ON PRODUCT-ONE SEQUENCES OVER DIHEDRAL GROUPS
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ABSTRACT. Let G be a finite group. A sequence over G means a finite sequence of terms from G,
where repetition is allowed and the order is disregarded. A product-one sequence is a sequence whose
elements can be ordered such that their product equals the identity element of the group. The set of all
product-one sequences over G (with concatenation of sequences as the operation) is a finitely generated
C-monoid. Product-one sequences over dihedral groups have a variety of extremal properties. This
article provides a detailed investigation, with methods from arithmetic combinatorics, of the arithmetic
of the monoid of product-one sequences over dihedral groups.

1. INTRODUCTION

Let G be a finite group. A sequence over G means a finite sequence of terms from G, where repetition
of terms is allowed and their order is disregarded. A sequence is called product-one free if no subproduct
of terms (in any order) equals the identity of the group, and it is called a product-one sequence if its terms
can be ordered such that their product equals the identity of G. The small Davenport constant d(G) is
the maximal length of a product-one free sequence and the large Davenport constant D(G) is the maximal
length of a minimal product-one sequence (a minimal product-one sequence is a product-one sequence
that cannot be factorized, or say partitioned, into two nontrivial product-one sequences). The study of
sequences, their subsequence products, and their structure under extremal properties is a classical topic
in additive combinatorics.

If G is additively written and abelian, then we speak of zero-sum free sequences, zero-sum sequences,
and of sequence subsums. Their study is a main objective of zero-sum theory, which has intimate
connections to various areas of combinatorics, graph theory, finite geometry, factorization theory, and
invariant theory. Although, for a long time, the focus of study was on the abelian setting, the study
of combinatorial invariants in the general setting dates back at least to the 1970s when Olson gave an
upper bound for d(G) ([33]). There are recent studies on (small and large) Davenport constants, on
the Erdés-Ginzburg-Ziv constant s(G), and on the constant E(G), which asks for the smallest integer £
such that every sequence over G of length at least ¢ has a product-one subsequence of length |G| (e.g.,
[3, 011 26, 4, 27, B2 B1]). These investigations were pushed forward by new applications to invariant
theory and to factorization theory. To begin with invariant theory, let B(G) denote the Noether number
of G. If G is abelian, then B. Schmid [36] observed that d(G) + 1 = 8(G) = D(G). If G has a cyclic
subgroup of index two, then it was shown by Cziszter, Domokos, and by two of the present authors that
d(G) +1 < B(G) < D(G) ([12,[7]). For general groups the relationship between the Davenport constants
and the Noether number is open, but in all cases studied so far we have d(G) + 1 < 8(G) ([8, @] [6]).

To discuss the connection with factorization theory, we first observe that the set B(G) of product-one
sequences over GG is a finitely generated (commutative and cancellative) monoid with concatenation of
sequences as its operation. The atoms (i.e., the irreducible elements) of B(G) are precisely the minimal
product-one sequences over G. First, let G be abelian and, for simplicity, suppose that |G| > 3. Then
B(G) is a Krull monoid with class group (isomorphic to) G and every class contains precisely one prime
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divisor. If H is any Krull monoid with class group G and prime divisors in each class, then there is
a transfer homomorphism 6: H — B(G) implying that arithmetical invariants (such as sets of lengths,
catenary degrees, and more) of H and of B(G) coincide. The arithmetic of B(G) is studied with methods of
additive combinatorics and the long-term goal is to determine the precise value of arithmetical invariants
in terms of the group invariants of G and/or in terms of classical combinatorial invariants such as the
Davenport constant. We refer to [15] for the interplay of the arithmetic of Krull monoids and additive
combinatorics, and to the survey [38] for a discussion of the state of the art.

Monoids of product-one sequences over finite groups are C-monoids. C-domains and C-monoids are
submonoids of factorial monoids with finite class semigroup. They include Krull monoids with finite
class group (and in that case the class semigroup coincides with the usual class group) but also classes
of non-integrally closed noetherian domains (such as orders in number fields). The finiteness of the
class semigroup yields abstract finiteness results for arithmetical invariants, but so far no combinatorial
description of invariants in terms of the class semigroup are available (as is the case for Krull monoids)
let alone any sort of precise results.

In the present paper, we study the arithmetic of the monoid of product-one sequences over dihedral
groups G of order 2n for odd n > 3, and we obtain precise results. These dihedral groups were chosen
because their arithmetic shows extremal behavior among all finite groups (see Proposition and The-
orem , such as cyclic groups and elementary 2-groups do among all finite abelian groups. We do not
involve algebraic considerations (structural results on the class semigroup of monoids of product-one se-
quences were recently established in [29] Section 3]) but work with methods from additive combinatorics.
We use substantially the recent characterization of minimal product-one sequences of maximal length
(Proposition [2.4) and a recent refinement ([2I]) of the Partition Theorem ([24, Chapters 14 and 15]). Let
G be a dihedral group of order 2n for some odd n > 3. In the short Section [3] we do some necessary
algebraic clarifications. Theorem states that w(G) = 2n. Theorem states that the set of distances
A(G) is equal to [1,2n — 2], and the set of catenary degrees Ca(G) equals [2,2n]. Theorems and
give detailed information on crucial subsets of A(G) which describe the structure of sets of lengths.

2. BACKGROUND ON THE ARITHMETIC OF MONOIDS

Our notation and terminology are consistent with [I3], 24]. We briefly gather some key notions and fix
notation. We denote by N the set of positive integers. For rational numbers a,b € Q, [a,b] = {x € Z: a <
x < b} means the discrete interval between a and b. For an additive group G and subsets A, B C G,
A+B={a+b: a€ Abec B} denotes their sumset and, for every k € N, k- A = A+...+ A is the k-fold
sumset of A. For A C Z, the set of distances A(A) is the set of all d € N for which there is a € A such
that ANfa,a+d] = {a,a+d}. If A C Ny, then p(4) = sup(ANN)/min(ANN) € Q>1 U {oo} denotes
the elasticity of A with the convention that p(A) =1if ANN = (.

2.1. Monoids. Throughout this paper, a monoid means a commutative, cancellative semigroup with
identity. Let H be a monoid. Then H* denotes the group of invertible elements, A(H) the set of atoms
of H, q(H) the quotient group of H, and Hyeq = {aH*: a € H} the associated reduced monoid of H. A
submonoid S C H is said to be divisor-closed if a € H,b € S and a | b implies that a € S. For a subset
E C H we denote by

e [E] C H the smallest submonoid of H containing E, and by

e [E] C H the smallest divisor-closed submonoid of H containing F.
Clearly, [E] is the set of all a € H dividing some element b € [E]. If E = {a4,...,an}, then we write
[a1,...,an] = [E] and [a1,...,an] = [E]. We denote by

e H' ={x € q(H): thereis N € N such that 2™ € H for all n > N} the seminormal closure of H,

e H={z€q(H): 2™ € H for some n € N} the root closure of H, and by

o H = {x € q(H): there is ¢ € H such that cz™ € H for all n € N} the complete integral closure of

H.
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Then H C H' ¢ H C H C q(H ), and H is called seminormal (root closed, resp. completely integrally
closed) if H=H' (H = H, resp. H = H). For a set P, we denote by F(P) the free abelian monoid with
basis P whose elements are written as

o= [Ir € F(P).

peP

where v,: H — Np is the p-adic valuation of a. We call |a| = 37 _pvp(a) € No the length of a and
supp(a) = {p € P: vy(a) > 0} C P the support of a.

The monoid Z(H) = F(A(Hea)) is the factorization monoid of H and the unique epimorphism
m: Z(H) — Hyeq, satisfying m(u) = u for all u € A(Hyeq), denotes the factorization homomorphism.
For a € H, we denote by

e Z(a) = 7 1(aH*) the set of factorizations of a,
o L(a)={|z|| z: 2z € Z(a)} C Ny the set of lengths of a, and
o L(H)={L(a): a € H} the system of sets of lengths of H.

Note that L(a) = {0} if and only if @ € H* and that L(a) = {1} if and only if a € A(H). The monoid
H is called atomic if Z(a) # ( for all a € H (equivalently, if every a € H \ H* has a factorization into
atoms), and H is called half-factorial if |L(a)| = 1 for all a € H. We denote by

(2.1) AH)= |J A@) cN
LeL(H)

the set of distances of H. If A(H) # (), then

(2.2) min A(H) = ged A(H).

For an atomic monoid H with H # H* and every k € N, let

(2.3) u.H)= |J L cN
kELEL(H)

denote the union of sets of lengths containing k. Then pp(H) = supUy(H) is the k-th elasticity of H and
(see [13| Proposition 1.4.2])

(2.4) p(H) =sup{p(L): L € L(H)} = lim pk;H)

is the elasticity of H. We define a distance function d on Z(H). If 2,2/ € Z(H), then z and 2z’ can be
written uniquely in the form

Z=UL e UV e Uy, and 2 = Uy UWY . W,

where £, m,n € Ny, all u;, vj, wy € A(Hyeq), and {v1,..., v }N{ws,...,w,} =0, and we define d(z, 2’) =
max{m,n} € Ny.

2.2. Product-one sequences over finite groups. Let G be a multiplicatively written finite group
with identity 1¢ € G and let Gy C G be a subset. Then (Gy) C G is the subgroup generated by Gy and
G' = (g th~lgh: g,h € G) C G is commutator subgroup of G. If G is (additively written) abelian, then
H(Go) = {9 € G: g+ Go = Go} denotes the stabilizer of Gy. We say that a subset A C G is H-periodic
if H < H(A), which is equivalent to A being a union of H-cosets. We use ¢y : G — G/H to denote
the natural homomorphism. For every n € N, C,, denotes a cyclic group of order n and Dsy,, denotes a
dihedral group of order 2n.

Elements of F(Gy) are called sequences over G. Thus, in combinatorial language, a sequence means
a finite sequence of terms from Gy which is unordered with the repetition of terms allowed. In order to



4 ALFRED GEROLDINGER AND DAVID J. GRYNKIEWICZ AND JUN SEOK OH AND QINGHAI ZHONG

distinguish between the group operation in G and the operation in F(Gg), we use the symbol - for the
multiplication in F(Gp) and we denote multiplication in G by juxtaposition of elements. Let

S = gr*...*gr = HQEGOQ[VQ(S)]

be a sequence over Gy. Then

e h(S) = max{v,(S): g € Go} is the mazimum multiplicity of a term of S,

o k(S) = Zle m € Q is the cross number of S, and

o 7(S) =1{9-1)---9r¢) € G: 7 is a permutation of [1,/]} C G is the set of products of S,
and it is readily seen that w(S) is contained in a G’-coset. If |S| = 0, then we use the convention
that w(S) = {lg}. When G is written additively with commutative operation, we likewise let o(S) =
g1+ ...+ gr € G denote the sum of S. For n € Ny, the n-sums and n-products of S are respectfully
denoted by

Sn(S) ={o(T): T|Sand [T|=n} CG and ,(S)= |[J =(T)cG.
T|S,|T|=n

The subsequence sums and subsequence products of S are respectively denoted by

2(8) = |J Ba(S) and T(S) = | J M.(S) C G.

n>1 n>1

A map of groups ¢: G — H extends to a monoid homomorphism ¢: F(G) — F(H) by setting ¢(S) =
o(g1)+...-p(ge) € F(H). If ¢ is the multiplication by some m € N, then we set mS = (mgy)-...-(mge).
For a subset X C Gy, we let Sx denote the subsequence of S consisting of all terms from X. The
sequence S is called

e a product-one sequence if 1¢ € w(S5),

e product-one free if 1 ¢ II(S).
The set

B(Go) = {S € f(Go) 1g € ’/T(S)} C .F(G())

is a finitely generated submonoid of F(Gy), called the monoid of product-one sequences over Gy. For all
arithmetical invariants *(H) defined for a monoid H, we write *(Gy) instead of *(B(Gy)) (although being
an abuse of notation this is a usual convention that will not lead to confusion). Similarly, we say that
Gy is (non-)half-factorial if B(Gy) is (non-)half-factorial. The atoms of B(Gy) are also called minimal
product-one sequences. Since B(Gy) is finitely generated, A(Gp) is finite,

o K(Go) = max{k(S): S € A(Go)} € Q>0 is the cross number of Gy,

e D(Gy) = max{|S]|: S € A(Gy)} € Ny is the large Davenport constant of Gy, and

e d(Gy) = max{|S|: S € F(Gy) is product-one free} € Ny is the small Davenport constant of Gy.

It is easy to verify that

(2.5) d(G)+1<D(G) < |G| and K(G) < max{1, %G)}

Let G be a finite group and Go < G a proper subgroup. Then d(Gp) < d(G) and D(Gy) < D(G). If
G is abelian, then D(Gy) = 1 +d(Gy) < 1 +d(G) = D(G). If G is not abelian, then we might have
D(Go) = D(G), as it is outlined in the next example.

Example 2.1. We consider the semidirect product

G = C5 x5 Cy = (a,b: a® =b* =1,bab™ ! = a?).
Thus G is a group with 20 elements and Table 1 in [9] shows that D(G) = 10. Let Gy = (a,b?) C G.
Then G is a dihedral group with 10 elements, whence D(Gp) = 10 = D(G).
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Thus the example shows that the subgroup Gy (with Gy < G proper and D(Gy) = D(G)) can be
dihedral (for some consequences, see Proposition , but the next lemma shows that G cannot be
abelian.

Lemma 2.2. Let G be a finite group and Gy < G a subgroup with D(Go) = D(G).
1. If D(Go) =14+ d(Go), then Go = G.
2. If G is nilpotent but not a 2-group, then Gy is not generated by elements of order two.

Proof. 1. Let S € F(Gy) be product-one free with |S| = d(Gp). Assume to the contrary that there is an
element g € G\ Gy. Then S - g is product-one free, whence

D(G) =D(Gp) =14d(Gy) <1+]|S-g| <1+d(G) <D(G),

a contradiction.

2. Let G; C G be a subgroup that is generated by elements of order two. It suffices to show that
D(G1) < D(G). Since finite nilpotent groups that are generated by elements of order p are p-groups (|28
Corollary 2.4]), it follows that G is a 2-group, thus contained in the Sylow 2-group. As a finite nilpotent
group is the direct product of its Sylow subgroups (which are each normal for nilpotent groups), there is
a non-trivial group Go < G (any nontrivial Sylow p-group with p # 2) such that G; x G5 is a subgroup
of G, which implies that D(G1) < D(G; x G2) < D(G). O

Proposition 2.3. Let G be a finite group with |G| > 1.

1.
= |G| G is either cyclic or a dihedral group of order 2n for some odd n > 3,
D(G) eilel )
< 1 otherwise.

2. Consider the following two conditions:
(a) G is either an elementary 2-group or has a subgroup Gy < G which is a dihedral group of
order 2n for some odd n > 3 with D(Gp) = D(G).
(b) K(G) =2,
Then (a) implies (b). If G is nilpotent and (b) holds, then G is a 2-group and it is an elementary
2-group in the abelian case.

Proof. 1. See [23, Theorem 7.2].
2. (a) = (b) If G is elementary 2-group, then by [I3, Corollaries 5.1.9 and 5.1.13], we obtain that

1 1+d(G D(G
K(G) = - +k(G) = 2(): (2)

Suppose that Gy = {a,7|a" = 72 = 1g and Ta = a~!7) < G is a dihedral group of order 2n for some
odd n > 3 with D(Gy) = D(G). Then Equation (2.5) shows that K(G) < @. On the other hand, it is
easy to verify (or use Proposition that S = (ar) . 717 is a minimal product-one sequence with

S| = 2n = D(Go) = D(G) and k(S) = 27” _ DG

Now suppose that G is nilpotent and (b) holds. Suppose that K(G) = =5~ and note that K(G) > 1

since |G| > 1. Then there exists S = g1 ... g¢r € A(G) such that k(S) = =5=. Then ord(g;) > 2 for all
i € [1,¢], whence
S|

‘W_w_;@g'g'.

Therefore |S| = D(G) and ord(g;) = 2 for all ¢ € [1,¢]. Thus Go = (g1, ..., gs) is generated by elements
of order two and D(Gp) = D(G). If Gy is abelian, then G is an elementary 2-group and since D(Gy) =
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1+ d(Gp), Lemma 1 implies that G = Gy is an elementary 2-group. If G is nilpotent, then Lemma
2:212 implies that G is a 2-group. O

The associated inverse problem with respect to the Davenport constant asks for the structure of
minimal product-one sequences of length D(G). Even for abelian groups, the inverse problem is settled
only for a small number of cases, namely for cyclic groups and elementary 2-groups (for them the problem
has a trivial answer), for groups of rank two, and for groups of the form Cy @ Cy @ Cy,, ([37]). Dihedral
and dicyclic groups are the only non-abelian groups for which a characterization of product-one sequences
of length D(G) is available. We cite the result for dihedral groups of order 2n, where n > 3 is odd (see
[32] Theorem 4.1]).

Proposition 2.4. Let G be a dihedral group of order 2n, where n > 3 is odd. A sequence S over G of
length D(G) is a minimal product-one sequence if and only if it has one of the following two forms:
(a) There exist o, € G such that G = (o, 7 | o™ =712 = 1g and Ta = a~'7) and S = al?*~21 . 712,
(b) There exist a,7 € G and i,j € [0,n — 1] with ged(i — j,n) = 1 such that G = {a,7 | a" = 12 =
lg and Ta = a~'7) and S = (a'7)" + (ad 1),

3. ALGEBRAIC PROPERTIES

In this section, we study ideal theoretic properties of monoids of product-one sequences. Our references
for ideal theory are [25] [13]. Let H be a monoid. We denote by s-spec(H) the set of prime s-ideals of
H and by X(H) C s-spec(H) the set of minimal nonempty prime s-ideals of H. For a prime ideal p € s-
spec(H), we denote by H, = (H \ p)"'H C q(H) the localization at p. The monoid H is said to be
weakly Krull if

H= m H, and {peX(H):acp} isfiniteforallac H.
pEX(H)

The localizations H, are primary, and all primary monoids are weakly Krull. If all localizations H, are
discrete valuation monoids, then H is a Krull monoid. A domain R is weakly Krull if and only if its
multiplicative monoid R*® of nonzero elements is weakly Krull. Atomic domains having only finitely many
non-associated atoms (i.e., Ry 4 is a finitely generated monoid) are called Cohen-Kaplansky domains (]2,
Theorem 4.3]), and they are weakly Krull ([I, Corollary 5]). However, in contrast to the ring setting,
finitely generated monoids are not weakly Krull in general. Root-closed finitely generated monoids are
Krull and hence weakly Krull. In this section, we show that the monoid of product-one sequences over a
finite group is weakly Krull if and only if the group is abelian (Theorem [3.3).

Proposition 3.1. Let G be a finite group.
1. X(B(G)) ={py: g € G}, where py = {A € B(G): vg(A) > 1} for each g € G.
2.
B@) ={SeF@):n(S)c@}= () B@G),.
PEX(B(G))
Proof. We set H = B(G), F = F(G), and n = lem{ord(g) | g € G}.
1. Let g € G. Clearly, p, is a prime s-ideal of H. Since gl°r49)! € p,\ p;, for all h € G'\ {g}, it follows
that py # pp, and pgy C pp, for all h € G\ {g}. Thus it remains to show the following claim.
A. Let p € s-spec(H). Then there is a g € G such that p, C p.
Proof of A. Let A=g1+...-gx € p. Then

d(gy [n/ord(g1)] . ‘ [n/ord(gx)]
Al — (ggo d(g )]) . (g,[f d(gk)]> ep,
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whence there is some g € {g1,...,gx} such that glord@] e p. We assert that pg C p. Assume to the
contrary that there is some B € py \ p, say B=g+ho-...+ hy. Since glerd@] e p it follows that

B[n] _ (g[ord(g)]) [n/ ord(g)] . (h[Qord(hQ)]> [n/ ord(hz)] . (hgord(hg)]) [n/ ord(hy)] c

3

whence B € p, a contradiction. O[Proof of A.]

2. We proceed in three steps.

(i) Let a = ¥ € H, where s1,s2 € H. Then there exists ¢ € H such that ca™ € H C F for alln € N.
Since F is completely integrally closed, we have a € F and w(a) C {zy~! | # € 7(s1) and y € 7(s2)} C G'.
Thus we have H C {a € F | w(a) C G'}.

(ii) In order to prove that {a € F' | m(a) C G} C (e x(ar) Hp it suffices to verify that f € (,cx(mr) Hp
for every f € G'. Since G’ = (ghg~'h~' | g,h € G), it is sufficient to show that ghg='h~1 € Npexm) Hp
for all g,h € G. Let g,h € G and f = ghg 'h™'. If f =1, then f € ﬂpex(H) H,. Suppose f # 1. Since

f: f.h[n].g.g_l _ f.h.h_l.g[n] _ f.h.h_l.(hg)[n] _ f.g.g_l.(hg)[n]
h[”] cg- g*l h+h-1. g[”] h+h-1. (hg)[n] qg- g*l . (hg)[n]

and  f-h™.g.g7t fen-nTte gl f.h.hfl.(hg)[n], f.g.gfl.(hg)[n]€H7

we have f € H,, forall z € G\ ({g,g’l,h} N{h,h= gy N{h,h=1 hg} N {g,g’l,hg}) = G. Thus the
assertion follows from 1.

(iii) Let a = j—; € ﬂpex(H) H,, where si,so € H. Then for every g € G, a € H,, implies that
Vg(s1) > vg(s2). Therefore sy |r s1 and hence a € F. By the definition of n, we know that a” € H. Let
c = s% € H. Then, for every k € N and every r € [0,n — 1], we have ca*"*" = a*"s7s}™" € H whence

acH. O

€q(H),

Lemma 3.2. Let G be a finite group and Gy C G a subset. Consider the following conditions:
(a) 14 d(Go) < D(Gy).
(b) There exist distinct U,V € A(Gp), 1 # W € B(Go) and m € N such that Z(VI™)Z(W) c Z(U™).
(¢) G is not abelian.

Then (a) = (b) & (c).

Proof. (a) = (b) Let U =go - ...+ g¢ € A(Go) with |U| = D(Gp). Since 1 +d(Go) < D(Gg) =1+ ¢, it
follows that g1 - ... - g¢ is not product-one free. Thus there is V € A(Gq) such that U =V - S for some
1 # S € F(Gp). There is some m € Nsy such that W = SI™ € B(Gy), whence U™ = VI . W and
Z(vimhz(w) c zU'lm).

(b) = (c¢) Let U,V € A(Go) and 1 # W € B(Gy) with U™ = VI™.1W and assume to the contrary that
G is abelian. Then (VI=U. )M € B(G) and since B(G) is root-closed, it follows that VI~ .U € B(G)
whence V = U, a contradiction to W # 1.

(¢) = (b) There exist g, h € G such that gh # hg. We consider the sequence

U=g-h-g~'-(gh7'g7") € AG)
and set m = ord(hgh™'g™') € N. Then V = (g-g7 ') € A(G), W = (h- (gh~'g~")™ € B(G)\ {1}, and
glm = yiml .y 0

Theorem 3.3. Let G be a finite group.

1. The following statements are equivalent:
(a) G is abelian.
(b) B(G) is Krull.
(¢) B(G) is transfer Krull.
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(d) B(G) is weakly Krull.
(e) If U,V € A(G), W € B(G), and m € N such that Z(VI™)Z(W) c Z(U™), then U =V and
W =1.
2. B(G) is seminormal if and only if |G'| < 2. In particular, a dihedral group of order 2n, where
n > 3 is odd, is not seminormal.

Proof. 1. (a) = (b) = (c) This is obvious.
(¢) = (a) See [29], Proposition 3.4].
(d) < (b) Every Krull monoid is weakly Krull. If B(G) is weakly Krull, then Proposition implies
that
BG) = (] B(G),=BG),
pex(B(a))

whence B(G) is completely integrally closed and so B(G) is Krull.
(e) < (a) This follows from Lemma (with Go = G).
2. See [30), Corollary 3.12]. O

4. ON THE OMEGA INVARIANT

Let H be an atomic monoid. For an element a € H, let w(H,a) be the smallest N € Ny U {co} with
the following property:

If n e Nand ay,...,a, € H with a | aj ... - ay, then there exists a subset Q C [1,n] such that

Q< Nanda|]],cqan-
Furthermore, we set

w(H) =sup{w(H,a): a € A(H)}.

Thus w(H,a) = 1if and only if a € H is a prime element, and for an atomic monoid H that is not a group
we have w(H) = 1 if and only if H is factorial. If H satisfies the ascending chain condition on divisorial
ideals or if H is strongly primary, then w(H,a) < oo for all @ € H. Furthermore, w(H) < oo if and only
if H is globally tame (|14 Proposition 3.6]) whence w(H) < oo for all finitely generated monoids. If G is
a finite group, then we set w(G) := w(B(G)) and since B(G) is finitely generated, we have w(G) < co. If
G is abelian with |G| > 3, then it is easy to see that w(G) = D(G). But so far the precise value of w(G)
has not been determined yet for any non-abelian group. We formulate the main result of this section.

Theorem 4.1. Let G be a dihedral group of order 2n, where n > 3 is odd. Then w(G) = D(G) = 2n.

The goal of this section is to prove Theorem To do so, we make use of the following recent
strengthenings of the Partition Theorem, formulated as Propositions [I.2] and [£.3] as well as a basic
lemma from [2I]. Their proofs are given in [2I, Theorem 3.2, Theorem 3.3, Lemma 2.4] (for simplicity,
we state here only the cyclic case in Proposition. A setpartition A = A;-...- A, is a sequence of finite
and nonempty subsets A; C G. Then S(A) = H;G[l,n] H;GA g € F(Q) is the corresponding sequence of

n

terms from G partitioned by the sets A; in A. Clearly, Y A; C ¥,,(S), where S = S(A).
i=1

Proposition 4.2. Let G be a cyclic group, let n > 1, let X C G be a finite, nonempty subset, let
L < H(X), let S € F(GQ) be a sequence, and let S’ | S be a subsequence with h(¢r(S")) < n < |5].
Suppose |S’| < 2n. Then there exists a setpartition A = Ay - ...+ A, with S(A) | S, |S(A)| = |S'| and
|A;| <2 for all i such that either
L[ X4+5,09)] > X+ > Al > (5 —n)|L| +|X], or
i=1

2. there is a subgroup ng H =H(X +X,(5)) with L < K proper and « € G such that
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a) X +X,(5) = X+ZA2,
=1

(a)

(b) supp(S(A)=1. S)Ca+K Nie (A + K) and |A; \ (e + K)| <1 for all 4,

(0) X +Xn(8)] 2 | X + H + [So\orm)| - [H] and [X +Zn(9)] 2 [X + K|+ |Ser\arro| - | K],

(d) L+ > A; = allg| + K, where Ix C [1,n] is the nonempty subset of all i € [1,n] with
1€k

AiCa+ K.
Proposition 4.3. Let G be an abelian group, let n > 1, and let S € F(G) be a sequence with |S| > n.
Suppose | X, (S)] < m + 1, where m = min{n, |S| — n,|S| — h(S)}. Then one of the following holds, with
Items 1-4 only possible if |X,(S)| = m + 1 or |supp(S)| = 1.
. n=2,|S| =|supp(S)|, and supp(S) = x + K for some K < G and v € G with K = (Z/27)?.
m =2 and supp(S) =z + K for some K < G and x € G with K 2 Z/3Z.
- [supp(S)] < 2.
. supp(S) C {z —d,z,x + d} for some x, d € G with v4(S) = h(S) > |S| —

. There exists x € G and a setpartition A = A;-.. A, withS(A) | S, [S(A)| = n+m, > A, = 5,(5),
i=1

Ot W N

supp(S(A)Y . S) c a4+ H, |Ai| <2 and (x + H)NA; # 0 for alli € [1,n], and | > As| = |3 Ay
i=1 i=1

i]
for some j € [1,n], where H = H(X,,(S)) is nontrivial.

Lemma 4.4. Let G be an abelian group, let n > 0, let X C G be a finite, nonempty subset, let S € F(G)
be a sequence, let H < G, and let x € G. Suppose A = Ay -...- A, is a setpartition with S(A) | S,

supp(S(A)U-S)y ca+ H c N, (A + H), |A;\ (z+H)| <1 for alli, and H < H(X + ;Ai). Then

X +%,(8) =X+ S A+ (£ —n)x for any £ € [n,n + |S(A). S]]
i=1

Let G be a dihedral group of order 2n with n > 3, say G = (o, 7: a® =72 =1, 7a = a~'7). Then
{a) is a cyclic subgroup of index 2. The commutator subgroup G’ = (a?) is a cyclic group of order n
(when n is odd) or order § (when n is even). Let S € F(G) be a sequence of terms from G. We have
a natural partition S = S(4y * Sr(ay, Where S,y consists of all terms a” € (a) and S;(4) consists of all
terms Ta¥ € 7{a), where x, y € Z. For © € Z/nZ, let o be o, where x( is any integer representative
for x modulo n. The additive cyclic group Z/nZ and the multiplicative cyclic group («) can be identified
via the isomorphism -* : Z/nZ — {(«) defined by z* = a®. The inverse isomorphism T : (o) — Z/nZ is
defined by (a®)* = £ mod n. The notation is chosen so that z* lives in the multiplicative cyclic group
(a), while gT lies in the additive cyclic group Z/nZ. We extend the definition of - to all of G by setting
(ta¥)™ =y mod n. The definitions of -* and - depend on the fixed generating set {a, 7} for G, with the
map -* only depending on «. If we exchange {«, 7} for an alternative generating set, then the definitions
of -* and -T are implicitly altered as well. The maps -* and - are extended to sequences/sets in the usual
fashion of applying the corresponding map to each term/element. The effect of replacing the generator
7 by Ta¥ is to translate all terms of (7{a))™ by —y. To avoid confusion, when dealing with the dihedral
group G, all subgroups of Z/nZ will be notated in the form K+ for the appropriate isomorphic subgroup
K < (a). This will allow immediate visual recognition of whether a subgroup lies in the additive cyclic
group Z/nZ or in the multiplicative cyclic group («), and provides a strong visual connection between
the linked subgroups K and K. Additionally, the map -+ provides a one-to-one correspondence between
the subgroups H < G with H £ («) and all subgroup-coset pairs (K*,y + K*), where K+ < Z/nZ and
y € Z/nZ, as follows. For a subgroup K < (a) and y € Z/nZ, we let K, = (K,Ta¥). Note every H < G
with H £ (a) has some 7a¥ € H, where y € Z/nZ, and then H = (H N {(«), 7a¥), ensuring that H = K,
with K = H N (). The subgroup K = H N (o) = K, N () is uniquely defined. Since all Ta* € H with
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z € Z/nZ have z € y+ (H N {a))t = y+ KT, the element y € Z/nZ is uniquely defined modulo K.
Thus the map H — ((HN{(a))",y+ (HN{a))*") is well-defined, and clearly bijective as its inverse is the
map (K*,y + K) — K,. In light of this, we will often denote subgroups of G not contained in (a) in
the form K, for some K < (a) and y € Z/nZ. Moreover, when this is the case, we note that

Kf = KT U(K,\K)" = K" U(y+K")

with K| = K, N (o) = K (if n is odd), and K, = K* = (2K)* (if n is even). When y = 0 (equivalently,
if we choose our generating set to be {«a, 7a¥}), then
Ko\K=7K and Kj=K".

To help lighten the notation, we also use ¢k : Z/nZ — (Z/nZ)/K™ to denote the natural homomorphism
modulo K.
The following proposition shows how the computation of 7(.S) reduces to an additive question in Z/nZ

combining + weighted subsums alongside ordinary |¢/2]-term subsums.
Proposition 4.5. Let G be a dihedral group of order 2n where n > 3, say G = {a, 7 : a" = 72 =
1, ra = a~'7), and let S € F(G) with Sy =a® - ... -a®, where x1,...,2, € Z/n.

1. If S € F((a)), then 7(S) = {o(ST)*}.
2. If S ¢ F({(a)), then

(S) = Tf({xl, —an} o {2+ (<1) S 2 (257 ) (—1)%(sj<a>)) :
where £ =[Sy oy > 1.

Proof. Ttem 1 is clear as («) is abelian. For Item 2, consider an arbitrary ordered product of all s+ terms

of S, say g1 ...  gste € ©(S). By the defining relations for the dihedral group, we have g; - ... gs4¢ =
gl £... & g;_é)*, where the sign of each g; depends upon the number of terms from S,y contained
ingy-...-g; if the number of terms from 7(a) contained in ¢ - ...+ g; is congruent to £ modulo 2, then

it is positive, while if it congruent to ¢ 4+ 1, then it is negative. Since ¢ > 1 (in view of the hypothesis
S ¢ F({a))), each term o from S,y can be placed either in an even or odd slot relative to the fixed
ordering of the sequence S, .y in the product, the even slots being those places i € [1, s + £] where there
are an even number of terms from 7(a) contain in g; - ... - g;, and the odd slots i € [1, s + £] being those
for which the number of such terms is odd. The effect of moving a® between an even and odd slot is
to simply change its sign in the sum. There must be exactly [£/2] terms from S,y placed in odd slots,
and exactly |¢/2] placed in even slots. Thus the elements of w(S) are those from the sets

o ((_1)15 (U(T;’Jen) — U(T(Ld)) +{z1,—21} + ...+ {zs, —xs})*

as we range over all partitions S;(a) = Todd * Teven With |Teven| = |£/2]. Observing that O’(T;:id) =
U(S:Qa)) —o(T},,), we find that the elements of 7(S) are those from the sets

Té ((_1)4 (0(2T;)en) - U(Sj(a))) + {xlv _xl} +...+ {xsv _xs})*

with |T..,,| = [£/2], which yields the desired result. [J

as we range over all subsequences T, | ST 1

7(a)

Corollary 4.6. Let G be a dihedral group of order 2n where n >3, say G = (a, 7: a" =712 =1, T =
a'7), and let S € F(G) with Siqy = a®* ... &, where x1,. .., x5 € L/nZ. Suppose S & F({«)). Then
S € B(G) if and only if |S: )| = 2¢ is even and

0e{xy,—z1}+ ...+ {zs,—xs} + 22(25:101)) - 0(5j_'<a>).
Proof. This follows immediately from Proposition O
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Lemma 4.7. Let G be a dihedral group of order 2n where n > 3, say G = {a, 7: a" =72 =1, Ta0 =
a_17'>. If U € A(G) with |U7<a>| > 2, then h(U.,-<a>) < %|U.,.<a>|.

Proof. Since U € A(G) is product-one and |U(qy| > 2, we have Uy (q)| = 2¢ even with £ > 2. Assume
by contradiction that h(Uy(a)) > 3|Ur(a)| + 1 = €+ 1. By replacing the generator T by an appropriate
alternative generator T7a”, we can w.l.o.g. assume that v,(U) = h(Ur(q)) > £+ 1. Then 2| Uis a
product-one subsequence. Since |U| > |U,(ay| = 2¢ > 4, it follows that V := U - 7[-2 is a nontrivial
sequence. Since v, (U) > (+1 = %\UT<Q> |41, every {-term subsequence of 2U;”<O¢> must contain at least one
term equal to 0, and v, (V) > ¢ — 1. It follows that 24(2Uj<a>) = 2571(2\/;«1)) and U(Uj<a>) = O-(VTJZOé))'
Thus U € A(G) combined with Corollary applied to U and V (possible as U, V' ¢ F({a)) follows

from ¢ > 2) shows that V € B(G), and now U = (71%) . V is a factorization of U into two nontrivial
product-one subsequences, contradicting that U € A(G) is an atom. O

Lemma 4.8. Let G be an abelian group, let X, Y C G be finite subsets with H = H(X), K = H(Y) and
X+H=Y+H. Then K < H.

Proof. Wehave X+H+K =Y+H+K=Y+K+H=Y+H=X+H=X. Thus H+K <H(X)=H,
implying K < H. 0

Lemma 4.9. Let G be a dihedral group of order 2n where n > 3, say G = {a, 7: a" =72 =1, Ta0 =

a~try. If H < {a) is a subgroup and U € A(G) with |U| > 1, then |Ug| < 2|H| — 2.

Proof. As |U| > 1, we see that U is not the atom consisting of a single term equal to 1, which ensures
1 ¢ supp(U). Thus the lemma holds for H trivial, and we may assume [H| > 1. If U € F({(«)), then
(supp(U)) is abelian, whence |Ug| < D(H) = |H| < 2|H| — 2, as desired. Therefore, we may assume
|Ur(ay| > 0, allowing us to use Proposition 2. Then |Uy(qy| > 2 is even and there exists an ordering
of the terms of U whose product is one, say w.lo.g. (as 7a®ra®+! € («) commutes with all terms

g9,h € (a))

U=¢g1+...: g7 ~hy-...-hg-1a® ... - Ta*,
where £ = |[Uroy| and Uy = g1+ ... gr ~hy - ...« hg with 7,5 > 0. If [Uy| > 2|H| — 1, then the
pigeonhole principle ensures either g; - ... g, or hy -...- hs contains at least |H| = D(H) terms from H.
Thus, re-ordering the terms of g1 + ...+ g, or hy - ...+ hs appropriately, we find a consecutive nontrivial
product-one sequence in gy +. ..+ g, or hy-...-hg, forcing the complement of this sequence in U to also have

product-one, which contradicts that U is an atom in view of £ = |U,(4y| > 0. Therefore [Uy| < 2|H| - 2,
as desired.

Lemma 4.10. Let G be an abelian group, let S € F(G) be a sequence, let X C G be a finite, nonempty
set, let H < G, and let U -V | S. Suppose supp(S - (U - V)I=U) ¢ H, |Uy| > |U|/2, |Vu| > |V|/2, and
X+ X u)/2)(U) + X\ v2) (V) is H-periodic. Then

X+ Bjs172)(8') = X+ Bjjuiye) (U) + Byviyey (V) = X + (2(5) U {0})
for any subsequence S' | S with U -V | S and either |U| even, |V| even or |U - V| < |S’].
Proof. Let us begin by showing
(4.1) X+ EHU'/QJ (U) + EHV‘/QJ (V) =X+ (E(S) U {0})
The inclusion X + X jy/2](U) 4+ X|jv/2) (V) € X + (£(S) U {0}) is trivial in view of U - V' | S. Since
X + X ju1/2)(U) + 2| jv/2) (V) is H-periodic, it suffices to prove ¥(S) U {0} C X jy/2)(U) + Xy /2, (V)
holds modulo H. Let T | S be an arbitrary (possibly trivial) subsequence such that all terms of T are
nonzero modulo H. In view of the hypotheses supp(S-(U-V)=U) ¢ H, |Ug| > |U|/2, and |V| > |V|/2,
we have T = Ty - Ty for some Ty | U and Ty | V with |Ty| < |U|/2 and |Ty| < |V]/2. Moreover,

|Ug| > |U|/2 and |V | > |V|/2 ensure there are at least |U|/2 terms in U which are zero modulo H, and
at least |V'|/2 terms in V' which are zero modulo H. It follows that we can extend the sequence Ty | U
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to a subsequence T, | U of length |T};| = [|U]|/2] by concatenating an additional ||U|/2] — |Ty| terms
from U - T[[fl], each zero modulo H. Likewise, we can extend the sequence Ty | V to a subsequence
T{, | V of length |TY,| = ||V|/2] by concatenating an additional ||V|/2| — |Ty| terms from V', each zero
modulo H. Let T' = T}, - T{,. As we have only extended the sequences by terms zero modulo H, it
follows that o(T) = o(T") mod H. By construction, o(T") € 3| y|/2)(U) + E|jv|/2) (V). Consequently,
since T' | S was an arbitrary subsequence of terms nonzero modulo H, we conclude that the inclusion
X(S)U{0} C Xyjuy/2)(U) + X jv|/2) (V) holds modulo H, which establishes (4.1) as noted earlier.

For any subsequence S’ | S, the inclusion || s|/2)(S") C ¥(5)U{0} holds trivially. For any subsequence
S"| S with U -V | S and either |U| even, |V| even or |U - V| < |5’|, we have |S’| — |U| — |V| > L%J —
L%J — LMJ > 0, ensuring that the set ¥||g//2/(S") contains a translate of ¥y /2)(U) + X| v 2) (V).
Hence (4.1)) implies

X+ 25172/ (8") = X +Bjuy/2) (U) + Byyvyz) (V) = X+ (2(5) u{0})
for any sequence S’ | S with U - V' | S” and either |U| even, |V| even or |U - V| < |S’|, completing the
proof. O

Proposition 4.11. Let G be a dihedral group of order 2n where n > 3, say G = {a, 7 : a™ = 7% =
1, ra =a~ 1), and let H, = (H,7a®) < G be a subgroup with H < () and x € Z/nZ.

1. Suppose V € F(G) has a decomposition V+ @y = v+ ...« Ty such that £ > 1, |T;] = 2 for all 4,

X + ZA, is H* -periodic, and A; N (2x + HT) # 0 for all i, where A; = supp(2T;) for all i,
20 = |V7(a l, V! y=o1c..xg and X = {z1, -1} + ...+ {xs,—xs}. Then

(V)P =X + 52V, —o(VE,) = X + ZA (Vi)

is HT -periodic and |V | > 5|Vriay| = €.
2. Suppose U, V € F(G) with (V)" HT-periodic, |Vi | > 5|Vr(ay| > 0 and supp(U) C H,. Then
w(U - V) is a translate of w(V'). In particular, if U is product-one, then n(U - V) = «(V).
Proof. 1. The hypotheses |T;| = 2 and A; N (2z + H™') # () for all i ensure [V, \ | > %|V7<a> |. Applying
[

¢
Lemma to the sub-sumset of > A; consisting of all cardinality two summands yields X + >  A; =
i=1 i=1

X+ ZZ(QV:ZM). Since £ > 1, Item 1 now follows by Proposition

2. By replacing the generating set {«, 7} by {a,7a*}, we can w.l.o.g. assume x = 0. We can also
assume U is nontrivial, else the item holds trivially. Let £ = [V (4)|. It follows in view of Proposition
and the hypothesis £ > 0 that 7(V)* = (-1)* (X + X ¢/2) (2V:Za>) (V:Ea
and X = {z1, —x1}+...+{zs, —2s}. Thus X +X|,/ (2VT<a)) is H*-periodic by hypothesis. Since z = 0,
we have |(2VTJEQ>)H+| = |Vio\u| > %|VT<&>| = 1> 0 by hypothesis. The hypothesis supp(U) C H, = Hy
ensures supp(U™) C H. Thus Lemma (applied with V' taken to be ZVT‘EOO, U taken to be the trivial

sequence, and S’ = S =2(U - V)T ) ) yields
(4.2) X+ B0 2V ) = X + 202U - V) ),

where ¢ = [(U - V) (qy|. Note the set in is H*-periodic by hypothesis. Let U:;é) =y ... yr and
Y = {yi,—v1} + ...+ {yr, —yr}. Since supp(U") C H', we have Y C H™, in whence it follows that
X + X2 (20U - V)j<a>) =Y + X+ 320U - V)j<a>) as this set is HT-periodic. As a result, in
view of ([£.2)), £ > 0 and Proposition it follows that (V) and 7(U - V) are translates of each other,
as desired. 0O

>)> where V< y =Tt T
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Lemma 4.12. Let G be a dihedral group of order 2n where n > 3 is odd, say G = (o, 7 : " = 72 =
1, Ta = a7'7), and let U € F(G). Let K, = (K,7a¥) < G be a subgroup with K < (a), let V | U
be a subsequence, let by = Vo], and let Z = Xy + ELZV/2J(2V:Za>)’ where V<Z> =x1-... T and

Xy ={x1,—z1} + ...+ {zs,—x5}. Suppose \VKy\K| > %\V7<a>|, Z is K -periodic,
(U - VED g, | > [K|+1+ |G /K| = 6x(Z)]  and (U - VI k| > |G/K| - |6x(2)]
with both above inequalities strict when K = G'. Then U is not an atom.

Proof. Let e = 1if K = G’ and € = 0 otherwise. Assume by contradiction U € A(G). By exchanging
the generating 7 for 7a¥, we can w.l.o.g. assume y = 0, so that Ko = 7K U K and K = K*. Note
o (Z2)] < |G'/K|—1+¢, so

0:=|G' /K| - |¢pr(Z)] + € > 0.
By hypothesis (note d(Ky) = | K| as Ky is dihedral [12]),

(4.3) (U-VED g | >d(Ko)+1+¢ and  |(U- V) | > 0> 0.

In particular, U ¢ F({«)), ensuring that U is not the atom consisting of a single term equal to 1, whence
1 ¢ supp(U). For a subsequence T' | U, let

br =|Troyl and  Xp={z1,—21}+ ...+ {2, —2¢}, where T(Z) =T1... Ty,

and set X7 = {0} if T\ is the trivial sequence.
CASE 1. |(U-VE okl <L

If ¢y =0 and [(U - VU)o ,x| =0, then U ¢ F({(a)) ensures |(U - VITU) x| = |U, (0| > 2 is even
(|Ur(ay| must be even as U is product-one). In this case, it follows in view of that there exists a
nontrivial product-one subsequence Wy | U - VI=U with |[Wy| < d(Ky) + 1 and Wy € F(Kp) such that
Wy does not contain all terms from 7K. This ensures that U - (V - Wp)[=! contains an even positive
number of terms from 7K (as fyy = 0 and U and W, are product-one), and we define W € F(7K) to
be any length two subsequence of (U - (V - Wo)[=1), k. In all other cases, we let W € F(r(a)) be a
sequence of length 2|(U - V[_11)7<a>\TK\ consisting of the terms from (U - V[_l])7-<a>\7-K together with
(U - VED) anrx| << |(U - VEY) k| additional terms from (U - V=Y, k. which is possible in view
of and the case hypothesis. Since all terms from (U - V[‘l])7<a>\7 K lie outside Ky, the first bound
in ensures there is a nontrivial product-one subsequence Wy | U « (V - W)[=! with Wy € F(Kp) and
[Wo| < d(Ko) + 1. In both cases, W € F(7(a)) is a sequence of even length fyy < 20 with [W, x| > 0w
and V- W . Wy | U, where Wy is a nontrivial product-one sequence. Moreover, [(V + W) ()| > 1 and
supp (U - (V - W)[_l})ﬂa)) CcTK.

By hypothesis, [V;x| = [Vkox| = 3/Vi| = 30v. We also have [W,g| > 30w = 3|W| and
supp (U + (V- W)=Y y) C 7K by definition of W, while Z = Xv + £|4, /2] (2V3,,) is K *-periodic
by hypothesis. Thus Lemma (applied with U taken to be 2V:2a>, V taken to be 2W*, H taken to
be K, S taken to be 2UT+<Q>, and X taken to be Xy ) implies

(4.4) Xv +Biey 2] (2Vay) + By 22WT) = Xy + Bjpg /01 (257)

for any sequence S | U, oy with V(o - W | S, with this set being K*-periodic by hypothesis. Since
Xv + Xu.(vawy)-u = Xy pt-1, we derive from (4.4) that
0
XU-W(EA] + ZLEV/2J (QV:ZOC)) + ng/2(2W+) = XU.WO[A] + EL[S/QJ (25’+)

for any sequence S | Uy (o) with V; ()« W | S, with this set being K T-periodic by hypothesis. Considering

the cases S = (U - W(g_l])T@ and S = Uy (), we find
-1
(4.5) Xy i-n + By /21 (2(U - W ])j(a)) = Xy i+ Slew/2) QUL )s

¢ -1
v.wf=
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with this being a K *-periodic set. By construction, the set Xy, consists of a sumset of sets {z;, —z;}
with z; € supp(W,") € K*. Thus, since the quantity in (4.5)) is K*+-periodic, we obtain

(4.6) X U - W5 y) = Xu + B0, 2 U )

m{a)

v-wl—t + % L%EU,WC[.A]J

Since V-W | U - Wéfl] and [(V-W) | > 1, and Proposition imply that 7(U) is a translate
of the set w(U - ng”). However, since W is product-one, this forces them to be equal, in which case
len(U)=nU- W(E_l]). Thus the factorization U = Wy - (U - W(E_l]) contradicts that U is an atom (as
W is nontrivial) unless U = Wy. However, |[Wy| < d(Kjp) + 1 by construction, while (4.3)) ensures that
\U| > U - VI > d(Ko) + 14 £ > d(Kp) + 1, ensuring that Wy # U, which completes CASE 1.

CASE 2. [(U- V[_l])'l'(a)\'rK' > L.

Since £ > 0, the case hypothesis ensures that K < («) = G’ is a proper subgroup, forcing e = 0. Let
W e F(r{a)) be a sequence of length 2¢ consisting of ¢ > 0 terms from (U - V[*”)T@O\TK together with
¢ > 0 terms from (U - VI=1) k., which exists in view of the case hypothesis and . Let

Vi=V.(U- VH])W)\K.
Since Z = Xy + X4, /2) (2V:Za>) is K T-periodic by hypothesis, it follows that
X = Xvr 4 X0y 2) 2V ()
is also K *-periodic with | X| > |Z].
Apply Propositionto X 4% (20 ) ) taking L to be K and using 2W* | 2(U-VIF

(which has precisely £ terms equal to 0 modulo K, and ¢ terms which are non-zero modulo K*). Let

)

(@)

Ht = H(X + %20 - VIEE )).

Note Kt < H* follows as X is KT-periodic. Since |X|+ (K| > |Z| + (|G'/K| — |¢x (2)])| K| > |G|,
Proposition ensures that H/K is nontrivial (it it were trivial, then Proposition 1 must hold, in
which case the previous calculation combined with the bound in Propositionl forces H = G’, in which
case H/K = G'/K is nontrivial as K < G’ is a proper subgroup). Regardless of whether Item 1 or 2 holds
in Proposition it follows that there is an HT-coset that contains all but at most ¢ — 1 of the terms
of 2(U - V[_l])j<a>: in case Item 1 holds, then HT = Z/nZ, while if Item 2 holds, then this conclusion
follows from Proposition 4.2/2(c)(d) with the desired coset equal to the coset a+ H given by 2(c), which
fully contains all elements from some A; by 2(d). Since there are at least ¢ terms from K+ < HT
lying in 2(U - V[*l])jm) by (4.3), this H*-coset must equal the subgroup H*. Thus Proposition

ensures that we can find a subsequence Wy | (U - V[_l])7<a> with [Wq| = [W| = 2¢, h(ox(2W;")) < ¢,
+
|(2WiF) g+ | > € = 1|W| and supp (Q(UTM c(Vitay * Wl)[fl]) ) C H" such that

X +5@W) =X + 5,2 - VI E ) = Xy + S0y 2) 2V

() ()

)+ 22U - VEDE L)

7(c)

is HT-periodic. Since h((bK (2W1+)) </, it follows that at most £ terms of W7 lie in K, while no terms in
V' . VI=1 lie in K, by its definition. Thus ensures that U - (V' - W)=Y contains at least d(Ky) + 1
terms from Kj, meaning there exists a nontrivial product-one subsequence Wy | U - (V' - W7)I=1 with
[Wo| < d(Ko) + 1 and Wy € F(Kp). By hypothesis, |Vrx| = [Vig\ x| > 3|V (a)|, meaning at least half
the terms of 2VT+<Q> lie in (TK)T = KT < H™. As a result, we can apply Lemma (taking U to be
2V | taking V to be 2W;t, taking H to be H*, taking S to be 2Uj<a>, taking X to be Xy, and taking

m(a)
S’ to be 2U+a> as well as 2(Ur(qy * W(E_H)ﬂ to conclude

(

-1
(4.7) Xy Sae gy QU -WeT D) = X+ By g2y U,
0

(a ()

) =X +X,(2W;h)
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is H*-periodic. By definition of V', all g € supp(U - (V/)[=1) N () lie in K, ensuring g* € K+ < H*.
As a result, since the quantity in ([4.7)) is HT-periodic, it follows that

AN
Xy + 200, o) QU W @) = Xu + Bje j2) (2U7 ),

w1
whence |7 (U - W(g_l])| = |7(U)| by Proposition forcing 1 e 7(U) = w(U - Wo[_l]) since both U and Wy
are product-one. It follows that U = Wy - (U - Wofl]) is a factorization of U into product-one sequences,
with Wy nontrivial by definition. Since U is an atom, this forces Wy = U. However, |Wy| < d(Kp) + 1
by definition, while [U| > |U - VI=U| > d(Ko) + 1 + ¢ > d(Ko) + 1 > |Wo| by ([@3), whence Wy = U is
impossible, completing the proof. O

¢
Lemma 4.13. Let G be an abelian group, let Ay, ..., Ay C G be cardinality two subsets, let X = > A;,
i=1
and let H = H(X). Let Iy C [1,£] be all those i € [1,€] with |¢pr(A;)| = 1. Then there exists a subset
J C (1,0 with |> A = |X|, I\ Ig = [L,O\ Iy, |[JNIg| < |H| -1, |[J\Ig| < |¢a(X)| -1 and
ieJ

[JI < |H[ + [¢n(X)] - 2.

Proof. Note ¢ (A;) has cardinality one or two depending on whether ¢ € Iy or ¢ € [1,4]\ Iy. Thus
Kneser’s Theorem implies |[1,4] \ Ig| < |¢pg(X)| — 1, while [22] Proposition 2.2] applied to > A;

i€ly
ensures there is a subset Iy C Iy with | Y A;| = | Y A and |I}| < | >0 A;| — 1 < |H| — 1. Setting
i€l i€lny i€ly
J =TI U([1,4\ Ig) now yields the desired index set. O
Proposition 4.14. Let G be a dihedral group of order 2n where n > 3 is odd, say G = (a, 7 : o™ =
2 =1, Ta =a 7). If H, = (H,7a*) < G is a proper subgroup with H < {(a), and U € A(G), then

|Un.| <n+ |H|— 1, with equality only possible if H is trivial.

Proof. By replacing the generator 7 by 7a*, we can w.l.o.g. assume z = 0. Assume by contradiction

U € A(G) with
(4.8) |UHO|=|UH‘+|UTH|ZTL+|H|—1+6,

where € = 1 if H is trivial and otherwise ¢ = 0. Since Hy < G is proper, it follows that H < G’ is
proper. By , we have |[U| > n+1 > 4, ensuring that the atom U € A(G) does not consist of a single
term equal to 1, forcing 1 ¢ supp(U). If U € F({a)), then (supp(U)) is abelian and Uy, = Uy. Thus
|Un,| = |Un| < D(H) = |H|, again contradicting (£.8). Therefore |U, ()| > 0.

Let K < (o) be arbitrary. Lemma [4.9] implies

(4.9)  |Uk|<2|K|—-2 forevery K <({(a), and (:=|U,g|>n—|H|+1+¢€¢>|G'/H|+1 >4,
with the latter inequality following from the former (taking K = H) combined with (4.8 (and recalling
that H < G’ is proper). Since n > 3 is odd and %|UT<Q>| > %E > 2, Lemma gives

1
(4'10) h(2Uj(a>) = h(U'r(a>) < §|UT<D¢>| <mn,

with the latter inequality in view of |U (| < |U| < D(G) = 2n. If H is trivial, then H = {1} and
Hy = (1) = {1,7}, so Uy is the trivial sequence (as 1 ¢ supp(U)) and supp(Ug,) = {7}. In such case,
implies v, (U) = |Ug, | = n+ 1, contradicting (4.10). Therefore we may now assume H is nontrivial,
and thus € = 0.
For a subsequence T | U, let £1 = |T;(oy| and X7 = {y1, =1} +. .. +{ys, —y: }, where T(Z> = Y1 Y
Let X = AXVUH7 ! = EUHO and
Lt =H(X) < H*.
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Since ¢ > 0, Proposition 2 implies that 7(Up, )" is a translate of the set X + X|,/2) (2U;). Let

mx =h(6r(2U)) = h(or(USy))

and let Ul | U;g be a maximal length subsequence with h(¢r(2(UL,)T)) < [€/2]. Note ¢ (X) is
aperiodic as LT is the stabilizer of X. As a result, applying Kneser’s Theorem to the aperiodic sumset
¢1(X), which is a sumset of |[Ug 1| cardinality two sets and |Up| cardinality one sets, yields

(4.11) oL (X)| = [Upnr| + 1.

Combining the above bound with , we obtain

(4.12) Un| = ULl + |Un\L| < 2|L] + [6(X)] - 3.

In view of ([4.8), [{.12), |¢L(X)| < |H/L| (as X C H') and H < G’ proper, we have

(4.13) C=|Urn| = Uno| = Un| Zn+ |[H[+2 = 2[L] = |¢pL(X)| Z n— [H|+1 = 2[H| + L.

Lemma and the following claim will complete the proof by contradicting that U is an atom.

Claim A. There is a subgroup K, = (K,7a¥) < Hy with K < (a) and a subsequence V | Ug,
such that [Vi\x| > 3|[Veul, Z is Kt-periodic, |(U - VIE) g | > |K| + 1+ |G'/K| — |¢px(Z)| and
(U -VEN g k| > |G'/K| = |¢K (Z)], where Z = Xy + S|4, 2 (V).

Let y € supp(UjH) be an element which modulo L™ has multiplicity mx in QSL(U:'H), and set L, =
(L, 7a¥). Lemma applied to the sumset X finds a subsequence V' | Uy with Vi = U1, |VL| <
L= 1, V| < |L| 180(X)| — 2, and Xy = Xpr, = X. Note

(U - VI L, | = mx + UL = [Vi| 2 [Uno| = [Upo| = [H/L| +2 = Vi
2 |Ubo| = |00 (X)| = [L| = [H/L| +4 = [Un, | = |¢0(X)| — [H| + 3
>n—loL(X)|+2 > |LI+|G'/L] - oL (X)| + 1,
with the first inequality as V | Uy, with the second inequality by case hypothesis, the third in view
of [V| < |L| — 1 and (4.11), and the fifth in view of (4.8). The case hypothesis ensures there are
at most |H/L| — 2 terms of U,y lying outside L, = (L,7a¥). Consequently, if |(U - V[_l])Ly\L| =
ULl < 1G'/L| =1 = |pp(X)], then |Ury| < (|G'/L| =1 — |¢r(X)|) + (|H/L| — 2), which combined
with (L12) yields |[Un,| = |Un| + [Urn| < 2|L| + “F7 — 6 < n+ [H]| — 4, contrary to (L8). Therefore
|(U - V[*l])Ly\L\ = |Up\L| 2 |G'/L] — |¢r(X)|, meaning Claim A holds with K, taken to be L, and Z
taken to be X, contradicting that U is an atom.
CASE 2. |X + S0/ QUS| = min{[H], (UL] — [¢/2DILI + | X1} and mx < [Ur| — |H/L| + 1.

Apply Proposition{d.2to X+ /21 (2U ;) taking L to be LT and using 2(U. ;)" | 2U.};. First suppose
that [ X + /212U ;)| > (UL y| — [£/2])|L] + | X[, so that Proposition 1 holds. Consequently, if
mx = h(2¢(U'y)) < [¢/2], then U’ = U,p, in which case Proposition implies that |7(Upm,)| >
(|Urm| = TED)IL|+|1X| = [¢/2] |L| +|X]| > [£/2] > |H|, with the final inequality by (£13). On the other
hand, if mx = h(2¢.(U,;)) > [£/2], then there is a unique term with multiplicity greater than [£/2] in
é1,(2U7,;), and Propositioninstead implies |7(Ug, )| > (|ULy|—[$1ILI+]X]| > (|ULy|—[51+1D)|L] =
([Urm| —mx +1)|L| > |H|, with the final inequality holding by the upper bound mx < |U,g|—|H/L|+1
in the hypothesis of CASE 2. In either case, we conclude that |7 (Up,)| = |H| (note |7(Ug,)| < |H| holds
trivially as supp(UE) - HO+ = H, ensuring the inequality in Proposition 1 must hold with equality),

and so Proposition ensures there is a setpartition of cardinality two sets realizing X + ¥y/97(2U j 1) as
a sumset. If instead | X +X(4/2)(2U )| < (|ULy| = [¢/2])|L| + |X| and |7(Ug,)| = |H|, then Proposition
2 yields these same conclusions. Thus in both cases, Lemma applied to Ug and [22, Proposition
2.2] applied to ¢1(2U;) (via the setpartition realizing X + Xp,/91(2U ;) considered modulo LT) give
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us a subsequence V' | Uy, with |V| = |V |+ |Vru| < (L] + |¢n(X)| —2) +2(|H/L| — |¢(X)|) < 2|H| -2
such that |7(V)| = |7(Un,)| = |H|. Note [22, Proposition 2.2] (which is simply the greedy algorithm)
ensures we keep at most one cardinality two set for each element of ¢y, (X + e/ (2U. TJFH)) in excess of
the original |¢r,(X)| elements from ¢, (X), and thus |V,p| < 2(|¢L (X + Sy QUA))| — |¢L(X)|> <

2(|H/L| — |¢r(X)|). Hence yields |(U - V=W g | > n — |H| + 1 > |H| + |G'/H|, with the latter
inequality following as H is a proper, nontrivial subgroup of the odd order group G’ (forcing |G'| > 9),
while then implies |(U - VImU), | > ¢ — 2(|H/L| — |¢r(X)|) > n+ |H| + 3 — 2|L| — 2|H/L| >
n—|H|+1>|G/H|—1. Claim A now holds with K, = Hy, contradicting that U is an atom.

CASE 3. [X + Spyyo (2Uhy)| < min{|H1, (U] — [¢/2)IL] + IX]}.

In view of the case hypothesis, we can apply Proposition 2 to X + EWQ](QUTJFH) taking L to
be Lt and using 2(U.,)" | 2U,. Let y + KT be the resulting coset with K/L < H/L proper and
nontrivial (so y + KT is the coset a + H from Proposition 2; note K/L is proper in view of the case
hypothesis | X + X/2)(2U,7;)| < |H|), and set K, = (K,7a¥) < Hy. In particular, K is nontrivial and
|G’| > 3% = 27. In this case, Lemma along with [22] Proposition 2.2] applied to the sumset given by
Proposition |4.2/2(d) yields a subsequence V' | Ug, with

(4.14) VI =WVl +1Veu| < (L[ + 1oL (X)] = 2) + 2(|K/L| = 1) = [L] + 2|K/L| — 4 + |¢(X))|

and 7(V) ™" being K *-periodic. Moreover, as the subsequence V, y is that partitioned by a sub-setpartition
of the one given by Proposition (cf. [22, Proposition 2.2]), we have |V \x| > 1|V;ml, for each
cardinality two subset must contain at least one term from y+ K = (K, \ K)™ by Proposition [4.2/2(b).

Proposition |4.2/2(c) ensures that at most |H/K| — 2 of the terms of U,y are not in K,, (as (K, \ K)T =
y+ K*). Thus

(U -V el 2 |Urst| — (1H/K] = 2) = 2(K/L| — 1) > n — |H| +5 - 2|K/L| — |H/K]|
2 1
> n— |H|+5—2K| - |H/K| 2 ZIG'| +5 - 2|K| - 5|G'/K| 2 |6/ /K| - 1,

with the second inequality above in view of (4.13). By construction (cf. Lemma |4.13), Vi contains all
terms of Uy lying outside L, so all terms in Uy - VI[;” lie in L < K < K,. Combining this with (4.14)),
(4.8) and the already observed fact that there are at most |H/K| — 2 terms from U,y lying outside K,
implies
(U - VU, | > |Uno| = [H/K|+2— V| > [Un,| — [H/K| - |L| - 2|K/L| + 6 — |H/L|
>n+|H|—|H/K| - |L| - 2|K/L| - [H/L| +5

1
>n+ |[H| — |H/K| = 2|K| - [H| +4 2 |G| = 5|G'/K| - 2|K| + 4

> |K|+G"/K],
where the final inequality follows as K is nontrivial with K < H < G’. Therefore Claim A holds with
K, as defined above, contradicting that U is an atom. This completes CASE 3 and the proof. ]

Proof of Theorem[/.1} Let G be a dihedral group of order 2n where n > 3 is odd, say G = (o, 7: o™ =
=1, Ta=a"l7).

To see w(G) > 2n, let U = ((ta) - 7)™ € A(G). Then U -U = (7-7)" . (ra - 7)™ is a factorization
into 2n length two atoms. Suppose U divides (in B(G)) a sub-product S € B(G) of these length two
atoms. Then S must have an even number of copies of both 7 and 7, ensuring that S - Ul=1 € B(G)
contains an odd number of both 7w and 7 (as n is odd). However, it is readily seen (cf. Lemma
that 712, (7a)P and U are the only atoms with support contained in {ra,7}. In particular, U is the
only atom with support contained in {7«, 7} having an odd number of copies of both 7 and 7«. Thus

S .Ul = U, ensuring S must be the sub-product of all 2n length two atoms, which shows w(G) > 2n.
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It remains to show w(G) < 2n. To this end, suppose U, Uy, ..., U, € A(G) are atoms with U |p(q)
Up+...-Uyp,ie,U|Up-...-Upand (Uy+...-Uy)- Ul € B(G). We need to show there exists a subset
J C [1,w] with U |g(q) [1ic, Ui and |J| < 2n.

Since U | Uy « ...« Uy, let Iz C [1,w] be a minimal cardinality subset with U | []¢; Ui. In view of
the minimality of |I|, we have |Iy| < |U| < D(G) = 2n. Thus, if Vg := Ul-1]. [T,
then the proof is complete taking J to be I5. Therefore we may assume

1 ¢ W(Vg).
Since both U and [T}, U; are product-one sequences, it follows that 205 := [(V)r(ay| must be even
with 7(Vz) C G'. Since U [g(q) H;e[l,w] U;, we have 1 € n(U-1 . H;e[l,w] U) =7(Vg - H;E[l,w]\lg Ui).
In consequence, if supp(Vy - H:e[l’w]\w U;) C (a), then 1 € w(Vy), contrary to assumption. As a result,
if £z > 0, then set Iy = Iy, and otherwise set Iy = Iy U {ig}, where ig € [1,w] \ Iz is an index with
supp(Ui, ) N 7(c) nonempty.

Let I C [1,w] be an arbitrary subset with Iy C I. Set Vj = U1 . H.elq) Ui € F(G) and V =
UEY . TI2, Us € F(G). Since U, [[ic;U; and [Iic;, Ui are product-one sequences, 2 := [V, (qy| and
20y = [(Vp)r(ay| must both be even with w(V') C G'. Let

X ={x1,—z1} + ...+ {xs, —xs},
where V<Z> =2y ... Ts. By construction, ¢ > £y > 0. Thus Proposition ensures that

U; is product-one,

st =X+ Ef(2Vf<a>) — U(VTJEOé))'

Let HT = H(m(V)") and LT = H(X) (set LT = X = {0} if s = 0). Note L < H. If h(V;(y) < ¢,
let ¢/ = £. Otherwise, let ¢/ = 20 — h(V, ). Note £ > 0 is the maximal integer for which there is a
decomposition Vrﬁa) =Ty-...- Ty with |T;] = 2 for all ¢ € [1,¢] and |supp(7T;)| = 2 for all i < ¢'. Likewise,
if h(¢L(VT+<a>)) < ¢, let ¢, = ¢. Otherwise, let ¢, = 2¢ — h(¢L(VTJZa>))- Since U | []%,, Us, we have
decompositions U; = Wy - WY, for i € I, with [[}c;, Wi = Vg and [}, W = U. Note [WY| > 0 for
all i € Iy in view of the minimality of |I5|. Let W be the trivial sequence with W; = U, fori € I\ I.
Partition I = IZUI“UI*"UIT, where I2 C Iy consist of all i € Iy with [WY| > 2, where I® C I consists
of all i € I'\ I with supp(W;) C (), where I" C I consists of all i € I\ I3 with supp(W;) C 7{«a), and
where 197 C I consists of all i € I\ I3 with supp(W;) N («) and supp(W;) N 7{a) both nonempty. Let
I =Ig\ 1. Let Iy = IZUIg UIgT UI} and Iy = I3 UIY UI§7 U] be the analogous partitions for I
and Iy. To simplify notation, we have suppressed the dependency on I of V, ¢, X, s, H, L, and ¢ from
the notation. In the case when I = I, we denote these parameters by Vy, £y, Xo, sp, Hy, Ly and £j.

Since U | [[5¢;, Ui and 1 ¢ n(Vg), it follows that supp([;c;,
if Iy # Iy, then there must be some U; with supp(U;) N 7(«) nonempty and i € Iy. Moreover, as U; is
product-one, it must then have an even number of terms from 7(«), all of which are not contained in Vi
as Iy # Iy, whence i € I%, ensuring I3 is nonempty. In summary, 12 # @ when Iy # Iy. In particular,
if I # Iy, then |Iy| = [Ig| +1 < (|U| — [IZ]) + 1 < |U| < 2n. Thus we can also assume

(4.15) 1¢ (V)

for otherwise the proof is complete taking J = Ij.

U;) N 7{c) is nonempty. In particular,

Claim A. (}, > min{{y, |I5|} > 1|I5].

Proof. If Iy # Iz, then £y = £ = |IZ| = 0, and the claim is true. Therefore we now assume Iy = I.
Let j € I be arbitrary. Then [W[| =1 and supp(W;) C 7(a). Let us consider the various possibilities
that can occur for Wj. If |W;| = 1, then Uj is a length two atom, forcing U; = w?] for some w; € ().
However, in such case, we must have v,,; (V) = 1, for if w; € supp(Wj/) for some j' € Iy \ {j}, then,
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since W = {w;}, this means U | H’:sz\{j} U;, contradicting the minimality of |Ig|. If |W}| = 2, then
|U;| = 3. Consequently, since the number of terms from 7(c) in a product-one sequence must be even, we
conclude that U; = g; - h; - o® for some g; = 70, h; = 7o € 7(a) and z € Z/nZ. Since U; is an atom,
we cannot have o® =1 Whlle either x + z = y or y + z = z. Thus g; # h;. If |W;| > 3, then Lemma
. ensures that there are distinct g;, h; € supp(W;). Partition I = J; U Jo, with J; C I} consisting
of all j € IZ with |W;| =1, and Jy C IT consisting of all j € IZ with |W,| > 2. By the above work,
[Tes, wi 'H;er (gj-hj) | (Vg)7-<a> with g; # h; for all j € Jo, and the w, for j € J; all distinct. Suppose
U < Lgy. Then there is a unique g € 7(a) with v4(Vy) > £y + 1 = £y + 1 > 2 (the equality follows from
the assumption Iy = Ig). Since vy, (V) = 1 for all j € Ji, we have g # w; for all j € J;. Since g; # h;,
each j € Jy has g # g; or g # h;. Thus, swapping the roles of each g; and h; as need by, we may w.l.o.g.
assume H;eJl wj - H;eh 9; | (Vg) (o) 18 a sequence of |Ji| + |J2| = 1] terms all distinct from g. Since
vg(Va) = o +1 > 3|(Va)r(ayl, each of these terms can be paired up with a distinct term equal to g,
showing ¢ > |I%|. ThU.b 0 > min{ly, [I5|}. Since each W; with ¢ € I contains at least one term from
T{a), we have 20y = [(Vgy)(ay| > |15, and the claim follows. O

We say the set I C [1,w] (containing Iy) is ample if the following hold:

AL |n(V)| > |3I5]] + 1+ |1\ Io].
A2, | X| > | Xg| + [I*\ Ig].

We will say the set I (containing Iy) is constrained or (more specifically) Hy-constrained if there exists

a subgroup H, = (H,7a”) < G, as well as a decomposition V:Za) =Ty +...- Ty with |T;] = 2 for all
i € [1,£] such that, letting A; = supp(27;) for i € [1, /], the following hold:

Cl. X+ ZA is Ht-periodic.

C2. A, ﬁ(2x+H+)7§®forallz€[1 f).
C3. Thereisa j € [1, é]w1th|X+ZA|—|X+ZA|

Z#J
Cd. |X| = | Xo| + [I*\ I5].

¢
Conditions C1 and C2 allow us to apply Proposition [4.11]1 to conclude X + " A; = X + Zg(ZV;zM) =
i=1

‘
r(V)*t + U(VTJ’(_a))’ in which case H™ = H(X + > A;) = H(x(V)*") by definition of H. Note that
i=1

¢ ¢
ou(X + > A;) = da({x1,—x1}) + ... + o ({zs, —2s}) + D du(A4;) is a sumset of cardinality at most
i=1 i=1

two sets. Since m is odd, the set {z;, —z;} considered modulo H* has cardinality two precisely when
x; ¢ HT, while the set ¢ (A;) has cardinality two (in view of C2) precisely when 7T consists of one
term from x + HT with its other term lying outside = + Ht. As a result, |Vg\ H | equals the number of

cardinality two summands in the sumset ¢y ({z1, —21})+...+du({zs, —x5}) + Z ¢ (A;), in which case

¢
Kneser’s Theorem implies |X + - A;| > (|[Ve\m, | + 1)|H|. In summary, Conditions C1 and C2 imply
i=1

14 14
(4.16) X + EAZ- = X+ 5VE) =n(V)T +o(VE,) and X+ ;Ai\ > ([Verm,| + D)IH|.
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Kneser’s Theorem (applied modulo H*) ensures that A; C 2z + HT for any j € [1, /] satisfying C3. As
¢
we trivially have | X + > A;| < n, with equality only possible when H* = Z/nZ, ([4.16]) implies
i=1
(417) |VG\Hm| S |G//H|*2+E,
where € = 0 if HT < Z/nZ is proper, and € = 1 if HT = Z/nZ.

Claim B. If [7(V)| < |4|I4]| + 1+ |1\ Iz| and C4 holds but I is not constrained, then ¢ = ¢, |I}| is
even, |m(V)| = %\I}Z| +14+|I\Ig| =L+1, Lis trivial, |[I*7| = |I*] =0, X = {0}, and |U;| = 2 for every
i € I". Moreover, supp(VT+<Q>) C {x —d,z,x + d} with VI(VTJZa)) = h(VTJza>) = /¢ < ord(d) — 1, for some
x,d € Z/nZ.
Proof. By definition of £1, and #', there is a decomposition VTJEM =Ty-...-Ty with |T;| = 2 for all i € [1, 4],
|A;] =2 for all i < ¢, |¢pr(A;)| =2 for all i < {4, and |¢pr(4;)| =1 for all ¢ > £, where A; = supp(27T7)
for i € [1,4].

Suppose ¢, < ¢, i.e., h(d’L(V:Za))) > {41, and let x € Z/nZ be an element with ¢ (x) a maximum
multiplicity term in ¢L(V:<'a>). Since £, < £, we have A;N(2z+ L") # 0 and |A4;\ (2z+ LT)| < 1 for all 4.

¢
Hence, since LT = H(X), Proposition 4.11|1 implies that X + > A4; = X +%,(2V " ) = 7(V) T +o(VF ),

. (o) (o)
which is HT-periodic by definition. Thus C1 holds. Additio;_allly, since L < H, it follows that C2 holds
(in view of A; N (2x + LT) # @ for all 7), while C3 holds for any j > £, as these sets are subsets of the
same LT-coset with H(X) = L*. As C4 holds by hypothesis, we conclude that I is constrained, which is
contrary to hypothesis. So we instead assume ¢, = ¢, i.e., h(¢L(VT‘§a>)) < ¢, which also forces ¢/ = (.
Suppose | X + 24(2V:za>)| < U|L| + |X| = (|Vray| = O)|L| + | X|. Then, in view of £, = £ (which is
equivalent to h(gbL(V:Za))) < {), we can apply Proposition 2 to X + EE(QV:ZQ)) taking L to be Lt
and using 2V7+a> | 2V

()"

But now C1-C2 all hold for the resulting setpartition By - ...+ By given by
J j=1
Proposition [4.212, and C4 holds by hypothesis. Moreover, if C3 fails, then | X + > B;| > | X + Y_ B;|+|L]
i=1 i=1
for all j € [1,¢], which implies |X+Eg(2v_:<_a>)| > ¢|L|+|X]|, contrary to assumption. Thus C3 also holds,
meaning [ is constrained, which is contrary to hypothesis. So we now instead assume

(4.18) X + eV ) = L] + | X| > | X| 4+ £+ L] - 1.

Let eq > 0 be the number of indices ¢ € I for which W; contains some term lying outside L. Kneser’s
Theorem implies | Xg| > (eq + 1)|Lz|. Combined with C4, we find that

(4.19) [ X| > (ea + D) Lo| + [I7] = [I5].

For each of the |Ig| — e, indices ¢ € I not counted by eq, we have supp(W;) C Lg. Thus, since U; is
an atom with WU = U - Wi[_l] a single term, it follows that the unique term from W, must also lie in
Lg. Tt follows that |Ur,| > |IZ| — eq. Hence Lemma applied to U implies [Ig| < 2|Lg| — 2 + eq.
Combined with (4.19]), we obtain

(4.20) X[ = [I%]+ (ea = )(ILg| = 1) +1 = [I?| = |Lg| +2,

with equality only possible if [I$| = 2|Lg| — 2+ e,. Since each W; with i € I} \ IS contains at least one
term from 7(a), and since each W; = U; withi € I\ (I*UIgy) = (I\ Ig)\ (I*\ IZ) contains at least two
terms from 7(a), we have

1 1 1
@2) 02 (0\Tol - |+ 130+ [ 50181 18D | = I\ ol ~ 11+ | 5lrb1 + 31231
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with equality only possible if [(U;) ()| = 2 for all i € I®7 and |U;| = 2 for all i € I” (since each |(U;)r(q)|
must be even). Combining (4.18)), (4.20) and (4.21)), we obtain

1 1 1
42D) X+ EV)I 2 |31+ SIS | 1N Tl 4 11 - [l 2 [ I8 + 1\ ol 1.

Since | X + 24(2V7Jza>)| < [31I51] + I\ Iz| + 1 holds by hypothesis, we are left to conclude equality

holds in as well as in the estimates , andq%[) used to derive , and that |1} ]
is even, |Ig| = 0 and L = Ly (lest the second inequality in (4.22)) be strict). Equality in implies
|[IS| = 2|Lg| — 2+ €4, which combined with |Ig| = 0 forces |Ly| =1 and e, = 0. Since L = Ly is trivial,
Kneser’s Theorem implies |X| > [Vigy| +1 > 21\ Ig| + [Ig| + [I°7| +1 > 2[I%| = [Ig]| 4+ [I°T|+1 =
2|1%|+|I*7|+1. As aresult, since equality holds in (4.20]), we are left to conclude |V | = [I%] = [I"*| = 0.
Thus supp(V) C 7(a) and X = {0}. As equality holds in ({21, we have |U;| = 2 for all i € I". It
remains to show supp(VT‘zM) C {z —d,z,x + d} with VI(VTJZa)) = h(VT+<a>) = ¢ < ord(d) — 1, for some
x,d € Z/nZ.

Since equality holds in and with X = {0}, [IZ] < |[I?] = 0 and |I}| even, we have
|Eg(2V:2a>)| =I5+ I\ Is|+1=(+1={+1, allowing us to apply Proposition (withm =n=1)
to X¢(2V;(a)). If Proposition [4.3]5 holds, then I is constrained in view of C4 holding by hypothesis,
which is contrary to hypothesis. If Proposition 4 holds, then supp(VTtw) C {z —d,z,z + d} with

vx(VTJEM) = h(VTJz@) = {, for some x,d € Z/nZ. Thus the claim is complete unless £ > ord(d). However,

j
in this case, each A; is an arithmetic progression with difference 2d, so that | A;| = min{ord(d),j + 1}
i=1

=1 ¢
for all j € [1,¢]. Thus £ > ord(d) implies that | A;| = |>_ A;| = ord(d), whence C3 holds as well as C1
i=1 i=1

with HT = (d). Since there is some term 2z € 2Vf<a> with multiplicity ¢, we obtain 2z € A; for all ¢,
whence C2 holds. Hence I is constrained as C4 holds by hypothesis, a contradiction. If Proposition .33
holds, then each A; = {2z,2x + 2d} for some x,x +d € Z/nZ. If ¢ < ord(d) — 1, the claim is complete.
Otherwise, arguing as in the previous case, we conclude that I is constrained, contrary to hypothesis. If

Proposition 2 holds, then ¢ = 2 and Supp(VTTM) = x + (d) for some z,d € Z/nZ with ord(d) = 3.

In this case, the pigeonhole principle ensures there is some y € = + (d) with vy(VTJEa>) = 2, so the claim
follows as (d) is trivially an arithmetic progression with difference d and length ord(d) = 3. Finally, we
note that Proposition 1 cannot hold since this requires Z/nZ to contain a subgroup isomorphic to
(Z/27)2. As this exhausts all possibilities, the claim is complete. O

CASE 1. There exists an ample subset I C [1, w].

We may w.lo.g. assume |I| is maximal among all ample subsets. By definition of IZ, we have
2n > |U| > 2|12|+|1}|. Hence, by A1, we have n > |7 (V)| > %|Ié|+%+|]\]g| = |I|+%—%|]é| —|13] >
[I| + 3 — n, implying |I| < 2n — 1. If [7(V)| = n, then 7(V) = G’ follows. In particular, 1 € 7(V),
ensuring that U |p(q) H:e] U; with |I] < 2n — 1, and the proof is complete. Therefore we may assume
|7(V)| < n —1, in which case the above estimates improve to |I| < 2n — 2. We must have I C [1,w]
proper; otherwise U |z(a) H:E[l,w] U; = [1;c; Us with |I| < 2n — 2, and the proof is again complete.

Let j € [1,w] \ I be arbitrary. The maximality of |I| ensures that I; = I U {j} is not ample,
meaning either Al or A2 fails. Let Vj, ¢;, Xj, s;, H;, Ly, E;- and I7 be the respective quantities V,
¢, X, s, H, L, ¢' and I” for the set I;. Suppose there is some j € [1,w] \ I and g € supp(U;) N ()
with g ¢ H. Since HT = H(X + S¢(2V,,)), it follows that ¢x(X) and ¢ (X + Xe(2V],)) are
both aperiodic. Thus Kneser’s Theorem implies that |X;| > [{g*,—¢"} + X| > |X| and |#n(V})] >
Hgt,—gt} +X+Zg(2VT+<a>)| > \X+Eg(2VT+<a>)| = |m(V)|, so that Al and A2 holding for I ensures they
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hold for I;, contradicting the maximality of |I|. So we instead conclude that
(4.23) supp (H e\ Ui) N{a) C H.

As a result, if supp(U;) C (a) for all i € [1,w] \ I, then 7(U=1. [icpuwm Ut ==V - H:e[l’w]\l U)t =
(V)T follows from Proposition 2. Thus, since 1 € 7(UY . [Lic ) Ui) in view of the hypothesis
that U [gq) Hie[l,w] U;, we conclude that 1 € m(V'), so that U |z [[;c; Ui with |[I| < 2n —2, and then
the proof is complete taking J = I. Therefore let J, C [1,w] \ I be the nonempty set of all ¢ € [1,w] \ I
with supp(U;) N7(a) # 0. Note that I = I* for all j € J;, so that A2 holds for any I; with j € J; since
it holds for /. This means Al fails for every I; with j € J,, which in view of Al holding for I implies

(4.24) |T(V)| = { |1, |J + 1+ |1\ Iy

CASE 1.1. I is not constrained.

In this case, and A2 holding for I allow us to apply Claim B yielding ¢ = ¢/, |I}]| is even, L
is trivial, [I*7| = |[I*] = 0, X = {0}, |U;] = 2 for every ¢ € I", |7(V)| = £+ 1 and bupp(V< y) C
{x —d,z,z + d} for some x,d € Z/nZ with £ < ord(d) — 1 and vz$(2VTJ2a>) = h(2VTJ2a>) = (. Thus we
have a decomposition V;zw =T -...-Tp with |A;| = |T;| = 2 for all i, where each A; = supp(27;) is an

arithmetic progression with difference 2d containing 2z, for all i € [1,/], in which case Lemma [£.4] (with
‘
H taken to be trivial) ensures EE(QVTJZCQ) = Y A, C 20z +(d) is an arithmetic progression of length ¢+ 1.
i=1
In particular, either ¢ < ord(d) — 1 and H is trivial, or £ = ord(d) — 1 and H* = (d).
Consider an arbitrary index j € J,, in which case ¢; > £. Since V; = V -U;, we have Zg_j_g(Z(Uj)j@))Jr
(2V:Za>) C Xy, (2(V; )T<a>) Consequently, since Al fails for I; (as j € J;), it then follows from (4.24))
that |7(V)| = |7(Vj)| = [515]]+1+1\Iz|, and hence [Z¢(2V )| = [7(V)| = |7(V})] = [S¢, (2(V})] )]
and

(4.25) Be,-e2U5) ) +Be(2V0) = B, (2(V)) 0y) = B+ 22V ,)),

for any 3 € ng_g(2(U‘)j__<a>) In particular, since [(Uj);(a)| = 2(¢; — £) > 2, we conclude that all terms

of Q(Uj)j@) are congruent to each other modulo the stabilizer H = H(ZZ(ZVT';M)).

Suppose HT is nontrivial. Then HT = (d) with Eg(ZVTJza ) = ZAi = 20z + H™, in which case
i=1

Egj(Q(Vj)j_‘m)) =B+ Zf(QVr—?aQ = B+ 20z + H" is also an Ht-coset. However, as £; < [(V})r(a],

this is only possible if all terms of (Vj)j@t> lie in the same HT-coset, ensuring that Supp((V»)jm)) C
x+ HT =z + (d). This must be true for any j € J,, so supp ((Hze[1 w\I Ut e >) C z+ H*. Combined
with (4.23)), we conclude supp (H;e[l,w]\IUi) C H,, and now Proposmon EQ implies that 7(V) is a

translate of W(U[’U . H;E[l,w

]Ui) =7(V- H;E[Lw]\l U;). However, since H:e[l,w]\l U; is product-one,
we have 1 € W(U[’” . H:e[l,w] UZ-> = m(V). Thus U |g(e) [Iie; Ui with |I| < 2n — 2, and the proof is
complete taking J = I. So we now instead assume H is trivial and ¢ < ord(d) — 1.

Combining H trivial with (4.23)) implies supp(U;) C 7(a) for all i € [1,w] \ I (as we can assume no

U; is the atom consisting of a single term equal to 1). We showed above that all terms of U; = (Uj;)+(a)
are equal (as H is trivial), for any j € J, = [1,w] \ I. Thus Lemma ensures each U; = g]m for some
g; € 7(a). Suppose, for some j € [1,w] \ I, that supp(Uj) = {y} with 2y ¢ A, for some j' € [1,4],

-1 ¢
say w.lo.g. 2y ¢ Ay. Observe that (¢; — 0)2y + > A; + (A, U {2y}) C Egj(Q(I/j)j<a>). Since Y A; is
i=1 i=1
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aperlodlc (as HT is terlal and X = {0}) and 2y ¢ Ay, Kneser’s Theorem and [21 Lemma 2.6] imply
|ZA +(AeU{2y})| > ZlA | —l+1=l+1= |ZA |- Thus 3¢, (2(V;) o))l > |ZA | = [2e(2V ),

contrary to . So we are left to conclude that, for any j € [1,w]\ I, all terms of U are equal to some
multiplicity K term in V;(q). If it always the same multiplicity ¢ term for each Uj Wlth Jj € [1,w]\ 1, then
Proposition [4.11| (taking H to be trivial) implies (V) = =(V - H:e[l,w]\l U) = W(U[_l] . H:e[l)w] UZ),
and the proof is complete as before.

It remains to consider the case when there are two multiplicity ¢ terms in V:za>, so w.log A; =
{z,z + d} for all i € [1,4], and (Vj)j(c@ =z and (‘/j/):—((x) = (x + d)P for some j,j’ € [1,w]\ I. Set
App1 = Apro = {22,22 + d}. Define J = T U {j,j'} and let Vy, €5, I and ¢; be the corresponding
quantities V', ¢, I* and ¢ for the set J. Then ¢, = ¢ +2=/{+2 = {; and I* = I}, ensuring that A2
holds for J since it held for I. Observe (in view of (4.23) and Proposition that

042
r(Vt+o(Vi,) = A= {22,204 2d} + ... + {22,20 + 2d}

£+2
42 ¢
If | X+ > Al > | X+ A;|+2, then Al holding for I will imply it holds for .J, in which case |.J| contradicts
i=1 i=1
' ' 0+2 ‘
the maximality of |I|. Therefore |X + > A4;| < |X + 3" A;| + 1, which is only possible if 2d € H} :=
i=1 i=1

41 042
H(>" A;)) = H(>. A;) = H(Zr2(Vy)) = (d). As a result, since supp((Uj)j<a>) C{z,z+d} Cx+ HJ for
i=1 ;

i=1
all j € J;, we conclude via Proposition that 1 € m(UI~1 -H;e[l,w] U;) = W(VJ-H;E[LU)]\J U;) = w(Vy).
Thus U |g(q) [15e, Ui with |J| = |I| + 2 < 2n, completing the proof and subcase.
CASE 1.2. [ is H,-constrained.
Let 2z+H™' and A = A;-...- Ay be the coset and setpartition showing I is constrained, and let w.l.o.g.

j = £ be the index from C3. Consider an arbitrary index k € J.. Then Al fails for I}, which in view of
[@24) implies that |7(V)| = |7(Vi)|. Indeed, since |7(V)| = | X + S,(2V7 )| <X 4+ %, (2 (Vk)'r(a )| <

()

| X% + Egk(2(Vk)j<a>)| = |7(Vi)|, we obtain that | X + Zg(ZVT"Ea>)| =X+ Egk(2(Vk)j<a>)|. Moreover,
arguing as we did when establishing (4 , we conclude that

(4.26) X + 20, —e(2(Uk)F 1 0y) + 24(2V+ V) =X+ 8, 2(Vi)] ) = B+ X + 202V ,),
for any 8 € Egk,g(2(U;€)T<a>), and that all terms of (Uk)jfm) are congruent to each other modulo the
stabilizer HT = H(X + EZ(QV:' )). We claim that they are, in fact, all congruent to z modulo H*. If

this fails, then there is some z € 5upp((Uk) ) with z ¢ x + HT, whence (4.26)) yields

(o)
(4.27) X +30,2(Vi) ) = (e — 022 + X + 24(21/%)
Recall that j = £ is the index given by C3 and define a new setpartition B = B; - ...+ By by setting

By = {2y,2z2}, where 2y € Ay = A; C 2z + H' is any element, and setting B; = A; for i < /.

4
In view of C3 and ([{.16), we have (64 — 0)2z + X + B(2V] ) = (bp — 022 + X + 3 A; C (b —
=1

¢ ¢ ¢
0224+ X+ > B, C X+ E@k(2(Vk)+< ), whence X + > A; = X + > B, follows in view of (4.27). In

i=1 =1 =1

particular, since X + ZA is a translate of X + ZA by C3, and thus has stabilizer H", Kneser’s
i=1 i=1

Theorem implies that all terms of B, = {2y, 2z} are congruent modulo H ™, contradicting the assumption
z¢x+H"=y+ H'. So we conclude that supp((Uk):_r< ) Cx+ HT, as claimed. However, as j € J-

@)
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was arbitrary, combining this with (4.23]) and Proposition (as V is H,-constrained) once more yields
Len(UEY Ty u Ui) = 7(V - TTicpy wp s Us) = 7(V), showing that U |gq) [I5e; Us with |I] < 2n —2.
Thus the proof is complete taking J = I, which completes CASE 1.

CASE 2. There is no ample subset I C [1,w].

As a particular instance of the case hypothesis, I is not ample. Since A2 holds trivially for I (as
ig € I" UI™ when Iy # Ij), this means Al must fail:

1
(4.28) |Xo + 3y 2(Vo) 110yl = [7(Vo)l < S 1T5] + |10\ T .

Thus Claim B ensures that Iy is (Hp)q,-constrained for some zo € Z/nZ, and we use the abbreviation
Hy = (Hp)ay-

Suppose Hy is trivial. Then Xy + Xy, (2(‘/@)j<a>) is aperiodic. Moreover, from the definitions involved,
Xp is a sumset of [(Vp)ay| > [I§] + [I§7| cardinality two sets, while in view of and the definition
of £, it follows that ¥, (2(V@)j<a>) is a sumset of £ cardinality two sets (as well as several cardinality
one sets). Hence it follows from Kneser’s Theorem that

(4.29) X0+ ey 20V0)5ay) 2 (Vo) oyl + 1+ 2 TG + | IGT + 1+ £

If Ig # Ip, then [Ip\ Ig| =1, £3 > 0, (Vg )@y = Vo, and [(Vp)(a)| > [(Va)(a)| = [Ve| > max{1, |15}, in

0 =
which case contradicts . On the other hand, if Iy = Iy, then |y \ Iz| = 0, and implies
| Xp + ZgQ(Q(V@)i_<a>)| > [Ig|+ 17| + 1+ 0y > [Ig] + [137| + 1+ 3|I5| > 3|15| + 1, with the second
inequality in view of Claim A. However, this also contradicts . So we instead conclude that Hy is
nontrivial. We must also have Hy proper, else 1 € m(V}), contradicting . Since n = |G| is odd, this
forces 3 < |Hy| < %.

Let I C Iy consist of all indices i € Iy such that W; contains some term from |G \ Hgy|. Then
supp(W;) C Hy for all i € Iy \ I§, while Uj - Wi[_l] = WY is a single term if we additionally have i € I}.
It follows that the remaining term from WU in the product-one sequence U; must also be from Hy for
i € IZ\ I§. As aresult, the atom U contains at least |1} \ I§| terms from the subgroup Hy, in which case
Proposition [£.14] ensures that

(4.30) I5\I§| < n+ |Hg| — 2.
In view of (4.17), we have [(Vp)q\ g, < |G'/Hp| — 2, in which case
(4.31) 151 < 1(Vo) e, | < 1G/ Hol — 2.

Thus |I}| <n+ |Hg| — 2+ |(Vo) e iz, |- Averaged with the inequality 2|I%| + |IL| < |U| < 2n, we obtain

1
(432) || < |To|+1< 5 (30— 2+ | Hol + ()i ) + 1< 20— (I6'/Hol =1~ (Vo) ]):

with the final inequality making use of 3 < |Hy| < %.
Let I C [1,w] be a subset containing Iy with |I| maximal subject to A2 holding,

(4.33) Hy<H and  |x(V)| > |x(Vo)| + 1\ Iy||Hyl.

Thus our case hypothesis ensures that Al fails, allowing us to apply Claim B to conclude [ is H,-
constrained. Let 2z + H' and A = A; - ... A; be the coset and setpartition exhibiting that I is

¢
constrained, so X + -EAi =X+ 24(21/;?&)) by (4.16). In view of the second condition in (4.33)) and

i=1
(4.16) (applied to Iy), we have |I\Ip| < |G/ Hy|-1~|(Vp) ¢\ 7, |, with equality only possibleif H* = Z/nZ.
Thus implies |I| = |Ip| + |1\ Ip] < 2n — 1. Consequently, if 1 € 7(V), then taking J = I completes
the proof as |I| < 2n — 1. Therefore we may assume 1 ¢ w(V). In particular, H is proper, in which case
the previous estimate improves by one: |I| < 2n — 2.
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If supp(Ux) C H, for all i € [1,w] \ I, then Proposition again ensures 1 € 7(Ul1. H;G[l,w] U;) =
w(V - H;E[l,w]\l U;) =7n(V) (as V is Hy-constrained), contrary to assumption. Therefore there must be
some k € [1,w] \ I with supp(Uy) € H,. Let I, = I U {k}, and let Vi, lx, X, sk, Hy, Li, £}, and I be
the respective quantities V', ¢, X, s, H, L, £’ and I” for Iy. If supp((Uk)f<a>) Cxz+ HT, then and
Lemma imply that X + %,(2V} ) is a translate of X + 3, (Q(Vk):—(a))' In particular, Hy < H < Hy,
(the first inclusion follows from ) Moreover, there must be be some g € supp((Uy)(a)) with g ¢ H,
and now Kneser’s Theorem ensures that Xy, + X, (2(Vk)j<a>) is strictly larger in size than X+Eg(2VTJ2a>).
Since both these sets are Hy-periodic in view of Hy < H < Hy, it follows from Proposition .5 that
7 (Vie)| = [ Xk + B, 2(Vie) S| 2 X + 2V )+ [Hy| = [7(V)[ +[Hol > |7(Vo)| + [T \ Ip| | Hy|, with
the final inequality from . Since g ¢ H, we also have g ¢ L < H, so that Kneser’s Theorem implies
| Xk| > |X|, ensuring A2 holds for I, (as it holds for I). It follows that I; satisfies ({.33), contradicting
the maximality of |I|. Therefore we instead conclude that

(4.34) supp((Ux) T Toy) LT+ HT.

In particular, (Uk) y 1s not trivial, and hence supp(Ux) ¢ (o). Thus I* = (I})%, ensuring that A2 holds
for Ij; (as it holds for I)

Let S | (Vk)r(a) be a subsequence with V(o) | S, s0 S = V(o) - T' for some T" | (Uy)7(ay, for which
|S| = 2r is maximal subject to there ex1st1ng a decomposition St = Sy - ... S, with |S;| = 2 for all
1 € [1,7] and the following holding, where B; = supp(25S;) for i € [1,7]:

D1. H < Hg, where Hf =H(X + Y. B,).
i=1
D2. B;N(2z+ H&) # 0 for i € [1, r]

D3. Thereis a j € [1, r]w1th|X+ZB|_\X—i—ZB\

éﬁj
D4. ¢ny(A;) = ¢y (B;) for all i € Is, where I's C [1, /] is the subset of all ¢ € [1,¢] with |¢p,(A;)] = 2.

Note S = V, () satisfies the above conditions with A; = B; for all i in view of I being H,-constrained,
so S exists.

Claim C. § = (Vk)r<a>

Proof. Assume by contradiction that T := S« (Vi) 0y = (T")7Y « (Uy)r(a) is nontrivial. Let HY =

H(X + ZBi). Since |(Vi)7(ay| = 2¢r and |S| = 2r are both even, it follows that |T'| is even, so [T'| > 2.
i=1
If there is some y € supp(T*) N(x+ H;‘), then setting S,+1 = y - z and B,41 = supp(2S,4+1), where
z is any other term from 7', we find that D1-D4 hold for S - y - 2z, contradicting the maximality of |S|.
Therefore we instead conclude that supp(77") is disjoint from = + Hg. As a result, there is a two-term
subsequence z1 - 2o | TT with 21, 20 ¢ o + ng Let j € [1,7] be an index given by D3. Let y € supp(S;)
be any element, and define a decomposition ST -2y - 2o = S7+...-5} ., and sets B} = supp(25}) as follows:
Si =5 eyl 2y, 1L =20y, and S) = S; for i # j,r + 1. In view of D1 and D3 holding for the

r+1
original decomposition, it follows that H < Hg < Hg/, where HZ, = H(X + 3 B!), so D1 holds for the
i=1
new decomposition. Since |B;| < 2 for all ¢, Kneser’s Theorem and D3 imply that |¢p,(B;)| = 1, which
combined with D2 ensures supp(S;) C = + H{ &. Thus D4 holds for the new decomposition as it held for
the original decomposition (in view of Hg < HS/), and both terms from S; lie in x + H+ C x4+ HS,7
ensuring that D2 also holds for the new decomposition. In order not to contradict the maximality of |S],

we are left to conclude that D3 fails for the new decomposition. As a result, | X + > Bj| > | X + i B
i=1 i=1
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for all m, ensuring that

r+1 1 1
(4.35) |X + D Bi| > |X[+7r+1> X[+ L+1> X[+ S |[I5] + 1T\ Ig| + S|I57[ + 177\ 157 + 1.

i=1
Let eq > 0 be the number of indices ¢ € I for which W; contains some term lying outside Lg. Since
A2/C4 holds for I, arguing as in Claim B when establishing (4.20]), we conclude that |X| > |I*| +
(ea = D)(|Lg| —1) +1 > |I* — |Lg| + 2. In view of A2/C4 and Xy being Lg-periodic, we trivially
have |X| > |Xg| + I*\ IZ| > |Lg| + [I*\ IZ|, which averaged with the previous bound implies | X| >
LIIg] + [I* \ Ig| + 1. Combined with (4.35), we find

- 1 1
X+ Bil > S1pl + I\ o] +2 = S| I5] + Ik \ Io| + 1.

i=1

7{a)
=1
[m(Vi)| > | X + E@k(2(Vk)j<a>)| > LIL| + |Ir \ Iz| + 1, ensuring that Al holds for I,. However, since
A2/C4 holds for I with I* = I{, it follows that A2 holds for I, implying that Ij, is ample, contrary to
case hypothesis. This completes Claim C. O

r+1
Since a translate of X + > B! lies contained in X + 3, (2(V4)T, ), it follows from Proposition |4.5| that

In view of Claim C, we have S = (Vi);(a). In particular, r = £;. In view of D1 and D2, we can apply
Proposition 1 (with H taken to be HZ) to conclude

Ly
(4.36) X+ Bi=X+20,2(Vi) o)

i=1

Ly

In particular, Hg < Hj. In view of (4.36), D1 and D4, we see that X + > B; = X + X, (2(Vk)j<a>),
i=1

and thus also X + Xy, (2(Vk)j<a>), is HT-periodic and contains a translate of the HT-periodic set

¢
X+>YA=X+ Eg(?VTJZM). If this translate is a proper subset, then

i=1

(V)| = X+ So, (V) F)l = [X + e(@ViE,, )| + [H| = [2(V)] + |H].

Thus (4.33) holds for I;, = TU{k} as it held for I, with Hy < H < Hg < Hy, following from D1. We already
noted above D1-D4 that A2 holds for Iy, so |Ij| contradicts the maximality of |I| in such case. Therefore

£y, ¢
we instead conclude that X 4+ > B; is equal to a translate of X + ) A;. Consequently, since a translate
i=1 i=1
¢ ‘ £
of X +54(2V7,,) = X + Y A; is trivially contained in X + Sy, (2(Vi)¥)) = X + 3B € Xy + Y. B;
i=1 i= i=

1 i=1

Ly
(the equalities follows from (4.16]) and (4.36])), it follows that X + > B; is also equal to a translate of
i=1

‘
X + > A;, whence Hg = H.

i=1

Ly
Since S = (Vi) r(a), we have S = Vi (qy * (Uk)7(ay- Since H = Hg is the stabilizer of both X + Xk:Bi and
i=1

‘
X + 3" A;, which are simply translates of each other, Kneser’s Theorem combined with D4 ensures this is
i=1

only ;_)ossible if the cardinality two sets among ¢ (B1),...,¢u(By,) are the same as the cardinality two
sets among ¢p(A1),...,0m(Ae). Combined with D2, we conclude that ¢g(B1),...,¢u(Be,) consists
of the cardinality two sets from ¢p(A41),...,¢n(As) with all other sets equal to {¢m(2z)}. Hence
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supp((U)T, ) = supp((S - VT[Z;)])"’) C x + HT, contradicting (4.34), which completes the case and

7(a)

proof. O

5. ON THE SET OF DISTANCES AND THE SET OF CATENARY DEGREES

In this section we study the set of distances and the set of catenary degrees. Our main result is
Theorem which substantially uses Theorem We recall the definition of catenary degrees and
summarize some basic properties of distances and catenary degrees.

Let H be an atomic monoid. For an element a € H, let c(a) be the smallest N € Ny U {co} with the
following property:

If z,2' € Z(a) are two factorizations of a, then there exist factorizations z = 29, 21,...,2, = 2’ €
Z(a) such that d(z;—1,2;) < N for each i € [1, k].
Then c(a) = 0 if and only if |Z(a)| =1 (i.e., a has unique factorization) and if |Z(a)| > 1, then 2 < c(a) <
supL(a) 4+ 1. Then
Ca(H) = {c(a) | a € H with c(a) > 0} C Ny
denotes the set of (positive) catenary degrees and its supremum c(H) = sup Ca(H) is called the catenary
degree of H (we use the convention that sup ) = 0). It is easy to see that ([I4, Proposition 3.6])

(5.1) 2+maxA(H) <c(H) <w(H).

Each of the inequalities can be strict and the structure of the sets A(H) and Ca(H) can be quite arbitrary.
We mention a couple of results. For every finite set A C N with min A = ged A (recall property )
there is a finitely generated Krull monoid H with A(H) = A ([I6]). For every finite set C' C N, there
is a finitely generated Krull monoid H; and a numerical monoid Hy such that Ca(H;) = Ca(Hsz) = C
([34, 10]). On the other hand, sets of distances and sets of catenary degrees are intervals for transfer
Krull monoids over finite groups and for classes of seminormal weakly Krull monoids ([20, 17]).

The main result (Theorem of the present section states that the set of distances and the set of
catenary degrees of B(Ds,) are intervals. By Theorem B(Ds3,,) is neither transfer Krull nor weakly
Krull nor seminormal nor does it have the property studied in [29, Theorem 5.5] enforcing that sets of
distances are intervals.

Theorem 5.1. Let G be a dihedral group of order 2n, where n > 3 is odd. Then A(Day,) = [1,2n — 2]
and Ca(G) = [2,2n].

We start with a simple lemma.
Lemma 5.2. Letn € N>3 be an odd, and G = (a,7|a™ =12 = 1g and Ta = a~'7). Then
A({a, 7,a1}) :{a[j] =il (o)) g e [O,n]} U
{a[z-j_ll -Tear:jE[l,n— 1]} U {a[zﬂ LR Rl (O[T)[2]I je0o,n— 1]} .

Proof. First, it is easy to check that the product-one sequences on the right hand side are indeed atoms.
Let S = albil. k2l (ar)lksl € A({a,7,a7}), where ki, ko, k3 € No. It is easily checked that S must have
one of the listed forms if ko +k3 < 2. For ko +k3 > 2, Lemmal4.7limplies ko = k3, say ko = k3 = n—j with
j €[0,n—2]. Then w.lo.g. S = afr=l.ar.al.7.(ar.-7)" 7= with 1 = o~ *.ar-a® -7-(a7-7)" 771,
0<z<min{n—1,k}and ky —z<n—1. Since l ="~ .ar-a® -7 (ar-7)" 771 = 172277 we
must have k; — 22 —j =0 mod n. If 2 > 1, then a*' =2l a7 . al*=U. 7. (ar.7)"7=2 and a -7+ ar are
both product-one, contradicting that S is an atom. If x = 0, then k; — 2x — j = 0 mod n forces k1 = j
mod n. However, as 0 < k; =k —z <n—1and j € [0,n — 2], this implies k1 = j, and now S has the
desired form. |



28 ALFRED GEROLDINGER AND DAVID J. GRYNKIEWICZ AND JUN SEOK OH AND QINGHAI ZHONG

Proof of Theorem[5.1} Let n € N>3 be odd and let G = {a,7]|a"™ = 72 = 1g and Ta = a~!7) be a
dihedral group of order 2n. Clearly, we have that [1,n — 2] = A(C},) C A(G) ([I3, Theorem 6.7.1]) and
[2,n] C Ca(G). We assert that

(5.2) [n—2,2n—2] C A(G) and [n,2n] C Ca(G).
Then Equation (5.1) and Theorem imply that
2n < 24+ maxA(G) < ¢(G) <w(G) =2n.

Thus it remains to verify the inclusions (5.2)).

Let U = 7" . (ar)[" € A(G). For every k € [0,n], we let Uy, = olFl . 7["=F . (a7)[*=F| We claim that
L(U - Ug) = {2,2n — k} for all k € [0,n], and the assertions then follow by definition.

Let k € [0,n)]. Since U-Uy = (a-7-a7)*l.(7R)=kL (o))"= e obtain that {2, 2n—k} C L(U-Uy).
Suppose

U-U, = (T[n] . (aT)[n}) . (a[k] . pln=kl, (aT)[n—k}) =Vi-...- Vg,

where £ > 3 and Vi,...,V; € A(G). If there exists i € [1,/] such that V; = ol . (=3l . (a7)"=3] for
some j € [1, k], then the remaining sequence is a* =71 . 7["=k+7]. (q7)"=*+3] wwhich is an atom, and hence
¢ = 2, a contradiction. Thus we may assume by Lemma[5.2] that, for every i € [1,£], v, (Vi) 4+ var (Vi) = 2.
Therefore ¢ = 2Entn_kin=k — 9y _ k and hence L(U - Uy) = {2,2n — k}. O

6. ON THE STRUCTURE OF SETS OF LENGTHS

For an atomic monoid H, unions of sets of lengths Uy (H), where k € N, and sets of elasticities
R(H) = {p(L): L € R(H)} are well-studied invariants. Under very mild conditions, unions of sets of
lengths are almost arithmetical progressions (e.g., [39]). For monoids of product-one sequences, both
invariants, unions and sets of elasticities, are as simple as possible, and this is not difficult to obtain.
Recall that pr(H) = supUi(H) and set A\ (H) = minUy,(H). If G is a finite group with |G| < 2, then
B(G) is half-factorial, whence

L(G)={{k}: keNo}.
Thus, whenever convenient, we will assume that |G| > 3.
Proposition 6.1. Let G be a finite group with |G| > 3.
1. For every k € N, Uy (G) is an interval, por,(G) = kED(G), kD(G)+1 < por+1(G) < (2k+1)D(G)/2,
and if |G| > 1, then p(G) = D(G)/2. If G is dihedral of order 2n for some odd n > 3, then, for
every k > 2 and every ¢ € Ng, pr(G) = kn and

243  forjelo,1],

20+2 forj>2andl =0,

204+1 forje[2,n]andl >1,

20+2 forjen+1,2n—1] and £>1,

A2en+j(G) =

provided that 2fn + 5 > 1.
2 {p(L): L€ £(G)} = {g€Q: 1 < ¢ < D(G)/2).
Proof. 1. See [29, Theorem 5.5 and Proposition 5.6] and [32, Theorem 5.4].
2. By 1., we have p(G) = D(G)/2. By definition of the elasticity p(G) (see Equation (2.4))), we have

{p(L): LE£(G)} C {ge Q: 1< < p(G)}.
In order to show that equality holds, we use [4I, Theorem 1.2]. By that result, it is sufficient to verify

that
inf{p(4): 1#A€B(G)} =1, where p(A)= lim p(L(AM)) .

If g€ G and A = glo*d@] then L(A[) = {n} for every n € N whence 5(A) = 1 and inf{5(B): 1 # B €
B(G)} =1. O
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In this section, we study the structure of sets of lengths over dihedral groups G. In order to do so, we
consider two distinguished subsets of A(G), namely A*(G) and A}(G), which play a crucial role in all
structural descriptions of sets of lengths. We start with the definitions of generalizations of arithmetical
progressions.

Let d € N, ¢, M € Ny, and {0,d} C D C [0,d]. A subset L C Z is called an

e almost arithmetical multiprogression (AAMP) with difference d, period D, length I, and bound
M, if
L=y+(LUL*UL") C y+D+dZ where
— min L* =0, L* = (D +dZ) N [0,max L*], and £ is maximal such that ¢d € L*,
— L' c [-M,—1], L" C maxL* + [1, M], and
—y€EeZL.
e almost arithmetical progression (AAP) with difference d, bound M, and length ¢, if it is an AAMP
with difference d, period {0,d}, bound M, and length ¢.

Let H be an atomic monoid. Following [13 Definition 4.3.12], we define

e A;(H) to be the set of all d € N having the following property:
For every k € N, there is some Lj € L£(H) that is an AAP with difference d and length at
least k.

e A*(H) to be the set of all min A(S) for some divisor-closed submonoid S C H with A(S) # (.

If H is finitely generated, then by [I3] Corollary 4.3.16]
(6.1) A*(H) C A1(H) C {d1 € A(H): dy divides some d € A*(H)} C A(H).
The significance of the sets A*(H) and A;(H) stem from the following result (|13, Theorem 4.4.11]).

Lemma 6.2. Let H be a finitely generated monoid. Then there is a constant M € Ng such that every
L e L(H) is an AAMP with difference d € A*(H) and bound M.

Let G be a finite group. By [29, Lemma 3.3], a submonoid S C B(G) is divisor-closed if and only if
S = B(G) for some subset Gy C G. As usual, we set A*(G) := A*(B(G)). Thus it follows that

A*(G) = {min A(Gy): Gy C G such that A(Gy) # 0}.
If G1 C Gy with A(G1) # 0, then A(G1) C A(Gy) whence
min A(Gp) = ged A(Gy) | ged A(G1) = min A(Gh) .

Thus there exists a minimal non-half-factorial subset Gy C G with max A*(G) = min A(Gp). The set of
minimal distances A*(G) has found much attention in the literature. If G is finite abelian with |G| > 2,
then (by [18])

(6.2) max A*(G) = max{exp(G) — 2,r(G) — 1},

and [1,r(G) — 1] C A*(G) (here r(G) denotes the rank of G). In contrast to A(G), the set A*(G) is not
an interval in general, but there is a characterization when this is the case ([40, Theorem 1.1]). Cross
numbers are a crucial tool in the study of half-factorial and minimal non-half-factorial sets. We start
with a simple lemma whose proof runs along the same lines as the proof in the abelian case.

Lemma 6.3. Let G be a finite group and Gy C G a subset. Then the following statements are equivalent:
(a) Gy is half-factorial.
(b) k(U) =1 for every U € A(Gyp).
(¢) L(A) = {k(A)} for every A € B(Gy).
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Proof. (a) = (b) Let U = g1 - ... gs € A(Gy) and suppose that ord(g;) = m; for every ¢ € [1,]. For
every ¢ € [1,¢], we have U; = gl[mi] € A(Gy). We set m = lem(myq,...,mg) and m = m;m} for every
i€ [1,4. Then U™ =yl™!. .yl and L@WU™) = m imply that
m=mj+...+my=mk(U), whence k(U)=1.
b)) = (c) fA=U;-... U, € B(Gy), where m € N and Uy,...,U,, € A(Gq), then m =
k(U1) + ...+ k(Un) = k(A), whence L(A) = {k(A)}.
(¢) = (a) Obvious. O

A subset Gy C G is called an LCN-set if k(U) > 1 for each U € A(Gy). We define
m(G) = max{min A(Gy): Gy C G is a non-half-factorial LCN-set} .
Let G be a finite cyclic group and let g € G with ord(g) = |G| > 2. For every product-one sequence
S =glml.  .gl"a e F(Q), where ¢ € Nand ny,...,ns € [1,|G|], we define its g-norm
ny+...+nyg
1Sllg = ——=—
! |G|

Lemma 6.4. Let G be a finite group, Gy C G a non-half-factorial subset, and e € N such that ord(g) | e
for all g € Gy.

1.

e N.

min A(Gy) | ged(e(k(U) —1): U € A(Gy)) -
In particular, if there is some U € A(Go) with k(U) < 1, then min A(Gp) < e —2.
2. min A(Gy) < max{e —2,m(G)}.
If (Go) = (g) for some g € Gy, then min A(Go) = ged{||[V|y —1: V € A(Gy)}.
4. Let g € G with ord(g) = n > 3 and let a € [2,n — 1]. If [ag,...,an] is the continued fraction
expansion of n/a with odd length (i.e. m is even), then min A({g, ag}) = ged(ay,as, ..., am—1).

@

Proof. 1. We set d = min A(Gy) = ged(A(Gy) and choose some U € A(Gy). It is sufficient to show that

d|e(k(U) —1). Weset U =gy - ...-gs. Then U; = gl € A(Gy) for all i € [1,4] and
le] _ ® .[e/ ord(g;)] . _ € le]
U Hie[u] U; implies that ek(U) Z ord(g)) eLU).

i=1

Since e € L(U'®)), we infer that d divides ek(U) — e.
If k(U) < 1, then ek(U) € [2,e — 1] whence e — ek(U) € [1,e — 2] and thus d < e — 2.
2. This follows immediately from 1.
3. follows from [13, Lemma 6.8.5] and 4. from [B, Theorem 2.1]. a

Lemma 6.5. Let G be a dihedral group of order 2n where n > 3 is odd, say G = (o, 7: a™ 2

1 and ar = Ta™t). For U € F({a)), define

|
\]
|

TGRS | NIt L

Then U is an atom if and only if $(U) is an atom.

Proof. If ¢(U) is an atom, then there is an ordering of the terms of U with product-one such that no two
consecutive terms equal 7. Since v-(¢(U)) > 1|¢(U)| = |U|, this is only possible if every second term in
the ordering is equal to 7, meaning the ordering w.l.o.g. has the form g17-7-go7-7-... g7 -7 =1,
where U = g1 - ... gp. It is now clear that U must be an atom, as the sequence formed by replacing each
pair of terms in the ordering with their product must yield an atom.
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For the other direction, assume U is atom and let vo=(U) = s, for z € [1,n]. Then

Zsmx =0 modn and Zs’mx #Z0 modn

r=1 r=1

ol

for any s, € [0,s,] with 0 < > sl <

x
=1 7

sz. If we take an arbitrary ordering of the terms of ¢(U),
1

n
then its product equals o with z = Z

/\

(s¢ — s)x — s,x) mod n, where s/, € [0,z] is the number of

terms equal to a7 occurring as the j- th term in the ordering with j even (making s, — s, the number
of terms occurring as the j-th term in the orderlng with j odd). Thus, in any ordering Whose product

is one, we must have 0 = > s,2 — 2 siox = —2 Z shx mod n. Since n is odd, this forces Z stz =0
r=1 r=1 r=1 =1
mod n, which is only possible if s/, = 0 for all z, or if s}, = s,, for all  (as U is an atom). We are left

to conclude that, in any ordering of the terms of ¢(U) having product-one, either all terms equal to g7
with g € supp(U) occur at odd places in the ordering, or all occur at even places. From this conclusion,
it is now rather immediate that ¢(U) is an atom, completing the proof. |

Proposition 6.6. Let G be a dihedral group of order 2n where n > 3 is odd, say G = (a,7: a" =
72 = 1 and ar = Ta™t), and let Gy = {7,ar,a’t}, where i € [2,n — 1]. Then min A*(Gy) divides

ged (min A({e, @'}), min A({a, @' 7}), min A({a?, o'~ 1})).

Proof. We set d = min A(Gy). Clearly, it is sufficient to show d| min A({a, a'}), d| min A({a, a'~})
and d| min A({a?,a*"1}). Let d = min A({a,a'}) and let Uy, ..., Ux,Vi,...,Vira, € A({a,a’}) be
atoms with Uy «...- Uy = Vi +...+ Viyq,. Letting ¢ be as in Lemma 6.5} we have

dUy)+...-d(Ux) = o(V1) - ... d(Vira,),

with each of the ¢(U;) and ¢(V;) atoms over {7, a7, a’r} (by Lemma . Since d = ged (A({r, a7, a'7})),
this shows d | d;. As the cases d | min A({a al” l})) and d| min A({a’, a’=1}) follow by a near identical
argument (using the generating sets {a~!,ar} and {a~!, a’7} in place of {a, 7} when applying Lemma
6.5)), the proof is complete. a

Theorem 6.7. Let G be a finite group with |G| > 3.

1. 1 € A*(G) and {ord(g) — 2: g € G with ord(g) > 3} C A*(G).

2. max A*(G) < D(G) — 2.

3. max A*(G) = |G| =2 if and only if G is cyclic or a dihedral group of order 2n for some odd n > 3.

4. If G is a dihedral group of order 2n for some odd n > 3, then {1,2,n — 2,2n — 2} C A*(G) and
max A*(G) \ {2n — 2} = max{2,n — 2}.

5. If max A*(G) = D(G) —2, then G is cyclic or there is a subgroup G1 C G such that D(G1) = D(G)
and G is generated by elements of order two.

Proof. 1. Suppose there is g € G with ord(g) = n > 3. Since 1 € A*(C,,) by [13 Proposition 6.8.2], it
follows that 1 € A*(G). Since A({g,¢97'}) = {ord(g) — 2}, we infer that ord(g) — 2 = min A({g,g7'}) €
A*(G). Suppose that all elements of G have order two. Then G is an elementary 2-group and since
|G| > 3, G has a subgroup isomorphic to Cy @ Cy. Then, again by [13, Proposition 6.8.2], we obtain that
1e A*(CQ D CQ) C A*(G)

2. Let Gy C G be a non half-factorial subset. Suppose there exists an atom A € A(Gg) such that
k(A) < 1. We assume that k(A) is minimal. Let A = ¢ - - g¢, where £ € N>y and g¢1,...,9¢ € Go.
Then ggord(gl)] divides Alerd(9)] g0 Alordlo)] = 7, . U, - . U(O for some U; € A(Gg) with Uy = [Ord(gl)]
But then k(U;) = 1 and k(U;) > k(A) (in view of the minimality of k(A)), whence ord(gl) (A) =
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k(Alrdla]) > 1 4 (£y — 1)k(A) > Lok(A), implying £y < ord(g;). It follows that there exists £y € N with
2 < £y < ord(gy) such that {ord(g1), ¢} C L(AlLr)]) which implies that

(6.3) min A(Gp) < ord(g1) — o < ord(g1) —2 < D(G) — 2.

Suppose k(A) > 1 for all A € A(Gy). Since Gy is not half-factorial, Lemma implies there exists
A € A(Gy) with k(A) > 1. Let A = g1 ... ge, where £ € N>o and ¢1,...,9¢ € Go, and let B =
glerdlol . glord@a] Then B € B(Gy) and A divides B in B(Gy), so B = AU, - ... - Uy, for some
U; € A(Gp). But now £ = k(B) = k(A) + k(Uz) + ...+ k(Uy,) > €. Therefore there exists ¢y € [2,£ — 1]
such that {¢, ¢y} C L(B), which implies that

(6.4) min A(Go) < € — lo < |A| — 2 < D(G) — 2.

Since Gy is arbitrary, we obtain max A*(G) < D(G) — 2.

3.(a). If G is a cyclic group, then max A*(G) = |G| — 2 by (6.2). Let G be a dihedral group of order
2n where n > 3 is odd, say G = (o, 7 | o™ = 72 = 1 and a7 = 7a™ '), and set Gy = {ar,7}. Then
min A(Gp) = 2n — 2 = |G| — 2 which, together with 2., implies that max A*(G) = |G| — 2.

3.(b). Suppose max A*(G) = |G| — 2. Then Item 2. implies that |G| < D(G) whence the assertion
follows from Proposition 2.3

4. Let G be a dihedral group of order 2n, where n > 3 is odd, say say G = {(a,7|a" = 72 =
lg and Ta = a~17).

4.(a). Ttems 1 implies that {1,n — 2} C A*(C,,) C A*(G) and Item 3 implies that 2n —2 = |G| —2 €
A*(G). We assert that 2 = min A({a,7}). Note that A({7,a}) = {a™} U {al?] .72 c [0,n —1]}.
Since (al")Pl. (722 = (al2n=21. 721} . (ol . 712]) | we obtain that min A({7,a}) < 4 — 2 = 2. Suppose
U,...,Ug, V1, ..., Vi € A({r,a}), where k,£ € N with k < ¢, such that Uy - ... - Uy = V1 -... -V}
and {U1,...,Up} N {Vi,...,Vi} = 0. If ol & {Uy,...,Up,Vi,..., Vi), then k = ¢ = Y=elUnd 1y
contradiction. Thus o™ € {Uy,... Uy, Vi,...,Vi}. Since £ > k, we obtain o™ € {V4,...,V;} and

k=v,(Up+...-Up)/2 and £=|{je€[1,0:V;=a} 4v,(Vi-...-V})/2.

Since v (Ui +. . .+Uy) is even, we infer that {—k = |{j € [1,£]: V; = al"l}|is even whence min A({a, 7}) > 2.

4.(b) By 4.(a), it remains to verify max A*(G) \ {2n — 2} < max{2,n — 2}. Let Gy C G \ {1} with
|Go| > 2. It Gy C (), then min A(Gp) < maxA*(C,) = n — 2 by Item 3. Suppose there exists
i € [0,n — 1] such that o't € Gy. If there exists j € [1,n — 1] such that o’ € Gy, then

(o) [/ gedGm 2L L (i) R = ((aj)[%/gcd(j,n)—Z] . (aiT)[2]) . ((ay‘)[Z] . (O/T)[?])

implies that min A(Gy) < 2. Suppose Go N (&) = () and hence there exist distinct 4,j € [0,n — 1] such
that {a'7,a/7} C Go. If ged(i — j,n) > 1, then min A(Gp) < min A({a’r,a?7}) < m —-2<n-2
If ged(i — j,n) = 1, then choosing a different basis if necessary, we may assume that 7,ar € Go. If
Go = {7,ar}, then min A(Gy) = 2n — 2. Suppose there exists r € [2,n — 1] such that o"7 € Gy. By
Proposition and Lemma 3, we obtain that min A(Gp) < [[(a”)M||q —1=r—-1<n—2.

5. Let Gy C G be a non half-factorial subset such that min A(Gy) = D(G) — 2. If there exists an atom
A € A(Gp) such that k(A4) < 1, then implies that there is g € Go with ord(g) = D(G) and hence G
is cyclic.

Suppose k(A) > 1 for all A € A(Gp). Then implies that there exists A = g1 - ... gp() € A(Go)

such that ggord(gl)_l] ... .-gg)(rcd;gg[’(@)fl] is an atom. Hence ord(g;) = 2 for alli € [1,D(G)], else |B| > D(G).

Then G1 = (g1, .-, 9p(c)) is a subgroup satisfying the assertion. O

If G is a dihedral group of order 2n, then G has a cyclic subgroup of order n whence A*(C,,) C A*(G).
The set A*(G) for finite cyclic groups is studied in detail in [35]. If G is finite cyclic, then, by Theorem
we have max A*(G) = |G| — 2. The second largest value of A*(G) equals ||G|/2] — 1.
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Next we look at the structure of (long) sets of lengths having maximal elasticity. To do so, we define
two further subsets of the set of distances. Let H be an atomic monoid. Following ([I9, Definition 2.1
and Lemma 2.2], we define

e A,(H) to be the set of all d € N having the following property:
For every k € N, there is some Lj € L£(H) that is an AAP with difference d and length at
least k.
o A%(H)={minA([a]): a € H with p(L(a)) = p(H)}.
If H is finitely generated and A(H) # @, then by [19, Lemma 2.4]
(6.5) AY(H) C Ap(H) C {dy € A(H): dy divides some d € Aj(H)}.

Let G be a finite group. Every divisor-closed submonoid of B(G) is generated by one element and all
divisor-closed submonoids S C B(G) are of the form S = B(Gy) for a subset Gy C G. Consistent with
our conventions, we set A,(G) := A,(B(G)) and A} (G) := A} (B(G)), and we have (by using [19, Lemma
2.2.3] and that p(G) = D(G)/2)

A%(G) = {min A(Go): Go C G with p(Go) = D(G)/2} C A*(G).

Before we formulate our main result on A7(G) for dihedral groups G, we briefly summarize what
is known on A%(G) for abelian groups. Let G be a finite abelian group with |G| > 3. If G is an
elementary 2-group of rank r, then A%(G) = A,(G) = {1, —1}. If G is neither cyclic nor an elementary
2-group, then the standing conjecture states that A,(G) = {1}. If G is cyclic with |G| > 10, then
{1,|G| -2} € A}(G) = A,(G) and the precise form of A,(G) depends on number theoretic properties of
the group order |G| ([19]). Thus it is no surprise that the similar phenomena occur for dihedral groups.

Theorem 6.8. Let G be a dihedral group of order 2n, where n > 3 is odd, say G = {a,7: a" = 72 =

1 and at = Ta™1).
1. {1,2n -2} C A}(G) and max A% (G) \ {2n — 2} < max{1, noly
2. If there exists i € [2,n — 1] with ged(i,n) = 1 such that

ged (min A({e, @'}), min A({a,a™}), min A({a’,a’"'})) is even, (%)
then A%(G) 2 {1,2n — 2}, and (x) holds, for example, if n =m* —m +1 for some odd m > 3.

Proof. 1.(i) Let Uy = o272 U, = (ar) .77, Then Uy, U, € A(G) with |Uy| = |Us| = 2n = D(G).
Since p(Uy - UTY) = p(U2[2]) = p(@), we obtain min A(supp(U; - Uy Y)) = min A({o, a1, 7}) € AY(G)
and min A(Supp(U2[2])) =minA({a7,7}) = 2n — 2 € A%(G)

Since al™ (=) = (a-a~H)[M and ol . o). 7R 22 = (o222 72]) L (o) 7)) we obtain that
min A({a, a7, 7}) | ged(n — 2,2) = 1 which implies that min A({,a™ 1, 7}) =1 € AY(G).

L.(ii) Let d = max A%(G) \ {2n — 2}. Then there exist Gop C G and W € B(Gp) with d = min A(G))
and Go = supp(W) such that p(W) = % = n. Therefore there are atoms Uy, ..., U of length 2n and
atoms V1,..., Vi, of length 2 such that W =U; -... .Uy = Vi - ...+ Vi,. Thus if a € supp(W), then
a=t € supp(W).

If there exists i € [1, k] such that U; = (a*1)12n=2l.(a#27) ] where gcd(k1,n) = 1, then {1, a1 a¥27} C
Go and hence d| min A({a*1,a7F1 oa*27}) = min A({a,a71,7}) = 1. By Proposition we may
assume that for all ¢ € [1,k], there are k;,t; € [0,n — 1] with ged(k; — ¢;,n) = 1 such that U; =
(aFir)l . (atir)["l. Changing a different basis if necessary, we may assume that U; = 7" . (a7)l",
If U; = U, for all i € [2,k], then Gy = {r,ar} and d = 2n — 2, a contradiction. Otherwise there
is r € [2,n — 1] such that {r,ar,a"7} C Gy. By Proposition and Lemma [6.4]3, we obtain that
d| ged([|(@)M][o — 1, [|(@"* "), — 1) = ged(r — 1,n —7) and hence d < n— 1. If d = 251 > 2, then
r—1l=n—-r= "?*1 Since the continued fraction of n/r is [1;1,r — 1], it follows by Lemma 4 that
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min A({a,@"}) = 1 and hence d = 1, a contradiction. Suppose d = 251 > 2. Thenr—1 = 2(n—r) = 2251
orn—r=2>r—1)=221

If r —1=2(n—r), then 2n = 3r — 1 and hence the continued fraction of n/(n+1—r) is [2; 1, 2] or
[2;1,752,1,1]. It follows by Lemma 6.4]4 that min A({a, ' ~"}) = 1 and hence d = 1, a contradiction.

If n—r =2(r—1), then n = 3r — 2 and hence the continued fraction of n/r is [2;1, 252, 1, 1]. It follows
by Lemma [6.4}4 that min A({c,a"}) = 1 and hence d = 1, a contradiction.

Therefore, we obtain that d < "T’l.

2.(1) Let i € [2,7 — 1] with ged(é,n) = 1 such that

ged (min A({a, a'}), minA({a,a'~}), min A({a’,ai"1}))

is even. Since U = (a1 - 7)™ and V = (a7 - 7)["] are atoms of length D(G), then p(U? . VI2) = p(@)
and hence d = min A({r, at,a’r}) € A%(G). By 1., it suffices to show d # 1 and d # 2n — 2.

Let W = (ar-7"~1).ai7.7. Then W is an atom of Type III. Since W = ((ar-7)M)"=d. (ai7. 1)l
we obtain that d|n — (n — i+ 1) =4 — 1 which implies that i < 2n — 2.

Assume to the contrary that d = 1. Then there are atoms Uy, ..., U, Vi,...,Viy1 over {7,ar, o't}
such that

Ui Up=Vie o Viesr -

We assert that if A € A({r,ar,a’r}), then |A| =2 (mod 4). Suppose this holds. Then 2k = 2(k + 2)
(mod 4), a contradiction. Thus we only need to show the assertion. Note that ()" is an atom. Since
min A({a, a'}) is even, it follows by Lemma 3 that i = ||(a®)™|4 is odd. If A is of Type I or
Type II, the assertion follows by n is odd. If A is of Type III, say A = (a7 - 7)¥ . (a’r - 7)¥!] then
al?l. (') is an atom and by Lemma 3 that [|al] . (@} =H)W||, = Z£% is odd. Therefore z+y =1
(mod 2) and |A| = 22 + 2y = 2 (mod 4). If A is of Type IV, say A = (a7 - 7). (a7 - o’7)¥, then
al?l.(a! =" is an atom. Since min A({1, 1—i}) is even, it follows by Lemma?) that [|al®l.(a*~H)¥||, =
W is odd. Therefore z +y = 1 (mod 2) and |A| = 2z 4+ 2y = 2 (mod 4). If A is of Type V,
say A = (a'1 - ar)l . (a7 - )W) then (/=1 . (@'~ is an atom. Let j € [1,n — 1] such that
ij = 1 (mod n). Then j is odd, min A({a?,a*"1}) = min A({a,a”**=7}) is even, and al® . (a?=7)¥]
(a'=)[/ged(1=3n)] are both atoms. Thus Lemma [6.413 implies that ||ol*) . (a"+1=9)), = M;—])y
and ||(a!=7)/ ecd0=im]|| = n(n + 1 — j)/ged(1 — j,n) are odd. Therefore  +y = 1 (mod 2) and
|A| =2z + 2y =2 (mod 4).

2.(ii) For the "in particular” part, let n = x? — z + 1 for some odd # € N. Then ged(n,z) = 1.
Since a®~! = (a®)*, we have min A({a®,a®1}) = min A({a,a®}). Since the continued fraction of
n/x with odd length is [x — 1;2z — 1,1] and the continued fraction of n/(n + 1 — z) with odd length is
[1;2 — 1,2 — 1], it follows by Lemma 4 that ged(min A({a, a®}), min A({e,a?=%})) = 2 — 1 is even.
Therefore A% (Go) 2 {1,2n — 2}. O

Remark 6.9. Let G be a dihedral group of order 2n, where n > 3 is odd, say G = {(a,7: a" = 7% =
1 and ar = 7o ). If, for all i € [2,n — 1], we have

(6.6) ged(min A({a, @'}), min A({a, o' 7*}), min A({a’" 1, a'})) =1,

then a similar proof as that of Theorem 1 shows that max A%(G) \ {2n — 2} = 1 and hence A}(G) =
{1,2n—2}. By Lemma we can use continued fraction expansions to check Condition and (within
a few minutes of computer calculations) one gets the list of all n € [5,10000] with A%(G) = {1,2n — 2}.

Corollary 6.10. Let G be a dihedral group of order 2n where n > 3 is odd. Then
2+ max A7 (G) =2 + max A*(G) = 2 + max A(G) = ¢(G) = w(G) = 2n = D(G) = |G].

Proof. We have A%(G) C A*(G) C A(G). Proposition implies that 2n < 2 + max A}(G). Thus the
assertion follows from Theorems [£1] and [5.11 O
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OPEN PROBLEM: A main motivation for working on all these invariants was the following conjecture.

Conjecture 6.11. If G is a finite group with L(G) = L(Day,) for some odd n > 3, then G is isomorphic
to Dgn.

Note that the conjecture is true for abelian groups (more precisely, if G is finite abelian, then £L(G) #
L(Day,); see [30, Theorem 4.4]). First we thought that by doing just a little bit better than in the proof
of Theorem 4.4 in [30], we should be able to prove that

If G is a finite nilpotent group, then £(G) # L(Da,) (%)

But we could only establish the much weaker result given in Theorem [6.13

Can you prove (%), or even the full conjecture, as given above? If we cannot make any further progress
beyond what can be found in Theorem then I am not even sure if we should include it at all. In its
present form Theorem could be too weak to be published at all.

What do you think?
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Lemma 6.12. Let Gy and G2 be finite groups such that L(G1) = L(G2).
1. A(Gl) = A(Gz), uk(Gl) = Z/{k(Gg) fO'f‘ all k € N.
2. For every k € N we have py(G1) = p(G2) and D(G1) = D(G2).
3. max A*(G1) = max A*(Ga) and max A} (G1) = max Aj(Gh).

Proof. 1. Since L(G1) = L(G2), this follows from Equations (2.1]) and (2.3]).
2. This follows from 1. and from Proposition [6.1}1.
3. Since L(G1) = L(G2), it follows that A1(G1) = Ax(G2) and A,(G1) = A,(G2). Thus (6.1)) and
(6.5) imply that
max A*(G1) = max A1 (G1) = max A1 (G2) = max A*(G2) and
max A7 (G1) = max A, (G1) = max A,(Ga) = max A7 (Gz). O

Theorem 6.13. If G is a finite nilpotent group with L(G) = L(Da,), where n > 3 is odd, then G is a
non-abelian 2-group.

Proof. Let G be a finite nilpotent group such that £(G) = L(Dasy,). Then G is not abelian by [30]
Theorem 4.4]. Thus Theorem implies max A*(G) = max A*(Dy,) = D(D3,) —2 = D(G) — 2 and
hence G has a subgroup G with D(G1) = D(G) such that G; is generated by elements of order 2. Since
G is also a nilpotent group, it follows that G; is a 2-group by [28, Corollary 2.4]. Thus Lemma 2
implies that G is a 2-group. O
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