk
The sequence S is called
e zero-sum free if 0 ¢ 2(S),
e a zero-sum sequence if (S) =0,

e a minimal zero-sum sequence if S # 12y, 0(S) = 0, and every S’ | S
with 1 < || < |S| is zero-sum free.
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Every map of abelian groups ¢ : G — H extends to a map from % (G) to
F(H) by setting
o(5) = (g1) - - - ©(ge)-
If  is a homomorphism, then ¢(S) is a zero-sum sequence if and only if o(S5) €
ker .
We will have need of the following results.

Definition 6. Let G be an abelian group, let S = g1 -...90 € F(G) be a
sequence of length |S| = £ € Ny, and let g € G.

1. For every k € Ny, let

NE(S) == #{I CA: Y g=g and |T]= k}
i€l
denote the number of subsequences T of S having sum o(T) = g and length
IT| = k (counted with the multiplicity of their appearance in S). When
g=0, NZ(S) is denoted by N¥(S) for short.

2. We define
Ng(S) == D NE(S), N7 (S):=) N2F(S) and Ny (S):=> NZFF(9).
k>0 k>0 k>0

Thus Ny(S) denotes the number of subsequences T of S having sum o(T') =
g, N_;]“(S) denotes the number of all such subsequences of even length, and
N, (S) denotes the number of all such subsequences of odd length (each
counted with the multiplicity of its appearance in S).

Lemma 7 ([6], Proposition 5.5.8). Let p be a prime, let G be an abelian p-
group, and let S = gy +...- g, € F(G). If £ > D(G), then NS (S) = N, (5)
mod p for all g € G. In particular, N§ (S) = Ny (S) mod p.

Lemma 8 ([9] [13]). Let G = C,, ® C, with n > 2 and let S € F(G) be a
minimal zero-sum sequence with length D(G) = 2n—1. Then S has the following
form:

[n—1] ¢ _
S|
with x; € [0,n — 1] and Y., x; =1 mod n, for some basis (e1,e2) for G.

Lemma 9 ([12], Theorem 1.4). Let G be an abelian group, let n > 1 be an
integer, and let S € F(G) be a sequence of terms from G of length |S| > n+1.
Then either

X0 (5)| = min{n +1, [S| —n +[Supp(S)| — 1}

or ng € X,(S) for every g € G whose multiplicity in S is at least vy(S) >
h(S) — 1.
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Corollary 10. Let G be an abelian group of order n. Let S € F(G) be a
sequence of terms from G with length |S| >n+1 and 0 € 3,,(S). Then

13, (S)| > [S] = n+ [ Supp(9)| — 1.

Lemma 11 ([7], Erd8s-Ginzburg-Ziv Theorem). If G is an abelian group
and S € F(G) with |S| > 2|G| — 1, then 0 € ¥jg|(S).
For subsets A1,..., A, C G, with G an abelian group, we define the sumset

YA ={>ai: ai€A}. For ACG,weuseH(A) ={h€G: h+tA=A} <G

i=1 i=1
to denote the stabilizer subgroup of A. Note A is a union of H(A)-cosets.

Lemma 12 ([7], Kneser’s Theorem). Let G be an abelian group, and let
A, B C G be nonempty subsets. Then |A+ B| > |A+ H|+ |B+ H| — |H]|.
In particular, if A1,..., A, C G are nonempty subsets, then

1Y Al > <Z|¢H(Ai)| —n+ 1) |H|,
=1 =1

where ¢ : G — G/H is the natural homomorphism.

Lemma 13 ([7], Subsum Kneser’s Theorem). Let G be an abelian group,
let S € Z(G), let n € [1,|5]] be an integer, and let H = H(X,,(S)). Then

120 (5)]

Y

Z min{n, vy(¢u(S))} —n+1| |H|

geG/H
=(N-1)n+e+1)|H|,
where ¢ : G — G/H s the natural homomorphism, N is the number of ele-

ments of G/H having multiplicity at least n in ¢ (S), and e is the number of
terms in ¢g(S) having multiplicity strictly less than n.

Given a fixed integer n > 2 and « € Z or z € Z/nZ, we let T € [1,n] denote
the least positive representative for x modulo n. Note n is not indicated in the
notation, but will always be clear in contexts where the notation is used.

3. Proof of Theorems [ and [l
In this section, we prove Theoremsf4|and [} We proceed in a series of lemmas.

Lemma 14. Let G = Cpm & Cpm with p prime and m > 1, let k € [1, %]
be an integer, and let S € F(G) be a sequence of terms from G with |S| =
D(G)+k—1and 0 ¢ X<pq)—r(S). Then

k
NP(@+1-t(g) = (t) mod p  for every t € [1,k].

In particular, if k Z 0 mod p, then there exists a minimal zero-sum subsequence
T 1| S of length D(G).



PRrROOF. For convenience, we set d := D(G) = 2p™ —1. Note that k& < % =

% ensures that

S| =d+k—1<2d—2k+1.
Because the sequence S of length |S| = d+ k — 1 has no zero-sum subsequences
of length in [1,d — k], we have N*(S) = 0 for i € [1,d — k]. By definition of
9o d = D(G) and the pigeonhole principle, any zero-sum sequence of length ¢ with
i€ [d+1,]S]] C[d+ 1,2d — 2k + 1] has a nonempty zero-sum subsequence of
length at most d — k. Thus we conclude that N*(S) = 0 for i € [d + 1,|5]].
Let T be a subsequence of S with |T| = |S| —t =d+ k — 1 — ¢, where t is
an integer such that 0 <t < k — 1. Obviously 0 < N¥(T") < N%(S) = 0 holds for
i€[l,d—k]U[d+1,|S]]. Then, by lemma [7] we have the following equation:

1+ (1) FHINGRY ) o (—1)INYT) =0 mod p.
It follows that
Z (1 + (_1)d—k+1Nd—k+1<T) T (—l)de(T)) =0 mod p.

T8, |T|=|S|-t
Analysing the number of times each subsequence is counted, one obtains
|S> d—k+1(|S - (d—k‘f'l)) d—k+1
+ (-1 N S
(i) + 0 (- @ k)

ot (—1)d<||§,|| :Z) NY(S)

= () e (7 nengs)
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On the one hand, it can be deduced from (3.3) that
AX =0 mod p.

We take some row transformations of A as follows (with the rows operations
performed top to bottom each time):

=5 G - (49D ('S'?‘l) e e ()
e B T A S A VA I B R B AR
(i I o) I (e GEh A - ()
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() e Q)

D))

2@ () (2

Consequently, since AX =0 mod p and (‘;) =0if 0 < a < b, we find that

DG)\ (k-1 k—s\  _
(k_8>+(k_s>x1+---+<k_s)x5:0 mod p, for s € [1,k].

We proceed by induction on s € [1, k] to show

=)
)

(
L]«
(

. k
zg = (—1)ksH (k o 1) mod p.
Note D(G) = 2p™ —1 and k < D(C? = 24 s+ < p™. In consequence, (D(hG)) =

(=1)" mod p for h € [0,k], and (° Ci”) = 0 mod p for h € [1,k]. When
s =1, we have 0 = (D(G)) + (k_l)asl = (—=1)*' 4 2; mod p. It follows that

k—1 k—1
ry = (—1)F (z) mod p, as desired. So we assume s > 2 and that the formula has
been established for all smaller values h € [1,s—1]. Since (kD(er)l) + (kks}rl)xl +

st (Z:iﬁ)xs,l =0 mod p and (D(G)) + (k 5)951 4+ 4 (k S):vs =0 mod p,
it follows that

xSE_(kE)(f—)FJ - (15(—613,») _g«kﬁ;il) * (Z:g»x’

_ (D@ +1 _Si Fohtl) N ~(k—h+1
E—s+1 k—s+1 —\k—s+1 Th

=S () h+>
S () z e (D)
:(_1)k—s+1<k’;+1) mod p, (1)

completing the induction. Therefore,

k

(- INE () =, = (i (B

) mod p,

for s € [1, k], implying N*1=¢(S) = (=1)*1(}) = (¥) mod p, fort = k—s+1 €
[1,k] (since d = D(G) = 2p™ — 1 is odd). In particular, N°(©)(S) = k mod p.
Thus, if £ # 0 mod p, then there must exists a zero-sum subsequence T' | S of

length D(G) = 2p™ —1. If it were not a minimal zero-sum, then it would contain
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a nonempty zero-sum subsequence of length at most p™ —1 < 2p" —1 -k =
D(G) — k, contrary to hypothesis. Therefore T | S is a minimal zero-sum
subsequence of length D(G). O

Lemma 15. Let G = C,, & C,, with n > 4, let (e1,e2) be a basis for G, let
k€ [2,n—2], and let

_ 1], )
S =e; Hie[l,n+k—l] (x;e1 + e2) € Z(G),

where x; € [1,n] for i € [IL,n+k—1] and > ;2 = 1 modn. If0 ¢
Y<p(@)—k(S), then there exists a basis (e1, f2) for G, where fo = xe; + ez
for some x € [1,n], such that

S = 6[1”*1] .f2["*1] <(er + fo)l¥.

PROOF. Let

S = Hie[Ln-Hc—l]xiel S f(Cn)

We have [S1|=n+k—-1>n+1.
Suppose | Supp(Sy)| > 3. Since 0 ¢ 3,(S1) (lest 0 € X<, (5), contrary to
hypothesis), then by Corollary we have

Therefore, there exists a subset T' C [1,n + k — 1] whose terms index a sub-
sequence S(T) = [[icp i with length |T| = n such that o(S(T)) > k + 1.
Let .
Sy = e} 7B HiET@«”z‘el + e2).
We have that S is a zero-sum subsequence of S with |Sz| = |T|+n—o(S(T)) <
2n —k — 1 = D(G) — k. This derives a contradiction. If |Supp(S1)| = 1,
we can also find a zero-sum subsequence with length n in S. This derives a
contradiction. So, we have | Supp(S1)| = 2.
Without loss of generation, let Supp(S1) = {0, ae1} where a € [1,n—1]. We
have
S=e""U. el (aey + ex) I with s € [kyn — 1] (2)

Note k < s < n—1lest S contain a zero-sum subsequence of length n < D(G)—k,
contrary to hypothesis. By Corollary we have

30 (S1)] = k.

As before, if there exists a subset T C [1,n + k — 1] whose elements index a
length n subsequence S(T') =[]ty z; with o(S(T)) > k + 1, then we derive a
contradiction to 0 € X<p(g)—i(S). Therefore,

En(Sl) = [1, k]el = {61, 262, ey /4561},
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which is an arithmetic progression with difference e;. However, from the struc-
ture of S given in , ¥, (S1) must also be an arithmetic progression with
difference aey. It is well-known (and easily shown) that the difference d of an
arithmetic progression is uniquely defined up to sign, so long as there are strictly
less than ord(d) — 1 terms and at least 2 terms (see also [7, Exercise 4.2]). Since
2 <k=|2,(51) <n—2=ord(e;) — 2, these hypotheses hold, forcing a =1
orn—1.

Ifa=1,thenn—s=(n—s)a=1 modn (in view of the structure of S
given in combined with ¥,,(S1) = [1, k], ), implying s = n — 1, and then S
has the desired form taking fo = es. If a = n — 1, then arguing similarly gives
s =(n—s)a =k mod n, implying s = k, in which case S has the desired form
taking fo = —eq + es. O

Lemma 16. Let n > 2 and let S € Z([2,n]) be a nonempty sequence of inte-
gers. Then there exists a nonempty subsequence T | S with

700 = min{ |52 | () - 181 + 171,

where o(T) € [1,n] is the least positive representative for o(T) modulo n. In

particular,
S 1
o(T) > min{ [”QW , S|} +17).

PROOF. Since all terms in S are at least 2 by hypothesis, we have o(S) > 2|95,
so it suffices to prove the main bound in lemma. Let S =1 ...- x4, so £ = 5]
is the length of S. Moreover, choose the indexing so that 1 > zo > ... > z,.
Let M =min {[251], ¢(S) — [S|}. Then

2M <n and o(S)>M+|S|=M+¢. (3)

If z1 > M + 1, then the sequence T consisting of the single term x, satisfies the
lemma. Therefore we may assume x7 < M. In view of , we have x1+...+x, >
M + ¢. Consequently, there is a maximal s € [1,£ — 1] such that

1+ ... +txs < M+s—1.

Since s < £ — 1, the term x4 exits. Since S € F([2,n]), we have z; > 2 for all
i, implying 2s < 1 + ...+ s < M + s — 1, whence

1<s<M-1 and M > 2.

By the maximality of s, it follows that 1 +...+zs4+1 > M +s+1. As a result, if
T1+... 4 xsp1 <nythenzy + ... F 2541 =21+.. .+ 2541 > M+s+1, in which
case T = x1 + ... xsy1 satisfies the lemma. Therefore we can instead assume
x1+...+ 2541 > n+1, which combined with 1 +...+ 25, < M + s — 1 implies
ZTs+1 > n—M —s+2. By our choice of indexing, we have x; > x441 > n—M —s+2
for all i« < s+ 1, whence

s(n—M-s+2)<z1+... 42, < M+s—1.

10



120

125

130

Rearranging the above inequality, it follows that
s2—(n+1—-M)s+(M—1)>0 (4)

with s € [I,M — 1]. If s = 1, then yields 2M — 1 — n > 0, contradicting
(3). Therefore, fails for s = 1, in which case it must hold for the maximum
allowed valued for s (since we know it holds for some value of s), namely s =
M — 1. Substituting this value into and using that M > 2, we obtain
(M—-1)—(n+1-M)+1>0,in turn implying 2M — 1 —n > 0, which again
gives the contradiction 2M >n + 1 to . O

Lemma 17. Let n > 3 and let S € Z ([3,n]) be a nonempty sequence of in-
tegers for which the multiplicity of the term ("THW is at most one. Then there
exists a nonempty subsequence T | S with

o) = min{ | 2222 a1si 4 171,

where o(T) € [1,n] is the least positive representative for o(T) modulo n.

PROOF. Let S =z -... -z, so |S| = £ is the length of S. Moreover, choose the
indexing so that x; > xo > ... > x4. Let M = min { L%J , 2|S|}. Then

M<2n72

and 20 =2|S| > M. (5)

By hypothesis, 3 < z; < n, and x; = [”T'HW for at most one ¢ € [1,¢]. If
x1 > M + 1, then the sequence T consisting of the single term xz; satisfies the
lemma. Therefore we may assume

In particular, gives £ > [%M1 > 2.

Case 1: 1 + 22 < n.

We have z1 < M, while ensures x1+...+xzy > 3¢ > M+£. Consequently,
there is a maximal s € [1,¢ — 1] such that

1+ ... +txs < M+4+s—1.

Since s < £—1, the term x5y exists. If s = 1, then the maximality of s ensures
M+ 2 < z1 + 22 < n, with the latter inequality by case hypothesis. Thus
r1 + 29 = 21+ 22 > M +2, and the lemma holds taking T' = 1 - x5. Therefore
we can assume s > 2. We have 3s < xy + ...+ x5 < M + s — 1, which implies

M-1
2

By the maximality of s, it follows that 1 +... 42541 > M +s+1. As aresult, if
T14...+xs41 <n,thenzy + ...+ 2541 =21+ ..+ 2541 > M+s+1, in which

2<s< and M >2s+12>5.

11
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case T = x1 + ... x5y satisfies the lemma. Therefore we can instead assume
21+ ...+ xs41 > n+ 1, which combined with 1 + ...+ 2, < M 4 s — 1 implies
ZTs+1 > n—M —s+2. By our choice of indexing, we have x; > x441 > n—M —s42
for all i < s+1, whence s(n—M —s+2) < z1+...+x5s < M+s—1. Multiplying
by 4 and rearranging yields

AM +4s —4 —2s(2n —2M —2s+4) >0 (6)

with s € [2, %] If s = 2, then (@ yields M > 2"3_1, contrary to . If s =

M=1 5o that 2s = M —1, then (6]) becomes 6(M —1)— (M —1)(2n—3M +5) > 0,
implying (in view of M > 1) that M > 2"?: L contrary to . However, since
the expression in @ is quadratic in s with positive lead coefficient, we now

conclude that @ fails for all possible values of s, completing Case 1.

Case 2: z1+ 22 >n+ 1.

In view of the case hypothesis and x7; > x3, we conclude that x; > ”TH
Thus there is a maximal ¢ € [1, ] such that
2n — 2 1
i ZMEJ;lZ...thEn; . (7)
Then n
n>7 and .Z‘i§§ foralle>t+1.
Since there is at most one term x; equal to [”T'HL we must have
3
xZZ[n;— 1 fori<t-—1. (8)

in case n = 8, in which
1

If n <12, then 2452 = [241] (or | 252 < [2f4]
[241] for all i > ¢, forcing

2
case (7)) cannot hold). In such case, ensures x; =
t=1hy . In summary,

n <12 implies t¢t=1. 9)
If t is odd, modify the sequence S by replacing each pair of terms xo; 1+ o;
with the single term xg; 1 + x9; — n, for i € [1, %] If ¢ is even, modify the

sequence S by replacing each pair of terms wo;_1 - xo; with the single term
Toi—1+x9; —n, fori € [1, %], and then remove the term ;. In either case, let

S =yr+...oyp, wherel'=(—|L]>1¢

denote the resulting sequence, and choose the indexing on the y; such that
Y1 > Y2 > ... > yp. Let Iy C [1,¢] consist of the ‘new’ terms in S’ each
having the form x9;_1 + x2; — n for some i € [1, L%”

If y; is a new term, so j € Inew, then y; = x2;_1 + x2; — n for some i €

1, L%J], ensuring

n+3 n+3
2 2

4
3= —ngngzM—ng”T for j € Inew, (10)

12
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with the final inequality above from . Thus y; > "7'"1 is the unique term in
S’ strictly larger than %, and

y; >3 foralliel[l,¢].

Note y; = x; or x;—1 by construction.
Since £ > 2, ¢/ =1 would imply t = £ = 2 with M > z7 > x5 > %ﬂand
T > HTH In such case, the sequence T consisting of the single term x; = "T*B

has o(T) > 243 > 5 = 2|S| + |T| in view of n > 7, as desired. Therefore we
may assume ¢ > 2, so that 1o exists. Define

.= 0 ify1+y2<n
Tl 1 ify +ys >n+ 1
Ife=1theny, >n+1—y >2n+1-M> 22 > 24 with the third
inequality in view of . Thus ensures that yo < 5 is not a new term
when € = 1, so

t<f—e¢ and £’=(8—BJ2£;€. (11)

Since y2 < 5, we see the hypothesis y; + y2 > n + 1 needed for € = 1 forces
y1 > 5 + 1. Thus
n+1l+e
n> "t (12)

Ift =1and e = 0, then £ = ¢/ with y; = z; for all i, whence n > y; +y2 = 21 +22,
contrary to case hypothesis. Thus @D ensures

n > 13 — 6e. (13)

It suffices to find a nonempty subsequence T | S’ with

o(T) > M +|T'| + |T;, (14)

QW|7
where T/, | T denotes the subsequence of new terms, for then the corresponding
sequence T' | S obtained by replacing each new term y; = x2;—1 + x2; — n in
T’ with the pair of terms xg;_1 « z2; from S that originated y; will satisfy the
lemma since o(T") = o(T) mod n and |T'| = |T"| + [T -

Suppose y1 + (Yoyre + ... +yer) < M +2(¢ —€) — 2. Then

—1—
02y +yoset oty —M—20 42422 = 4 i M
n—1 / n—1 3
- — M > —-M>0
>I oS -M> M >

with the first inequality in view of and y; > 3 for all i € [2 4 ¢,0], the

second in view of , the third in view of £ > $M (by (f])), and the fourth
in view of M < 2%=2 (also by (f]). As a result, we must have equality in

13
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all these estimates. In particular, equality in forces y1 = %He, while

equality in forces t = £ — € to be even. However, when ¢ is even, we have
Y1 = Te—1 > %r?’ by definition of the y;, contradicting that y; = %1“ < ”7”
So we instead conclude that y3 +yoye+...+yer > M +2(¢' —e) — 1. Combined
with y; < M, it follows that there is a maximal s € [1,¢' — € — 1] such that

Y1+ (Yoge o+ Yope) < M +25 — 2.

Since s < ¢ — e — 1, the term ysy 41 exists.

Suppose s = 1. Then the maximality of s ensures that y1 + yoyre > M + 3.
If y1 + yore < m, then y1 + Yote = y1 + Yore > M + 3, and since y; = x4 Or T4—1
is not a new term, it follows that holds taking 7" = y; * Y2y, completing
the proof. On the other hand, if y; + y24 > n + 1, then the definition of
€ forces € = 1 with y1 +y2 > n+ 1 and y; +y3 > n+ 1. It follows that
52y 2 ntloyr 2ntl-M > "2 and § > y3 > ntl-y; > n+l-M > 252
(in view of (f])). Consequently, implies that neither 3, nor ys is a new term,
while y2 Fy3 = yo +y3 > > M + 3 (in view of (§)), in which case
holds taking T = y5 - y3, completing the proof. So we may instead assume s > 2.

Since y; > 2t4< (by (12)) and y; > 3 for all i, we have “E4<€ 4 3(s— 1) <
Y1+ Y24e + - T Yste < M + 25 — 2, implying

n—1+c¢

2<s< M —
RS S 5

(15)
In view of the maximality of s, we have y1 + yo4c + - .- + Yster1 > M + 25+ 1.
Iy +yore+ oo+ Ysrer1 < m, then TV = y1 - yYore * .. * Yster1 satisfies
(as y1 is not a new term), and the proof is complete. Therefore we may assume
Y1 + Yo4e + - - + Yster1 > 1+ 1, which combined with y1 + yoie + ... +ys <
M + 2s — 2 yields ysyer1 > n — M — 2s+ 3. Since y; > %H'e (by ) and
Yote = ovr > Yste = Ystert, it follows that %H'E +(—-1)(n-—M-2s+3) <
Y1+ Yote + - + Yste < M + 25 — 2. Multiplying this inequality by 2 and
rearranging terms yields

M +4s—5—e—n—(2s—2)(n—M —25+3) >0 (16)

with s € [2, M — 2=1#€]. If s = 2, then yields M > 3n=pte > 2n=2 it
the latter inequality in view of , contrary to . Ifs=M-— ”_TH'G, so that

4<2s<2M —n+1—c¢, (17)

then yields 32M —n—1—¢)— (2M —n —1—€)(2n —3M +2+¢€) > 0,
in turn implying 3 — (2n —3M +2+¢€) > 0 (as 2M —n — 1 — e > 0 follows
from ) Hence M > % > 2”3_17 contrary to . As a result, since the
expression in is quadratic in s with positive lead coefficient, we conclude
that cannot hold for any possible value of s, completing Case 2 and the

proof. O

14
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Lemma 18. Let G = Z/nZ be a cyclic group with n > 2, let b € G, let S €
F(G) be a sequence with 0 ¢ X,,(S), and let m € [1,]S|] be an integer. Then
there is some © € b+ X,,,(S) with

7 > min{n, m+1, |S| —m+ 1, |S] — h(S) + 1, |S] —g+1},
where T € [1,n] denotes the least positive representative for x modulo n.

PRrROOF. Since 1 < m < |S|, we can apply the Subsum Kneser’s Theorem to
Y (S). Then, letting H = H(%,,,(S)), we conclude that

(Zm(9)] = (N = 1)m +e+1)|H|, (18)

where N > 0 is the number of elements of Supp(¢y(S)) having multiplicity at
least m, and e > 0 is the number of terms of ¢ (S) whose multiplicity is less
than m. Here ¢ : G — G/H denotes the natural homomorphism.

Since H = {|G/H|,2|G/H|,...,(|H| — 1)|G/H|,|G|} mod |G| and H +
Y (S) = 3,,(9), the pigeonhole principle ensures that we can always find some
x € b+ X, (5) with

T2 |Gl = |G/H[ + [Em(ou(S9))] 2 |G| = [G/H|+ (N = 1)m +e+ 1, (19)

with the latter inequality in view of . Thus we may assume N < 1 lest T >
m—+1 follows, as desired. If N = 0, then e = |S|, and we obtain T > |S| —m+1,
as desired. Therefore we conclude that N = 1, meaning there is exactly one
term in ¢ (S) with multiplicity at least m. If H = G, then b+ %,,(5) = G,
and we can find x € b+ %,,(S) with T = n, as desired. If H is trivial, then
N =1 implies e = |S| — h(S), and T > |S| — h(S) + 1 follows, as desired. We
are left to consider when H < @ is a proper, nontrivial subgroup.

By translating all terms of S appropriately, as well as b, we can w.l.o.g.
assume 0 is the unique term with multiplicity at least m in ¢y (S). Let S | S
denote the subsequence of S consisting of terms from H, so e = |S - Sl[,;l]|.
If |Su| > |G| + |H| — 1, then repeated application of the Erdés-Ginzburg-Ziv
Theorem yields a zero-sum subsequence of length n = |G| (with all terms from
H), contrary to hypothesis. Therefore we instead conclude |Sg| < |G|+ |H| -2,
whence (19) now gives

T2 |G| —|G/H|+(IS| - |G| = [H| +2) +1
G n
— ||~ 1/H] - [H] + 32 15 - T 1o ps) - D,
with the final inequality above in view of H being proper and nontrivial, which
completes the proof. O

Corollary 19. Let G = Z/nZ be a cyclic group with n > 2, let b € G, let
S € Z(G) be a sequence such that 0 ¢ X,,(S), and let m < |S| be an integer
with 1 < m < n. Then there is some x € b+ %,,,(S) with

Z > min{|S| —n+2, m+ 1},

where T € [1,n] denotes the least positive representative for x modulo n.
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PRrROOF. Note 0 ¢ ¥,,(S) ensures h(S) < n—1. Thus |S|—n+2 < |S|—h(S)+1.
Since m < n, we have |S|—n+2 < |S|]—=-m+1and m+1 < n. Also,
|S] =n+2 < [S] = § + 1 since n > 2. Thus the desired bound follows by
applying Lemma [T O

Lemma 20. Let G = C,, & C,, withn > 5, let k € [2, 2”3“] be an integer, and
suppose S € F(G) is a sequence with 0 ¢ Ypg)—k(S) and |S| = D(G) +k — 1.
If S contains a minimal zero-sum subsequence of length D(G), then there is a
basis (e1, ez) for G such that

S =el" el (o) 4 eg) M,

Proor. By hypothesis,
2n+1

2<k< <n-—1,

with the latter inequality in view of n > 5. Since D(G) = 2n — 1, we also have
|S| = 2n — 2 + k with

0 ¢ 3op_1-1(95) (20)
by hypothesis, and since S contains a minimal zero-sum subsequence of length
D(G) = 2n — 1, it follows from Property B and the characterization of such
sequences (Lemma [§]) that there is a basis (e1,e2) for G such that

s=ert.u.v,

where

U= i a;e; +e and V= bie1 + xies),
[l aer 2 [y e + )
with the a;,b; € [1,n] and the z; € [2,n — 1],

[U|>n, ai+...+a,=1 modn, and |U|+|V]=n—-1+k (21)

Note z; = 0 for some ¢ would ensure a zero-sum subsequence of length at most
n with terms from (e;), contrary to (20). If |[V| = 0, then Lemma [L5] can be
applied to complete the proof. Therefore we may assume |V| > 1. On the other
hand, |[V|=n—1+4k — |U| < k — 1 follows from (2I). In summary:

1< |VI<k—1. (22)

Let w1 : G — (e1) and 72 : G — (e3) be the projection homomorphisms, so
z = wey +yey has m1(2) = wey and 72(2) = yea. Then 7 (U) = ajer-...-ajyjer.
For an element xe; with z € Z, we let Te; € [1,n] be the least positive integer
congruent to x modulo n. By replacing es by ae; + ey for an appropriate
a € [1,n], we can w.l.o.g. assume

h:=h(m (U)) =vo(m (U)) <n -1, (23)
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where the upper bound follows lest S contain a zero-sum subsequence of length
at most n, contrary to . Let

s=|U|—h=|U|—vo(m(U)) >1

denote the number of nonzero terms in 71 (U), where the inequality follows in
view of |[U| > n and h < n — 1. We may assume by contradiction that S is a
counter example to the lemma, satisfying the above setup with respect to some
basis (e1,e2), with h <n — 1 maximal. For I C [1,|V]], we let

V(I) = Hiel(biel —+ J)ieg),

and we likewise extend this notation to mo(V)(I) = []ic; wiez, etc. If 0 €
Y (m(U)), then 0 € X, (5) follows (in view of the definition of U), contradicting
(20). Therefore, we can assume

0¢ Zn(m(U)). (24)

Step A: [V|>n—k+1.

Assume by contradiction 1 < |V| < n — k. Averaging this bound with ,
we obtain )
R (25)
Since mo(V) = 1 +... 2y € F([2,n—1]), Lemma applied to mo (V') implies
that there is a nonempty subset I C [1,|V|] such that

o= o)D) 2 11+ min{[ =LV = 1+1V], (20)

with the equality in view of Let m =n — o < n and let b = o(m(V)(1)).
In view of , we can apply Corollary [19[to 71 (U) (if m =0, so o = n, we do
not apply Corollary [19|and simply take U’ to be the trivial sequence) to find a
subsequence U’ | U with |U’| =n — o and

r=b+o(m(U") >min{|U| —n+2,n—0c+1}
=min{k+1—-|V|,n—0+1}. (27)

It follows that T = e[lnﬂ“] -U’-V(I) is a non-empty zero-sum subsequence of S
with
T|=n—r+|U|+|I|=2n+|I|—0c—r

We handle two short subcases based on which quantity attains the minimum in

(27).
Ifn—0c+4+1<k+1—|V|, then implies |T| < 2n+|I|—o—(n—0o+1) =
n+ I —1<2n—k— 1, with the latter inequality in view of |I| < |V| < n —k,

contradicting (20). If K +1 —|V| < n— o + 1, then and imply

17
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IT| <2n—|V|—(k+1—|V]) =2n—1-k, contradicting (20). As this covers
all cases, Step A is complete.
In view of Step A and , we have n — k + 1 < |V| < k — 1, implying
n+2

k> = (28)

Step B: s <2k —1—n.
Assume by contradiction that s > 2k — n, so
h=h(m(U)) <|U| -2k + n. (29)

In view of Step A, let V' | V be a subsequence with length n — k, say the first
n —k terms in V. Since mo(V') =21+ ... 2p_ € F([2,n — 1]), we can apply
Lemma |16| to m2 (V") to find a nonempty subset I C [1,n — k] such that

— -1
o= o (m(V)(D) = 1|+ min{[“5=],n—k} = |I| +n—k,  (30)
with the final equality above in view of . Then

m:=n—oc<k—|Il<k-1

Let b = o(m(V')(I)). If m =0, then T = e[ln_b] -V'(I) is a non-empty zero-sum
subsequence of V' with length |T| <n—-14+1I| <n—-1+|V|=2n—-1-k,
contradicting . Therefore we may assume m > 1. In view of , we can
now apply Lemma [18|to 71 (U) to find a subsequence U’ | U with |[U’| =n — o
and

r=b+o(m(U")) 2min{n,m+1,|U|—m+1,|U|—h—|—1,|U|—g+1}.
(31)

It follows that T' = e[lnﬂ] -U’-V(I) is a non-empty zero-sum subsequence of S
with

T =n—r+|U|+I|=2n+I|—-0c—r<n+k—r,
with the latter inequality above in view of . We handle five short subcases
based on which quantity attain the minimum in .

If r >n, then |T| <n+k—n=Fk<n-—2, contrary to . Ifr>m+1=
n—o+1,then |T| <2n+|I|—c—(n—o+1) =n+|I|-1<2n—k—1 (in view
of |I| < |V'| < n— k), contrary to 20). If r > [U|—m+1= Ul —n+o0+1,
then

T <2n+|I|—0— (U —n+o+1)=3n+|I|—1—|U| - 20
<n+2k—I|—1—|U| <2k—2,

with the second inequality from (30), and the third in view of [I| > 1 and
|U| > n. Combined with (20), it follows that 2n—k < 2k—2, implying k > 22,

18
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contrary to hypothesis. If r > |U| —h+ 1, then |T| < n+k—|U|l+h—-1<
2n — 1 —k (in view of ), contrary to . Finally, if » > |U| — § + 1, then
IT| <n+k—|U+%—1<k—1+ 7, with the latter inequality in view of
|[U| > n. Combined with , it follows that 2n — k < k — 1+ %, implying
k > % > 2"3—"’2, contrary to hypothesis. As this exhausts all possibilities,
Step B is complete.

In view of Step B, |U| >n and k < 2"3“, it follows that

2 1
h=vo(m(U)) > U] — 2k +14+n>2m—2k+1> ”; (32

Partition V' = V5-V} /5 V, where V3 | V consists of all terms = with m(z) = 2e;,
where Vj /5 | V consists of either all terms z with m(z) = [241]e; (if there
are no such terms or an odd number) or else all but one of the terms x with
mo(z) = [ ]ey (if there are a nonzero even number of such terms), and where
Vo contains all other terms. Note |V; /5| is either 0 or odd by construction. To
reduce floor and ceiling use, let

n+1 n+e
|— 2 -| - 2 ’

Partition [17“/‘] = J2 @] J1/2 @] J[) with V(JQ) = ‘/27 V(J1/2) = V1/2 and
V(Jo) = Vp. Let

so €€ [1,2] withe=n mod 2.

LM T , e |
U () = Hie[l,s](alel + 62)7 Vo = Hi€[1,|V2]](/Blel + 262), and

o n+e
Vi = Hie[1,|vl/2|](%€1 +— ez), where a; € [1,n — 1] and 8;,v; € [1,n].

Step C:3; <k—2andy; < k:—i—l—"T'"€ < % < "TJ“E’, for all i € [1,|Va]]
and j € [1,[Vy2]].

Suppose f; = n for some i, i.e., that 2e5 € Supp(V). Let S/ = S+ (2e5)71 -
ez + ex. Then |S'| = [S| +1 = D(G) + k, whence 0 € X<p(g)—x(S") by Theorem
Thus there is a nonempty zero-sum subsequence 7" | S” with |T'| < D(G) — k.
If v, (T) > 2, then T = T" - b2 . 2¢, is a nonempty zero-sum subsequence
of T with [T| = |[T"| =1 < D(G) — k — 1 = 2n — 2 — k, contrary to (20). On
the other hand, if v.,(T") < 1, then 77 | S (since v,(S) = h > 1) is a non-
empty zero-sum subsequence with |T'| = |T'| < 2n — 1 — k, contrary to . So

we instead conclude that 8; < n — 1 for all . Next consider T" = e[ln_ﬁi'_l] .

(Bie1 + 2eq) - H;e[l’n] (aje1 + e2) - el 2. Note T is a nonempty subsequence in
view of 8; <n — 1 and Step B, which ensures that v, (H;E[l,n] (ajer + 62)) >

n—(2k—1—n) = 2n—2k+1 > 2. Moreover, T is zero-sum since a1 +...4+a, =1
mod n (from (21))). Thus implies 2n — k < |T| = n — B; + n — 2, whence
B; < k — 2, as desired.
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Suppose v; > k + 2 — < for some i € [1,|Vi2|]. Then, since h > 2% >

n — 2x< it follows that T' = e[lnfﬂ“] (vier + “fe ) 6[2w2 Tisa nonempty zero-
sum subsequence of S with |T| =n —~; +1 —|— € < 2n —1—k, contrary to
[20). So we instead conclude that v; < k+1 — ”T*e < m483¢ for all 4, with the
latter inequality in view of k < 2"3+ L completing Step C.

Step D: VZeites (S> <1

Assume to the contrary that vz, i.,(S) > 2, which necessarily means n is
even. Let S’ = S+ (Zey 4+ e2)™@ - €5+ €. Then [S'| = |S| and h(m (U')) =
h(m(U)) + 2, where U’ | S’ consists of all terms x with ma(z) = e3. Suppose
there were a nonempty zero-sum subsequence T” | S’ with |T"| < D(G) — k. If
Ve, (T) > 2, then T =T"-e [ 2 +(Ze1+e2)1? is a nonempty zero-sum subsequence
of T with \T| |T"| < D(G ) - k = 2n — 1 — k, contrary to (20). On the other
hand, if v, (T") < 1, then T" | S (since v¢,(S) = h > 1) is a nonempty zero-sum
subsequence with |T| = |T'| < 2n — 1 — k, contrary to (20). So we instead
conclude 0 ¢ Yp(g)—,(S’). If the lemma holds for S” with basis (e7,€5), then
Ve, (87) = n — 1 forces e} = ey or e, = ey, say w.lo.g ¢} = ey, and then also
mo(x) is constant for all  # e; that occur in S’. However, the latter condition
fails for S” as |V| > 1. Therefore S’ is also a counterexample to the lemma, and
one with h(m1(U")) > h(m1(U)) = h, contradicting the maximality of h. So we
instead conclude that vz, i.,(S) < 1, completing Step D.

Step E: [Vo| < in—1.

Assume to the contrary that |Vp| > "_ . Let Vj | Vi be a subsequence with
V41 = [521 < b, sy U = Vo(f) with Jg  Jo. T2V < 2552 -1 < 2223,

then equahty cannot hold in this inequality (as then 2%-5 must be an even
integer, which is never the case), whence 2|Vj| < 2"3 , implying |VJ| < 223,
contrary to assumption. Therefore 2|Vj| > |2%=2]. By construction, 7T2(V0)

Z([3,n — 1]) with at most one term of m2(Vp) equal to [%EL]. Thus we can
apply Lemma to m2(V{) and thereby find a nonempty subset I C Jj with

o= o (m(Vo)(I)) > m+min{L2n_2

D=1+ 1 @)

If o =n, then T = eln b] - Vo(I) is a nonempty zero-sum subsequence, where

b=o(m(Vo)I)), with |T| <n—-14+|I| <n—-14+|Vj| < én—l < 2n —k, with
the final inequality in view of k < 2”“, contradicting (20). Therefore o < n.
By (33), (32) and |I| > 1, we haven—a<nf\l| L2”7 J < b < b Thus
T, = e[ln b V() - e " o1l - (a;e1 + €2) is a non-empty zero-sum subsequence
of S for any i € [1,n], where b; = o(m (Vp)(I)) + ase;. Since ag + ... +a, =1
mod n by , not all a; can equal zero, meaning there are two distinct choices
for the value of a;, and thus two distinct possibilities for b;. It follows that b; > 2
for some ¢ € [1,n], and now T; | S is a nonempty zero-sum subsequence with
IT| <n—bi+n—o+|I| <2n—2+|I|—0 < 2n—2— 22| <n+ 222 < 2n—F,
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with the third inequality by and the final inequality in view of k < %,
contradicting , which completes Step E.

In view of Step E, we have

2n — 2

2|Vl < | J. (34)

320 Step F: |Vl/2| =0.
Assume to the contrary that [V; /5| > 0, and thus |V} 5| is odd. Observe that

el My, 1T < J7° , .
U-ey Vo - Vigo Hie[l’s} (aier +e2) Hie[l,ﬂ/’?”(ﬁzel + 2e3)
n—+e . n+e n—+e
(vie1+ 2 e) - Hie[l,%(|vl/2|—1)] ((’721‘@1 + 9 e2) (y2i+1€61 + 5 62))-
Let

1
=5+ |Va| + §(|V1/2| -1)

and define sequences T; for i € [1,/] as follows:

T; = aze1 + es for i € [1, s],
T; = Bje1 + 2e fori=s+j€[s+1,s+|Val,
T; = (ye5e1 + nTHez) - (y2j41€1 + n;—eez) for i = s+ |Va| +j
with j > 1.
Note
p <
m|—{§ ST, d ot - 2 s3lcicot v

e i>s+ V| + 1.

Moreover, 1 < o(m1(T3)) < n —1 for i < s+ |V] (by definition of the «; and
Step C), and (also by Step C)

2 <o(m(Ty)) <2k+2-n—e < % <n—1 fori>s+|Vo|+1. (35)
Since s > 1, we have £ > 1. Since h <n—1and |U|+|V|=n—14k, Step E
imnplies s+ [Va |+ [Vi ol = U]+ [V —h— Vo] > (n—1+k)— (n—1)— (2 —1) =

»  k— %+ 1. In summary:

s+|V2|+\V1/2|2k—§+1. (36)

¢
By , we have h > "5€ > 1. If Y o(ma(T;)) > 5=, then let ¢/ < £ be
i=1
¢ 14
the maximal index with ) o(m2(T;)) < %3¢, in which case ) o (m(T3)) = "5*
i=1 i=1
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or 7€ — 1. Otherwise, let £/ = ¢. Since s > 1 and "5 > 1, we have £/ > 1.
Consider an arbitrary sequence T formed as follows. Begin with v1e1+ ”;6 eo and
sequentially concatenate additional terms as follows. For each i € [1, min{s, ¢'}],
choose to either concatenate a term equal to e; or the sequence T; = a;eq + es.
Next, we proceed to concatenate the sequences T; = Bje1 +2es for i = s+ j €
[s + 1, min{¢, s + |V2|}]. For each i = s + |Va| +j € [s + |Va| + 1,¢], choose
to either concatenate a term equal to es or else concatenate the sequence T; =

El
(v25€1 + ECeg) « (V254161 + es) instead. If Y- o(me(T;)) < 7€, concatenate
i=1

’

an additional 7€ — Z:IJ(’]TQ(E)) terms each equal to es. Then the sum of
=
the sequence as so constructed lies in (ey), say equal to be;. Complete the

construction of T by now concatenating the sequence e[ln_b] to yield a nonempty

zero-sum subsequence 1" | S (T" is a subsequence of S in view of h > %5<).
Let = y1e1+)_ fje1, where the sum runs over all j € [1, [Va|] with s+j < ¢'.
The possibilities for be; are precisely those elements from the sumset

min{¢,s}
B:=zx+ Z {0, ajer} + Z {0, (7v2; +v25+1)e1}
i=1 i=s+|Va|+jE[s+|Va]+1,¢']

Note that B is a sumset of (say) m > 1 cardinality two subsets: we have m > 1
since ¢, s > 1, and the sets have cardinality two since o(m(T;)) < n — 1 for
all i as remarked at the start of Step F. Apply Kneser’s Theorem to B and
let H = H(B). If H is trivial, then Kneser’s theorem implies there is some
be; € B with b > m + 1. If |H| > 2, then there will be some be; € B with
b > F+1> ”2_6—1—1 > /¢ +1>m+ 1. In either case, we find some be; € B
with

b>m+1. (37)

We proceed in several short subcases.

Suppose ¢/ = £ and ¢’ < s. Then, since £ > s, we conclude that £ = ¢ = s, in
which case V| =0, |[V1/2| = 1 and m = s. It follows that |T| = n—b+ 25 +1 <
% —s< % —k+ 5 < 2n —k, with the first inequality by and the
second by 7 which contradicts .

Suppose ¢’ < £and £’ < 5. Then V' =m = 25 and [T| = n—b+"5+1 <n
follows by (37), contradicting (20).

Suppose £/ = £ and s +1 < ' < s+ |Va]. Then |Vi)o| =1, 0 =L = s+ |V3|
and m = s. It follows that |T| = n —b+ 25° + 1 — |[Vo| < 2%=¢ — s — [I5] <
% —k+ 5 < 2n—k, with the first inequality by , and the second by ,
contradicting .

Suppose £’ < £and s+1 < ¢/ < s+|Va|. Then V' = |5("5
It follows that [T = n—b+s+1+[3(25—s)] < n+[3(%°—s)] < 3n < 2n—k,
with the first inequality by , the second as ¢ > 1 and s > 1, and third in

view of k < % and n > 5, contradicting .

(2<—s)|+sand m = s.

1
(
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Suppose ¢/ = £, ¢’ > s+ |Va| +1 and n is even. Then [V}, > 3, € = 2,
U =s+ |V2\ —|— T(Vije| —1) and m = s + § (|V1/2| —1). Tt follows that |T| =
— Vol <n—s— (|V1/2| 1)+ —|Va| = 3n — £ —1, with
the 1nequahty by . In v1ew of , s > 1 and the definition of ¢, we find
that £ > 2(k— % —s)+s>% — 2 4+ 7 Combined with the previous estimate,
we obtaln IT| < 5n — % — % < 2n — k;, with the latter inequality in view of
k < 225 contradicting (20)).

Suppose ¢ < £, ¢! > s+ |Va|+1 and n is even. Then [Vij2] >3, € =2, and

=s+ Ll("_6 | —s)| = L"‘2+25J [Va| > & — 5 — [Va|. Tt follows that
|T| —Val £ 3n—1 <2n—k, w1th the first inequality by
, and the becond in view of k < 2% contradicting (20).

In view of the above cases, it remains to consider when ¢’ > s+ |V2|+ 1 with

n odd, so € = 1, [Vi /5| > 3 and m > s. We aim to improve the estimate as
follows:

b>2m—s+1 (38)

for some be; € B. Let By =z + Z{O ajer}, and for ¢ € [0,m — s], let By be
-1
the sum of the first s +¢ summands in the definition of B, so

By = Bi_1 + {0, (v2¢ + v2t41)e1}  fort > 1.

We proceed inductively to show | max By| > s+1+2tfort = 0,1,...,m—s. Then
the case t = m — s will yield the desired bound . For ¢t = 0, the argument
used to establish applied to By rather than B yields max By > |Bo| > s+1,
which completes the base of the induction. Now assume ¢ > 1. The elements
b € B;_ are the possibilities for those constructed sequences T that use 0 rather
than (72; 4+ v2;+1)e1 for all j > t. For such T, we have [T'| <n—b+ 2 +1—1.
Since ensures |T'| > 2n —k, it follows that b < k — 2L +¢. This shows that

1
max B;_ 1<k—%+t

By , we have
2< v +7241 < 2k+1-n.

Consequently, if (2k +1 —n) + (k — 2 +¢) < n, then adding (v + V21+1)
to the largest element &' € B;_; yields an element b € By with 2+ < b < n,
and thus with b > s+ 1+ 2(t — 1) + 2 = s + 1 + 2t by induction hypothesis, as
desired. Assuming instead that (2k +1—mn)+ (k-2 +t) >n+1, it follows
that $(|Vijpe| —1) >t > 2n+ s — 3k. However, we have Vi < VI < k-1
by ([22), yielding 252 > 2n + 1 — 3k, and thus k > 23 This contradicts
that k£ < 2”+17 completlng the 1nduct10n and thereby estabhshmg the desired
improvement (| . We are now ready to finish the last two subcases.

Suppose ¢/ = £, ' > s+ |Vo| +1 and n is odd. Then [V, > 3, € = 1,
0 =5+ |Va|+ 3(|Vije] = 1) and m = s + $(|Vi/2] — 1). It follows that |T'| =
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n—b+1+251 —|Va|+3(|[Vijpo] = 1) < 3n—|Vo| — $|Vipe| —s=3n—0—1,
with the inequality in view of . In view of and s > 1, we have £ >
%(k -2 =5 +s> % -+ % Combined with the previous estimate, we find
that |T'| < %n — % _ 1 < 2n — k, with the latter inequality in view of k < %,
contradicting .

Suppose £’ < £, {' > s+ |Vo| 4+ 1 and n is odd. Then [V} ,5] > 3, € = 1, and
m = "T_l — 2|V4]. Moreover, by definition of ¢/ < ¢, we have

Vi

-1 _
B > o(m(T) 2 s + 20Vl + 1, (39)
=1

2

with the latter inequality following in view of ' > s+ |V5| + 1, and the former
in view of € = 1. It follows that |T| =n—b-+1+s+|Va| +2(25 — s —2|V|) =
2n —b— s — 3|Va| < n+ |Va|, with the inequality in view of (38). As a result,

implies that |V5| > n — k. However, and s > 1 imply [V5| < 275

1
which combined with n—k < |V3| yields k > ”T'%, contradicting the hypothesis

k< %, and completing the final subcase in Step F.

Since m3(Vp) € Z([3,n — 1]) with at most_one term of m3(Vp) equal to
[2+L] (by construction), we can apply Lemma to m2(Vp) and thereby find a
nonempty subset I C Jy with

— . 2n — 2
0 =0 (ma(Vo)(I)) = 1| + min{[=———], 2|Vol} = [T| + 2[Vo|, ~ (40)
with the latter equality in view of (34)). Note, if [Vo| = 0, then we simply take I
to be the empty set and set o = 0 (without using Lemma . In view of
and k < 2L it follows that

h>2n—-2k+1>k.

Let
s’ =min{s, s— (n—o—h)}.

We claim that
Vol + [Va| + ¢ >k —1, (41)

with equality only possible if s’ < s and |Vp| = 0. Indeed, if s’ = s, then Step F
implies |Vo| + V2| + s = |Vo|+ |Va|+s = |[U|+|V|—h=n—1+4+k—h > k, with
the final inequality in view of h < n —1 (by ) On the other hand, if s’ < s,
then [Vo| +[V2|+ 5" = [Vo| +[V2| +s —(n—o—h) = [U[+|[V|-h—(n—0—h) =
k=140 >k—1+2[Vy|, with the final inequality from (40). Thus is
established with the stated equality conditions.

By construction,

[min{h,n—0}] ) _ . .
€3 Hie[s’+1,s](azel +e) =21 Zng (42)

is a subsequence of S with length n — o, where z; = ey for ¢ < min{h,n — o},
and Zmin{h,n—o}+i = Qi€1 + ez for i € [1,s —s'].
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Step G: s’§n—a—2ands’§%(

1) <
Notes’<s<2k717n<nfk§%( 1) <h-1, Wlththesecond
inequality by Step B, the third in view of k< ”'H , the fourth from , and
the fifth as h > 2%t > 1 (in view of (32)).

Letting a = 0(71'1 (Vo)(I)) + asr1€1 + . .. + aseq, it follows that e[lnfa]-Vo(I)-
Z1* ... Zn—o IS a nonempty zero-sum sequence of length 2n —a + |I| — o <
2n—14+|W -0 < 2n — 2+ | 5] — o, with the latter inequality in view of
Step E. Consequently, (| ensures that 2n —k < 2n -2+ [5]| — o, in turn
implying o < | %] +k—2 <2+ 2] -2<n-2 Letm—n—a> 2
and b = o(m1(Vp)(1)). In view of ([24) and |U| > n, we can apply Lemma [1§] to
71 (U) to find a subsequence U’ | U with |U’| =n — o and

r:mzmin{n,m+1,|U|—m+1,|U|_h+1,|U|_g+1},

(43)

It follows that T' = el -U’ - Vu(I) is a non-empty zero-sum subsequence of S
with

m—k<|T|=n—r+|U|+|I|=2n+|I|—0—r, (44)

with the first inequality above in view of .

In view of Step B, k < 2”3—+1 and |U| > n, wehave s’ +1 < s+1<2k—n <
5+1<nands'+1 < §+1 < |U|-5+1. Wealso have s'+1 < s+1 = [U|-h+1.
Ifh<m=n-—o,then s +1 = |U|l —m+ 1, while h > m = n — o implies
§+1l=s+1<h+s—m+1=|U|l—m+1. Thus implies

r > min{m +1,s' + 1} > min{m, s’ + 1}.

If & >m—1, then r > m = n— 0. In this case, (44) and Step E yield
2n —k < n+|I| < n+|Vp| < 4 — 1, contradicting k < 2%H . Therefore
s’ <m —2=mn— o0 — 2, completing Step G.

Step H: ' +2|Vo| >n—o+ 1.

Assume to the contrary that s’ + 2|Va| < n — 0. Consider an arbitrary
sequence T' formed as follows. Begin with

Vo([) . V2 . 22|V2‘+5/+1 *...*2n—0-

For each i € [1, s'], choose to either concatenate the term z; = ey (in view of Step
G) or the term a;e; + e3. In view of s’ +2|Va| < n — o, the sum of the sequence
as so constructed lies in (e1), say equal to be;. Complete the construction

of T' by now concatenating the sequence e[lnfb] to yield a nonempty zero-sum

subsequence T | S. Note T being empty would imply [I| = 0 and n — o = 0,
while |I| = 0 is only possible by construction when |[Vy| = 0 = o, contradicting
that n — o = 0. Also,

IT|=2n b+ |I| -0 — Vo] <2n—b— V3| - 2[V0], (45)
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with the inequality from . Let x = 0'(71'1 (VO(I) Vo zvp st zn,a)).
Let
By ={0,a1e1} + ... +{0,ase1},

which is a sum of s’ > 0 cardinality two sets in view of the definition of the «;.
The possibilities for be; are precisely the elements from the sumset = + By. Let
H = H(By) and apply Kneser’s Theorem to By. If H is trivial, then Kneser’s
Theorem implies |By| > s’ + 1, in which case there is some be; € x + By with
b > s’ +1. On the other hand, if |H| > 2, then there is some be; € x + By with
b> % +1>2k—n>s+12>s +1, with the second inequality since k < %
and the third from Step B. In either case, we can find some such zero-sum
subsequence T with b > s’ + 1, with equality only possible if x + By = [1, s’ +1].
Thus and (1)) imply |T'| < 2n—1—35"—|Vo| =2|Vp| < 2n—k—|Vp| < 2n—k.
Combined With, we conclude that |T'| = 2n — k, and so equality must hold
in all estimates used to derive |T| < 2n— k. In particular, equality holds in
and , ensuring s’ < s, and thus i < n — o, and we must also have

[Vo|=0 and x+ By=][1,s +1].

Since ' <h —2 <n—o0—2 (by Step G), it follows that z, 41 = 2542 = €a.
Since V' = Vy- V2 (By Step F) with [V| > 1 and |Vo| = 0, it follows that [V2| > 1.

Now consider the sequence T' = "™V 7. (B1e; + 2e5)7Y - e Since
[Va| > 1 and 2541 = 2542 = eg, it follows that 77 | S - e[l_("_l)]. Let b'e; =
o(m(T") = (b— B1)er. In view of x + By = [1, s’ 4 1], we see that

—B1+ 1,8 +1]
is the set of possible values for b’. Now e[ln_bl] -T" is a nonempty zero-sum

subsequence of S with length
T =T +1-b+b=2n—b —|Vo| +1=2n—k+s +2' =V,

with the second equality following as equality holds in and |Vo| = 0, and the
third equality holding as equality holds in 1] and |Vp| = 0. As a result,
implies b’ € [1,s’ +2]. Consequently, since —f; + [1, s’ + 1] is the set of possible
values for b/, we conclude that 3; € {n—1,n} (note s’ < s <2k—1-n<n-—1
by Step B). However, this contradicts Step C, completing Step H.

Step I: [2=2=5"| > 2k —1—n—o + |]|

If Step I fails, we obtain ”_%s/_l < 2k — 2 —n — o + |I|, which implies
2k > 384 Jo— 38/ —|1| > 3B L6 |V | -5 ]| > 33— 18" > 2n4-2—k, with
the second inequality from (40]), the third since 0 < |I| < |Vp], and the fourth
from Step B and s’ < s. However, this contradicts the hypothesis k < %,

completing Step I.

Let

min{h,n —o} — s n—o—s

to=| 5 1>1, t=|
ty =min{to, t =2k +2+n+o—|I|} > 1,

>1
2 =1
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with the inequalities in view of Steps G and I. Note ¢y < ¢. Consider an arbitrary
sequence T formed as follows. Begin with V5(I) and sequentially concatenate
additional terms as follows. For each ¢ € [1,s'], choose to either concatenate
the term z; = e (by Step G) or the term ;e + e3. Next, for each i =s'+j €
[s'+1,s" +t1], choose to either concatenate the sequence zg49;_1* 25425 = 6[22]
(in view of t; < to and the definition of #y) or the term f;e; + 2ey (this term
exists in view of Step H). For each i = s’ +j € [¢' + {1 + 1, s’ + t], concatenate
the term fBje; + 2ez (there are enough such terms fje; + 2e2 in view of Step
H). Finally, if n — o — ¢’ is odd, so that t < m, concatenate the term

2
Zn—o. The sum of the sequence as so constructed lies in (e1), say equal toibel.

Complete the construction of T" by now concatenating the sequence e[ln_b] to

yield a nonempty zero-sum subsequence T | S. Note T being empty would
imply |I| = 0 and n — o = 0, while |I| = 0 is only possible by construction when
|[Vo| = 0 = o, contradicting that n — o = 0. By construction,

IT|=2n—b—0+|I| —ra(T), where ro(T) € [t — t1,1] (46)

denotes the number of terms in 7" of the form 3;e; + 2es. Note, by definition of
t1, we have
Tg(T)Zt—t122ki—2—’l’L—0'+|I|. (47)

Let z = o(m (Vo)(I))+ ‘—tzt:ﬂﬂjel (ifn—o—s"iseven) or x = o(m (Vo)(I))+

¢
> Bjer +mi(zn—0o) (if n— 0o — " is odd). For j € [0,¢1], let
j=t1+1

s’ J
Bj = Z{O, 047;61} + 2{07 /Biel}7
i=1

i=1

where we set By := {0} in case s = 0. Step C and the definition of the «;
ensures that each Bj; is sumset of cardinality two sets (except By when s’ = 0).
The possibilities for be; are precisely those elements from the sumset z + By, .
In view of and (20), we have 2n — k < |T| < 2n — b — o + |I| — ro(T),
implying

b<k—o+|I|—r(T)<n—k+2, (48)

with the latter inequality above in view of (7). Let H = H(By). Apply
Kneser’s Theorem to By. If |H| > 3, then, given any y € (e1), there will
be some ae; € y + By with @ > %" + 1 > k. In particular, there is some
be; € z+ By, with b > k, contradicting in view of (28). Therefore |H| < 2.
If H is trivial, then Kneser’s Theorem implies |By| > s’ + 1. If |[H| = 2, then
s’ > 1, while Step D ensures that at most one of the sets in the defining sumset
for By has cardinality one modulo H, in which case Kneser’s Theorem implies
|Bo| > |H|s' = 28" > s’ + 1. In either case,

|Bo| > &' + 1.
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We proceed to show by induction on j =0,1,...,¢; that

_ "
max (x +y+ Bo+ ZJ, 161-) >s' +1+j, foranyye 3 {0,Bier}. (49)
= i=j+1

The case j = 0 follows from |By| > s’ + 1, so assume j > 1. By (48), we have

. t
By = max (m +y+ By + Zf;llﬁl) <n—k+2foranyy € 21:{0, Bie1}, and thus
i=j

t1 7:1
also for any y € > {0,8;e1} C > {0, 8;e1}. By Step C, we have 5; < k — 2.
i=j+1 i=j

Thus 8, + 3; < n, ensuring 8, + B; = By + §; = max (x +y+ By + Zgzlﬁi),

t1
forany y € > {0,Bie1}. Since 8, + B; > By, the desired bound follows in
i=j+1
view of the induction hypothesis applied to 8, = max (x +y+ By + 23;11 ,-),
and is established.
In view of applied with j = ¢, it follows that we can find some choice
of T such that

ro(T)=t and b>s +1+t. (50)

We handle three final subcases based on which quantities obtain the minimums
in the definitions of ¢; and tg.
Suppose t; =t — 2k +2+n+ o — |I|. Then

IT|=2n—b—o+|I|—r(T)<2n—1-5"—c+|I[|-t—t
=n+2k—s —3+2|I|—20—2t
<ok —2+2|-0<2% -2 |Vo|<2%—-2<2m—Fk—1,

with the first equality by , the first inequality in view of , the second

inequality by definition of ¢, the third from and |I| < |Vp], the fourth as

[Vo| > 0, and the fifth in view of k < @ However, this contradicts (20)).
Suppose t; = tg =t. Then

IT|=2n—b—o+|I|-rm(T)<2n—1-5§ —oc+|I|-t—t
=2n—1—s§"—o+|I| -2t
4
<n+|I| <n+ |V < gn—1<2n—k,
with the first equality by , the first inequality in view of , the second
equality in view of the assumption ¢; = ty = ¢, the second inequality by defini-

tion of ¢, the third since |I| < |Vp|, the fourth from Step E, and the fifth in view
of k < % However, this contradicts .
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Finally, suppose t; = tg = Lh’_zslj < t. Then

IT|=2n—b—c+|I|-r(T)<2n—1—5 —a+|I| -t —t

h_/
—om—1-s -+ I —t—| QSJ
—o—h —h- 1
<3 2'7 I . |V°|§"2 +k<2n—k,

with the first equality in view of , the first inequality in view of , the
second inequality by definition of ¢, the third from and |I| < |Vp|, the fourth
from |Vy| > 0, (82) and |U| > n, and the fifth in view of k < 2%t However,
this contradicts, completing the proof. O

We can now prove our main results quite readily.

PROOF. (Theorem Since k < % = % and k £ 0 mod p, Lemma

implies there exists a minimal zero-sum subsequence U | S with |U| = D(G).
Since 2 < k < 2”37“, applying Lemma [20] completes the proof. O
PROOF. (Theorem [4)) Since 2 < k < % < p, it follows that p 1 k, and so the
result is simply a special case of Theorem O
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