ON THE ARITHMETIC OF KRULL MONOIDS
WITH INFINITE CYCLIC CLASS GROUP

A. GEROLDINGER, D. J. GRYNKIEWICZ, G. J. SCHAEFFER, AND W. A. SCHMID

ABSTRACT. Let H be a Krull monoid with infinite cyclic class group G and let Gp C G denote the set
of classes containing prime divisors. We study under which conditions on G p some of the main finiteness
properties of factorization theory—such as local tameness, the finiteness and rationality of the elasticity, the
structure theorem for sets of lengths, the finiteness of the catenary degree, and the existence of monotone and
of near monotone chains of factorizations—hold in H. In many cases, we derive explicit characterizations.

1. INTRODUCTION

By an atomic monoid, we mean a commutative cancellative semigroup with unit element such that every
non-unit has a factorization as a finite product of atoms (irreducible elements). The multiplicative monoid
consisting of the nonzero elements from a noetherian domain is such a monoid. Let H be an atomic
monoid. Then H is factorial (that is, every non-unit has a unique factorization into atoms) if and only if
H is a Krull monoid with trivial class group. The first objective of factorization theory is to describe the
various phenomena related to the non-uniqueness of factorizations. This is done by a variety of arithmetical
invariants such as sets of lengths (including all invariants derived from them, such as the elasticity and the
set of distances) and by the catenary and tame degrees of the monoids. The second main objective is to
then characterize the finiteness (or even to find the precise value) of these arithmetical invariants in terms of
classical algebraic invariants of the objects under investigation. To illustrate this, we mention some results
of this type (a few classical ones and some very recent). The following result by Carlitz (achieved in 1960)
is considered as a starting point of factorization theory: the ring of integers o0 of an algebraic number field
has elasticity p(ox) = 1 if and only if its class group has at most two elements (recall that, by definition, H
is half-factorial if and only if its elasticity p(H) = 1). A non-principal order o in an algebraic number field
has finite elasticity if and only if, for every prime ideal p containing the conductor, there is precisely one
prime ideal p in the principal order @ such that pNo = p. This result (achieved by Halter-Koch in 1995) has
far reaching generalizations (achieved by Kainrath) to finitely generated domains and to various classes of
Mori domains satisfying natural finiteness conditions (for all this, see [3, 34, 38, 37]).

An integral domain is a Krull domain if and only if its multiplicative monoid of nonzero elements is a
Krull monoid, and a noetherian domain is Krull if and only if it is integrally closed. A reduced Krull monoid
is uniquely determined by its class group and by the distribution of prime divisors in the classes (see Lemma
3.3 for a precise statement). Suppose H is a Krull monoid with class group G and let Gp C G denote the set
of classes containing prime divisors. Suppose that Gp = G. In that case, it is comparatively easy to show
that any of the arithmetical invariants under discussion is finite if and only if G is finite (the precise values of
arithmetical invariants—when G is finite—are studied by methods of Additive and Combinatorial Number
Theory; see [27, Chapter 6] or [24] for a survey on this direction). However, only very little is known so far
on the arithmetic of H when G is infinite and G p is a proper subset of G.
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The present paper provides an in-depth study of the arithmetic of Krull monoids having an infinite cyclic
class group. This situation was studied first by Anderson, Chapman and Smith in 1994 [1], then by Hassler
[36], and the most recent progress (again due to Chapman et. al.) was achieved in [2]. We continue this
work. The arithmetical properties under investigation are discussed in Section 2 and at the beginning of
Section 5. The required material on Krull monoids, together with a list of relevant examples, is summarized
in Section 3. Our main results are Theorems 4.2, 5.2, 6.4 and Corollary 7.4. Along the way, we introduce
new methods (see the proofs of Proposition 4.8 and of Theorem 7.3) and solve an old problem proposed in
1994 (see the equivalence of (a) and (e) in Theorem 4.2). A more detailed discussion of the main results is
shifted to the relevant sections where we have the required terminology at our disposal.

2. PRELIMINARIES

Our notation and terminology are consistent with [27]. We briefly gather some key notions. We denote
by N the set of positive integers, and we put Ng = NU{0}. For real numbers a,b € R, we set [a,b] = {zx € Z |
a <z < b}. For a subset X of (possibly negative) integers, we use gcd X and lem X to denote the greatest
common divisor and least common divisor, respectively, and their values are always chosen to be positive
regardless of the sign of the input.

Let L,L' C Z. Weset —L = {—-a | a € L}, LT = LNN and L~ = LN (-N). We denote by
L+L ={a+b|la€clL,be L'} their sumset. If ) # L C N, we call

sup L

m
p(L)—sup{g ’ m,neL}—minL € Q>1 U{oo}

the elasticity of L, and we set p({0}) = 1. Distinct elements k,I € L are called adjacent if L N
[min{k, [}, max{k,l}] = {k,{}. A positive integer d € N is called a distance of L if there exists adja-
cent elements k,! € L with d = |k —1|. We denote by A(L) the set of distances of L. Note that A(L) = 0 if
and only if |L| < 1, and that L is an arithmetical progression with difference d € N if and only if A(L) C {d}.
We need the following generalization of an arithmetical progression.

Let de N, M € Ny and {0,d} € D C [0,d]. Then L is called an almost arithmetical multiprogression
(AAMP for short) with difference d, period D, and bound M, if

L=y+(LUL*UL") Cy+D+dZ

where

e L* is finite and nonempty with min L* = 0 and L* = (D + dZ) N [0, max L*]

o ' C[-M,—1] and L” C maxL* + [1, M]

o ycZ
Note that an AAMP is finite and nonempty. An AAMP with period {0, d} is called an almost arithmetical
progression (AAP for short).

By a monoid, we mean a commutative, cancellative semigroup with unit element. Let H be a monoid.
We denote by A(H) the set of atoms (irreducible elements) of H, by H* the group of invertible elements,
and by Hyeq = {aH* | a € H} the associated reduced monoid of H. We call elements a,b € H associated
(in symbols a ~ b) if aH* = bH>*. We say that H is reduced if |H*| = 1. We denote by q(H) a quotient
group of H with H C q(H), and for a prime element p € H, let v,,: q(H) — Z be the p-adic valuation. For a
subset Hy C H, we denote by [Hp] C H the submonoid generated by Hy and by (Hp) C q(H) the subgroup
generated by Hy.

For a set P, we denote by F(P) the free (abelian) monoid with basis P. Then every a € F(P) has a
unique representation in the form

a= H p» @ with v,(a) € Ng and v,(a) =0 for almost all p € P.
peP
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We call |a| = >° pvp(a) the length of a.
The free monoid Z(H) = F(A(Hyea)) is called the factorization monoid of H, and the unique
homomorphism
m: Z(H) — Hyeq satisfying 7(u) =u for each u € A(Hyeq)

is called the factorization homomorphism of H. For a € H and k € N, the set

Zy(a) =Z(a) = n Y (aH*) C Z(H) is the set of factorizations of a,

Zi(a) ={z€Z(a) | |z| =k} isthe set of factorizations of a of length k, and
Lu(a) =L(a) = {|z| | z€Z(a)} C Ny isthe set of lengths of a.

By definition, we have Z(a) = {1} and L(a) = {0} for all « € H*. The monoid H is called

e atomic if Z(a)# 0 forall a € H.
e a BF-monoid (a bounded factorization monoid) if L(a) is finite and nonempty for all a € H.
o half-factorial if |L(a)|=1 foralla € H.

We repeat the arithmetical concepts which are used throughout the whole paper. Some more specific
notions will be recalled at the beginning of Section 5. Let H be atomic and a € H. Then p(a) = p(L(a))
is called the elasticity of a, and the elasticity of H is defined as

p(H) = sup{p(b) | b € H} € Rsy U {00}

We say that H has accepted elasticity if there exists some b € H with p(b) = p(H).

Let ke N. If H # H*, then

Vi(H) = U L(a)
k€L(a),aeH

is the union of all sets of lengths containing k. When H* = H, we set Viy(H) = {k}. In both cases, we
define pi,(H) = sup Vi(H) and \i(H) = min Vi (H). Clearly, we have V1 (H) = {1} and k € V;(H). By its
definition, H is half-factorial if and only if Vi (H) = {k} for each k € N.

We denote by

AH) = |JA(L®) cN
beH

the set of distances of H, and by L(H) = {L(b) | b € H} the system of sets of lengths of H.

Let z, 2/ € Z(H). Then we can write

Z=UL ... oUWV Uy and 2 =Up .. oW ... Wy,
where I, m, n € Ng and uy,...,u;, U1,...,0m, Wi,...,w, € A(Hyeq) are such that
{v1, .. yom N {wy,...,w,} = 0.
Then ged(z,2') =g - ... u, and we call

d(z,2") = max{m, n} = max{|zged(z, 2') 7, |2’ ged(z, ') |} € Ny
the distance between z and 2’. If w(z) = 7(2’) and z # 2/, then
1) 2+ 12| = 2] < d(z, #)
by [27, Lemma 1.6.2]. For subsets X,Y C Z(H), we set
d(X,Y) =min{d(z,y) |z € X,y € Y},
and thus X NY # 0 if and only if d(X,Y) = 0.

We recall the concepts of the (monotone) catenary and tame degrees (see also the beginning of Section
7). The catenary degree c(a) of the element a is the smallest N € Ny U {oco} such that, for any two
factorizations z, 2’ of a, there exists a finite sequence z = 2, 21,...,2r = 2’ of factorizations of a such
that d(zj—1,2;) <N forall ¢€[l,k]. The monotone catenary degree cp,(a) is defined in the same way
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with the additional restriction that |zo| < ... < |zg| or |z0| > ... > |2x|. We say that the two factorizations
z and 2’ can be concatenated by a (monotone) N-chain if a sequence fulfilling the above conditions exists.
Moreover,

c(H) =sup{c(b) |be H} e NgU{oo} and c,,(H) =sup{cn(b)|be H} € NgU {0}
denote the catenary degree and the monotone catenary degree of H. Clearly, we have c(a) < ¢,,(a) for all
a € H, as well as c(H) < ¢,,(H), and (1) implies that 2 + sup A(H) < c(H).
For x € Z(H), let t(a,z) € Ng U {oo} denote the smallest N € Ny U {oo} with the following property :
If Z(a) N2Z(H) # 0 and z € Z(a), then there exists 2z’ € Z(a) NaZ(H) such that d(z,z') < N.
For subsets H' ¢ H and X C Z(H), we define

t(H',X) =sup {t(b,x) [be H ,z € X} € NgU {0} .
H is called locally tame if t(H,u) < oo for all u € A(Hyeq) (see the beginning of Section 4 and Def. 6.1).

3. KRULL MONOIDS: BASIC PROPERTIES AND EXAMPLES

The theory of Krull monoids is presented in detail in the monographs [35, 32, 27]. Here we first gather
the required terminology. After that, we recall some facts concerning transfer homomorphisms, since the
arithmetic of Krull monoids is studied via such homomorphisms. In particular, we deal with block homo-
morphisms (which are transfer homomorphisms) from Krull monoids into the associated block monoids. At
the end of this section, we discuss examples of Krull monoids with infinite cyclic class group.

Krull monoids. Let H and D be monoids. A monoid homomorphism ¢: H — D is called

e a divisor homomorphism if ¢(a) | ¢(b) implies that a|b for all a,b € H.
e cofinal if for every a € D there exists some u € H such that a|p(u).
e a divisor theory (for H) if D = F(P) for some set P, ¢ is a divisor homomorphism, and for every
p € P (equivalently for every a € F), there exists a finite subset § # X C H satisfying p = ged(¢(X)).
Note that, by definition, every divisor theory is cofinal. We call C(¢) = q(D)/q(p(H)) the class group
of ¢ and use additive notation for this group. For a € q(D), we denote by [a] = [a], = aq(p(H)) €
a(D)/a(e(H)) the class containing a. We recall that ¢ is cofinal if and only if C(p) = {[a] | a € D}, and
if ¢ is a divisor homomorphism, then p(H) = {a € D | [a] = [1]}. If ¢: H — F(P) is a cofinal divisor
homomorphism, then
Gp ={[pl = pa(p(H)) | p € P} CC(p)
is called the set of classes containing prime divisors, and we have [Gp] = C(p) (for a converse, see Lemma
3.4). If H C D is a submonoid, then H is called cofinal (saturated, resp.) in D if the imbedding H — D is
cofinal (a divisor homomorphism, resp.).
The monoid H is called a Krull monoid if it satisfies one of the following equivalent conditions ([27,
Theorem 2.4.8]; see [40] for recent progress) :
e H is v-noetherian and completely integrally closed.
e H has a divisor theory.
e H..q is a saturated submonoid of a free monoid.

In particular, H is a Krull monoid if and only if H,eq is a Krull monoid. Let H be a Krull monoid. Then
a divisor theory ¢: H — F(P) is unique up to canonical isomorphism. In particular, the class group C(¢p)
and the subset of classes containing prime divisors depend only on H. Thus it is called the class group of H
and is denoted by C(H) (indeed, it is isomorphic to the v-class group of H).

Transfer homomorphisms. We recall some of the main properties which are needed in the sequel (details
can be found in [27, Section 3.2]).
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Definition 3.1. A monoid homomorphism 6: H — B is called a transfer homomorphism if it has the
following properties:

(T1) B=0(H)B* and 0-1(B*)= H*.
(T2) Ifue H, b,ce B and 6(u) = be, then there exist v, w € H such that u = vw, 6(v) ~b
and O(w) ~ c.

Every transfer homomorphism 6 gives rise to a unique extension : Z(H) — Z(B) satisfying

O(uH™) = 6(u)B* for each we A(H).
For a € H, we denote by c(a,d) the smallest N € Ny U {co} with the following property:

If z, 2/ € Zy(a) and 0(z) = 6(2'), then there exist some k € Ny and factorizations z = zg, ..., 2, =
2" € Zy(a) such that 60(z;) = 0(z) and d(z;_1,2) < N for all i € [1,k] (that is, z and 2’ can be
concatenated by an N-chain in the fiber Zy(a) N8 " (8(2))).

Then
c(H,0) =sup{c(a,d) |a € H} € Ny U {o0}
denotes the catenary degree in the fibres.

Lemma 3.2. Let 0: H — B and ¢': B — B’ be transfer homomorphisms of atomic monoids.
1. For every a € H, we have 0(Zy(a)) = Zg(8(a)) and Lg(a) = Lp(f(a)).
c(B) < c(H) < max{c(B),c(H,0)}, cm(B) < cm(H) <max{c,(B),c(H,0)} and §(B) = §(H).
For every a € H and all k,l € L(a), we have d(Zy(a),Zi(a)) =d(Zx(0(a)),Zi(6(a))).
For every a € H, we have c(a, 8 o 6) < max{c(a,0),c(0(a),0)}.
In particular, c(H,0 o 0) < max{c(H,0),c(B,0)}.

Proof. 1. This follows from [27, Proposition 3.2.3].

2. The first statement follows from Theorem 3.2.5.4, the second from Lemma 3.2.6 in [27], and the third
from [25, Theorem 3.14].

3. Let a € H and k,l € L(a). If 2,2’ € Z(a) with |2| = k and |2/| = [, then |0(2)| = k, |0(2')| = [ and
d(6(z), 6(2")) < d(z,2"), which implies that d(Zy(6(a)),Z;(0(a))) < d(Zk(a),Zi(a)). To verify the reverse
inequality, let Z;,Z2 € Z(6(a)) be given. We pick any z; € Z(a) with 0(z;) = z;. By [27, Proposition
3.2.3.3.(c)], there exists a factorization 2, € Z(a) such that §(z3) = Zo and d(z1,22) = d(%1,%2). Since
|| = [z for i € {1,2}, it follows that d(Zy(a),Z;(a)) < d(Zx(0(a)),Z:(0(a))).

4. We recall that 6’ o 6 is a transfer homomorphism (see the paragraph after [27, Definition 3.2.1]). Let
a€ H. Let 2,2/ € Zy(a) with 8/ 00(2) = 0" 00(2'). Let Z = 0(z) and 2’ = 0(2'). We have %, 2’ € Zp(f(a))
and 0'(Z) = 0/(2'). Thus, by the definition of c(8(a),#’), there exist some k € Ny and Z = g, ...,2; = 2/ €
Zp(0(a)) such that 0'(z) = 0'(z) and d(Zi—1,%) < c(8(a), ') for each i € [1,k]. Let 29 = 2. Again, by [27,
Proposition 3.2.3.3.(c)], for each i < k, there exists some factorization z;1; € Zy(a) such that 0(z;41) = Zit1
and d(ZZ, Z,’+1) = 7(7177"!‘1)7 B

Now, we have 6(z;) = 2/ = 0(2’). Thus, by the definition of c(a,8), there exist some [ € Ny and
2k = Yo, -,y = 2 € Zy(a) such that O(y;) = 0(2') and d(y;_1,v:) < c(a,d) for each i € [1,1]. Since 0(y;) =
0(2") clearly implies 6 o §(y;) = 6" 0 0(2'), we get that the max{c(f(a),8’),c(a,f)}-chain z = 2q,...,2x =
70, - .,4y; = 2’ has the required properties. O

I

Monoids of zero-sum sequences. Let G be an additive abelian group, Go C G a subset and F(Gp)
the free monoid with basis Gy. According to the tradition of combinatorial number theory, the elements of
F(Go) are called sequences over Gy. Thus a sequence S € F(Gy) will be written in the form

S=gi-....g= [] 9=,
g€Go
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and we use all the notions (such as the length) as in general free monoids. Again using traditional language,
we refer to v, (S) as the multiplicity of g in S and refer to a divisor of S as a subsequence. If T'|S, then
ST~! denotes the subsequence of S obtained by removing the terms of T. We call the set supp(S) =
{91,---,91} C Go the support of S, o(S)=g1+ ...+ g € G the sum of S, and define

$(8) = {Zgﬁ@#[c[l,l]} C G and
el

Sa(S) = {Zgiucu,q, m:n} c G.
el

Weset —S=(—g1):...-(—¢g1). If G =7Z, then we define
St — H ¢ and S = H g'e (%),

QEGS— geGy
and thus we have S = §t570%(5) . The monoid
B(Go) = {S € F(Go) | o(S) = 0}

is called the monoid of zero-sum sequences over Gy, and its elements are called zero-sum sequences over
Go. A sequence s € F(Gy) is zero-sum free if it has no proper, nontrivial zero-sum subsequence (note the
trivial /empty sequence is defined to have sum zero). For every arithmetical invariant +(H) defined for a
monoid H, we write %(Gy) instead of *(B(Gyp)). In particular, we set A(Gp) = A(B(Gp)). We define the
Davenport constant of Gg by

D(Go) =sup{|U| | U € A(Go)} € No U {oo},

which is a central invariant in zero-sum theory (see [20], and also [24] for its relevance in factorization theory).
Clearly, B(Go) C F(Gp) is saturated, and hence B(Gy) is a Krull monoid. Let Gy C Z be a subset with

B(Go) ¢ {0* | k € Ng}. We call such a subset of Z a non-trivial subset. In this case, G§ # 0, G5 # 0

and, for each g € Gy, there is a B € B(Gy) with vg(B) > 0. In particular, B(Go) C F(Gy) is cofinal, the

class group of B(Gy) — F(Gp) is (Gyp), and the subset of classes containing prime divisors is Gy.

Block monoids associated to Krull monoids. We will make substantial use of the following result ([27,

Section 3.4]).

Lemma 3.3. Let H be a Krull monoid, p: H — F = F(P) a cofinal divisor homomorphism, G = C(p)
its class group, and Gp C G the set of classes containing prime divisors. Let B3: F — F(Gp) denoted the
unique homomorphism defined by B(p) = [p] for allp € P.

1. The homomorphism 3 = B op: H — B(Gp) is a transfer homomorphism with c(H,3) < 2. In
particular, it has all the properties mentioned in Lemma 3.2.
2. B(Gp) C F(Gp) is saturated and cofinal. If G is infinite cyclic, then Gp C G is a non-trivial set.

The homomorphism 3 is called the block homomorphism, and B(G p) is called the block monoid associated
to . If o is a divisor theory, then B(Gp) is called the block monoid associated to H.

One more theorem and examples. The following lemma highlights the strong connection between the
algebraic structure of a Krull monoid and its class groups and provides a realization result (see [27, Theorem
2.5.4]). Let G be an abelian group and (mgy),ecc a family of cardinal numbers. We say H has characteristic
(G, (mg)geq) if there is a group isomorphism ®: G=C(H) such that card(PN®(g)) = my for every g € G.

Lemma 3.4. Let G be an abelian group, (mg)gec a family of cardinal numbers and Gy = {g € G | my # 0}.

1. The following statements are equivalent:
(a) There exists a Krull monoid H and a group isomorphism ®: G — C(H) such that
card(P N ®(g)) = my for every g € G.
(b) G =[Go), and G =[Gy \ {g}] for every g € Gy with m, = 1.
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2. Two Krull monoids H and H' have the same characteristic if and only if Hpoq = Hr’ed.
Examples 3.5.

1. Domains. A domain R is a Krull domain if and only if its multiplicative monoid of nonzero elements
is a Krull monoid. As a special case of Claborn’s Realization Theorem, there is the following result: For
every subset Go C Z with [Gy] = Z, there is a Dedekind domain R and an isomorphism ®: G — C(R) such
that ®(Gp) = {9 € C(R) | gNX(R) # 0} ([27, Theorem 3.7.8]. More results of this flavor are discussed in
[27, Section 3.7] and [26, Section 5].

Let R be a domain and H a monoid such that R[H] is a Krull domain. There are a variety of results on
the class group of R[H], which provide many explicit monoid domains having infinite cyclic class group ([31,
§16], see also [39]). Generalized power series domains that are Krull are studied in [41].

2. Zero-sum sequences. Let Gy C Z be a subset such that [Go \ {g}] = Z for all g € Gg. Then the
monoid of zero-sum sequences B(Gy) is a Krull monoid with class group isomorphic to Z, and G corresponds
to the set of classes containing prime divisors ([27, Proposition 2.5.6]).

3. Module theory. Let R be a (not necessarily commutative) ring and C a class of (right) R-modules—
closed under finite direct sums, direct summands and isomorphisms—such that C has a set V(C) of repre-
sentatives (that is, every module M € C is isomorphic to a unique [M] € V(C)). Then V(C) becomes a
commutative semigroup under the operation [M]+ [N] = [M @ N], which carries detailed information about
the direct-sum behavior of modules in C, e.g., whether or not the Krull-Remak-Azumaya-Schmidt Theorem
holds, and, when it does not, how badly it fails. If every module M € C has a semilocal endomorphism
ring, then V(C) is a Krull monoid ([10]). For situations where this condition is satisfied and when the class
group of V(C) is cyclic, we refer to recent work of Facchini, Hassler, Wiegand et.al. (see, for example,
45, 12, 11, 13)).

4. Diophantine monoids. A Diophantine monoid is a monoid which consists of the set of solutions in
nonnegative integers to a system of linear Diophantine equations. In more technical terms, if m,n € N and
A€ M, (Z), then H = {x € N} | Ax = 0} is a Diophantine monoid. Moreover, H is a Krull monoid, and
if mm = 1, then its class group is cyclic and there is a characterization of when it is infinite ([7, Theorem 1.3],
[8, Proposition 4.3]; see also [27, Theorem 2.7.14] and [32, Chapter I1.8]).

4. ARITHMETICAL PROPERTIES EQUIVALENT TO THE FINITENESS OF G} OR Gp

Before we formulate our main characterization result, Theorem 4.2, we recall a recent characterization of
tameness, which is in contrast with our present results. Let H be an atomic monoid. For an element b € H,
let w(H,b) denote the smallest N € Ny U {oo} with the following property :

For all n € N and ay,...,a, € H, if b|ay - ... - ap, then there exists a subset 2 C [1,n] such that

|2 < N and
b’ Hal,.

veQ
Clearly, b € H is a prime if and only if w(H,b) = 1, and so the w(H, -) values measure how far away atoms are
from primes. They are closely related to the local tame degrees t(H,-). A detailed study of their relationship
can be found in [29, Section 3], but here we mention only two simple facts (to simplify the formulation, we
suppose that H is reduced):

o w(H,u) <t(H,u) for all 1 # u € H which are not prime (this follows from the definition).

o sup{t(H,u) | u € A(H)} < oo if and only if sup{w(H,u) | u € A(H)} < oo ([30, Proposition 3.5]).
The monoid H is said to be tame if the above suprema are finite. Note that the finiteness in Proposition
4.1.1 holds without any assumption on G p (indeed, it holds for all v-noetherian monoids [29, Theorem 4.2]).
In particular, one should compare Propositions 4.1.1 and 4.1.2.(c) and Theorem 4.2.(b).
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Proposition 4.1. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors.

1. w(H,u) < oo for allu € A(H).

2. If ¢ is a divisor theory, then the following statements are equivalent:
(a) Gp is finite.
(b) D(Gp) < oo.
(c) H is tame.

The equivalence of the three properties is a special case of [30, Theorem 4.2]. It is essential that the
embedding is a divisor theory and not only a cofinal divisor homomorphism. Indeed, if Gy = {—1} UN, then
B(Gy) — F(G)y) is a cofinal divisor homomorphism, D(Gy) = oo, but B(Gy) is factorial and hence tame (see
also Lemmas 3.4 and 5.3).

Theorem 4.2. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors. The following statements are equivalent:

(a) G} or Gp is finite.
) H s locally tame, i.e., t(H,u) < oo for all u € A(Hyeq).
) The catenary degree c(H) is finite.
) The set of distances A(H) is finite.
e) The elasticity p(H) is a rational number.
) palH) < oo,
) There exists some M € N such that, for each k € N, we have pg11(H) — pp(H) < M.
)

There exists some M € N such that, for each k € N, the set Vi (H) is an AAP with difference
min A(H) and bound M.

We point out the crucial implications in the above result. Suppose that (a) holds. Then (b), (¢), (e), (g)
and (h) are strong statements on the arithmetic of H. The conditions (d) and (f) are very weak arithmetical
statements (indeed, the implications (e) = (f), (¢9) = (f) and (h) = (f) hold trivially in any atomic
monoid). The crucial point is that (d) and (f) both imply (a). In [1], it was first proved that (in the setting
of Krull domains) (a) is equivalent to the finiteness of the elasticity p(H), and the problem was put forward
whether or not p(H) would always be rational; part (e) shows that this is indeed so. In [?], it was recently
shown that (a) is equivalent to (c¢) as well as to (d) (also in the setting of Krull Monoids). We will give a
new complete proof of all implications, not only because our setting is slightly more general—being valid for
any divisor homomorphism rather than divisor theory (recall, as noted earlier, that Proposition 4.1.2 does
not hold in this slightly more general setting, and so there is indeed sometimes a difference between a divisor
theory and homomorphism)—but also because we need all the required tools regardless (in particular, for
the monotone catenary degree in Section 5), and thus little could be saved by not doing so.

Note, if the equivalent conditions of Theorem 4.2 hold, then [21, Theorem 4.2] implies that

- [Vi(H)| 1 1
R S NV (p(H) p(H)) '
Under a certain additional assumption, the sets Vi, (H) are even arithmetical progressions and not only AAPs
([18, Theorem 3.1]; for more on the sets Vi (H), see (|24, Theorem 3.1.3]).

As mentioned in the introduction, there are characterizations of arithmetical properties in various algebraic
settings. In most of them, the finiteness of the elasticity is equivalent to the finiteness of all py(H) (though
this does not hold for logical reasons in all atomic monoids). But in none of these settings is the finiteness of
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the elasticity equivalent to the finiteness of the catenary degree. The reader may want to compare Proposition
4.1 and Theorem 4.2 with [27, Corollary 3.7.2], [37, Theorem 4.5] or [29, Theorem 4.4].

The remainder of this section is devoted to the proof of Theorem 4.2. We start with the necessary
preparations.

Lemma 4.3. Let Gy C Z be a non-trivial subset. Then
|UT| < |inf Go| for each atom U € A(Gy).
If in particular Gy is finite, then D(Go) < max Go + | min Gy|.
Proof. This is due to Lambert ([42]); for a proof in the present terminology, see [?, Theorem 3.2]. O

Lemma 4.4. Let Gy C Z be a non-trivial subset such that G§ is infinite. For each S € F(Gy), there exists
some U € A(Gy) with S| U.

Proof. Let d = gcd(Gy ). Then [Gy] C —dN and there exists some g € N such that —gd — dN C [G,]. Since
G is infinite, let b € G with b > |0(S)| + gd, and let 3 € [1,d] be minimal such that 3b € dN. By the
definition of g, there exists some S’ € F(Gy) such that o(S") = —(8b — |0(5)]) = —(8b + ¢(S)). Thus,
o(b%SS") = 0 and, by the minimality of /3, it follows that %S5’ is an atom. O

The next lemma uses ideas from the proof of Theorem 3.1 in [?]. It will be used for the investigation of
the catenary degree as well as for the monotone catenary degree (Proposition 5.8).

Lemma 4.5. Let Gy C Z be a non-trivial subset such that Gy is finite. Let A € B(Go)\{1} and 2,z € Z(A)
with |z| < |Z|. Then there exists a U € A(Go) with U |Z and a factorization z € Z(A) NUZ(Gy) such that
d(z,2) < (|min Go| + |Gy [?) |minGo|.

Proof. Let Z=Uy ... Uy and z = Vi -...- V; where I,m € N and Uy,...,Upn,Vi,...,V; € A(Gp). We
proceed in two steps. Note we may assume 01 A, else the lemma is trivial taking U = 0 and 2 = z.

1. We assert that there is an 7 € [1,m] and a set I C [1,1] such that

7] < |minGo| + |Gy > and Ui| [[ V4.
vel

We assume [ > |G, |, since otherwise the claim is obvious. Since
< vg(Ul } ( 1
> max{ {5 > Y Ya -2 i
i=1 i=1 gEG_ e

there exists an ¢ € [1,m] such that

(2)

For each g € Gy, there is an I, C [1,1] with |I;| = |G| such that

Vq(H v) 1Go lvg(4) Ivg( )

Hence, since | < m, it follows by (2) that

V9<H V) |Gy |Vg( ) > m\;g(Ui) vg(4) = v, (Uy).

yeI

) ivgwi)) = Gy,

<

:Q<
&
3

Since by Lemma 4.3 we have |U;"| < |min Gg|, there is an Iy C [1,1] with |Iy| < |min Gp| such that

v, (U;) gvg( H VV) for all gGGa'.

vely
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Then, for I = Iy U UgeGO‘ Iy, we get vg(U;) < vg (HVGI V,,) for each g € G, i.e., U;| [],¢; Vi. Noting that
|I] < |min Go| + |Gy |?, the argument is complete.

2. By 1., we may suppose without restriction that Uy | Hle V, with k < (| min Go|+|Gy |*). We consider
a factorization Vi - ... -V = Wi Ws - ... - W, where Uy = Wy, W, ..., W, € A(Gy), and by Lemma 4.3,

n<|(Wy-oo. - W) =|(Vi-...- Vi)™
< k |min G| < (|min Go| + |Gy |?) | min Gy .

Now we set =Wy -...- W, Vi1 -...-V, and get
d(z,2) < max{k,n} < (|min Go| + |Gy |?) | min Gy . O

Lemma 4.6. Let Gy C Z be a non-trivial set such that G is finite.
1. There exists some M € N such that pr+1(G) <14+ kM for each k € Ng. More precisely,
(a) if Go is infinite, then for each k € N,
1 < pi+1(Go) — pr(Go) < 2 [min Go|.
(b) if Gy is finite, then for each k € N,
1 < pr41(Go) — pr(Go) < D(Go) — 1.
2. For each k € N,
-1 < Ak(GO) — )\k+1(GO) < (| minG0| + |G6‘2) \IninG0| .

Proof. 1. We recall that p;(Go) = 1. It thus suffices to establish the bounds on pr4+1(Go) — pr(Go). By
Lemma 4.3, we know pi(Go) < k- |min G| < co.
1.(a) The left inequality is trivial and it remains to verify the right inequality. Let m = |min Gy|. Let [ € N,
and let Ay, ..., Agy1,U1, ..., U € A(Go) be such that

A1~...-Ak+1 =U;-...-U;.
We have to show that | < pp(Gg) +2m. By Lemma 4.3, we know that |AT| < m for each A € A(Gy). Thus,
we may assume that (AxAg4+1)T | Uy - ... Usp. Then (H;:2m+1 Ut | H;:ll A;. Let S = (H§:2m+1 U,).
By Lemma 4.4, there exists some A} € A(Gp) with S | A;. We consider B = (H;:ll A;)Aj, which is a
product of k atoms. We observe that H;:Qm—i—l Uj | B. Thus, maxL(B) > | — 2m, establishing the claim.
1.(b) This follows from [30, Proposition 3.6] (see also Lemma 4.3 in that paper and note that D(Gg) > 2
because Gy is non-trivial).

2. The left inequality is trivial and it remains to verify the right inequality. Let s = Agy1(Gp) and let
Ui, ...,Us, Ay, ..., Ary1 € A(Gy) be such that

Ul'...~U5=A1-...'Ak+1.

After renumbering if necessary, Lemma 4.5 implies that Ay [Uy-... - U and Uy - ... - U; = AW -...- W,
with Wy,...,W; € A(Go) and i < (|min Go| + |Gg [*)| min Go| = M, (note that, in order to apply Lemma
4.5, we used that s < k+1). Then

WQ'...-Win+1~...-US:A2-...~Ak+1,

and hence
)\k(GO) S min L(AQ Cae Ak+1) S min L(Uj+1 Cae Us) + min L(WQ Cae Wz)

Ss_j+i—1S)\k+1(G0)+(M2—1). O

We continue with a lemma that is used when investigating the sets of distances and local tameness.



ON THE ARITHMETIC OF KRULL MONOIDS WITH INFINITE CYCLIC CLASS GROUP 11

Lemma 4.7. Let Gy C Z be a non-trivial set and let v € N. Suppose there exist a € G, b € Gg,
by € G§ \ {b} with by > bla|, and az € Gy \ {a} with |as| > (vby + b)|a|. Let a,aq, 00,3, 61,02 € N be
such that U = a®b?, Vi = a® b5 and Vo = a32b%2 are elements of A(Go). Let z € Z(V4Va)), let 2' | z be
minimal such that Ve, (m(2")) = Va4, (V1V2)?), and let t(z) = vy, (7(2")). Then, with D = v|a|(b+ |a|)/8, we
have

by b1
— t(z)—D,— t D].
\Z|€[bﬂ (2) % (2) + D]
Moreover, if t(z) =0, then z =V - V3.
Since it is relevant in applications of this lemma, we point out that the multiplicities «, oy, s, 3, 61 and
(o are uniquely determined by a, b, by and as (for instance, o = lem(a,b)/|a| and 8 = lem(a, b) /b); in fact,
«a and 3 just depend on a and b, and thus D only depends on a, b, and v.

Proof. We note that, by Lemma 4.3, 8,51 € [1,]a|] and o, ag € [1,D].
Let z=Uy - ... Uy, where Uy,...,Up € A(Gy), and k,l € [1,m] with k <[ be such that

e ay|U, foreach v e [1,k],
e ax1U, and by |U, for each v € [k+ 1,], and
e ax{U, and by t U, for each v € [l + 1, m];

in particular, 2/ = U - ... Uy € Z(Gy). Also note that U, = U for each v € [l 4+ 1, m].

For v € [1, k], we have

U, = ag”""ac‘”’lb’f”’lbﬁ"v2 ,

where @, 2 € N and a,1,0,,1,0,2 € Ng. By the assumption on |as| and since 5,61 € [1,|al], we have
laz] > vB1b1 + Bb. Thus, in view of vy, (7(2)) = f1v, it follows that 8,2 > 3. Hence a,1 < o — 1, since
otherwise U | U,, which is impossible (as az|U,).

Let o, = vo(m(2')) and B = vp(w(2’)). In view of a1 < o — 1, k < vag and a, a2 € [1,b], we have
0 < ah <wb?

We note that o(7(z')”) = vasaz + oba, and thus

t(2)by + P50 = vas|az| + ablal,

ie., B, = b= (vaslas| + ablal — t(2)by). In particular, note that if ¢(z) = 0, then, since
O_(bvb(ﬂ-(z))) — - a(b"b(v2)) - —y. O(G\QIQZ(V2))

implies v ((V1V2)?) = b~ (vas|as]), it follows that af, = 0 and 2’ = V3'; this establishes the “moreover”-
statement.
Consequently,

(3) b~ (vag|as| — t(2)by) < By < b t(vaslas| + vb?|a| — t(2)by).
For v € [k + 1,1], we have
U, = b0 pBlaqen
with 37, € Nand oy 1,8, € Ng. We have o}/ ;|a| > b;. Thus, by the assumption on b; and since a € [1,],
we get o, ; > «a, and hence 3}, < 3 —1 (as otherwise U, = U with b;|U, but by { U, a contradiction).

Let 84 = vb(Hlyzk_’_1 U,). We note that | — k < v, (V1V2)?) — t(2) = vB1 — t(z) < v|a| — t(z) < vlal.
Thus, we obtain that

(4) 0< 5 <(I=k)(B~1) <vla|(8 1) <vlal”.
Let 35" = vi([ 1,41 Uv). We have
= (A2~ By~ B = vy — B
In combination with (3) and (4), we get that
vfBy — b (vaglag| + vb?|a| — t(2)by) — v|a* < BY < vfy — b (vag|as| — t(2)by).
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Thus, since B2 = b~ az|as| (in view of Vo = a3?b72), it follows that
b
6 2 e Uiz) + [ublal v, 0]
Since U, = U for each v € [l + 1,m], it follows that 35" = (m —1)B3. Since k € [0,vb] and | — k € [0, v]al],
we get that m € (m — 1) + [0,v(b + |a])]. Combining with 85" = (m — )3 and (5) then yields

b1 vb\a|+v|a|2 b1
m € [—t(z) — ————, —t(2) + v(b+ |a])],
) — MU B+ oo+ )
and, since 8 < |a|, we have v(b + |a|) < v(b+ |a|)|a|/B, establishing the claim. O

The following proposition is a mayor portion of Theorem 4.2.
Proposition 4.8. Let Gy C Z be a non-trivial set such that Gy is finite. Then p(Go) is a rational number.

To prove this result, we need the new concept of factorizations with respect to a (not necessarily minimal)
generating set. This idea is also used in the recent paper [6], where a generalized set of distances is studied
for numerical monoids.

Let H be a monoid and S C Hyeq \ HJ, a subset. We call Z%(H) = F(S) the factorization monoid of H
with respect to S. The homomorphism 7% = 7%: Z%(H) — Hyeq defined by 75(2) = [],cqu"**) is called
the factorization homomorphism of H with respect to S. For a € H, we set Z% (a) = Z%(a) = (%)~ (a H*);
we call this the set of factorizations in S of a. The set L%(a) = {|z| | z € Z%(a)} is called the set of lengths
of a with respect to S.

We note that Z9(a) # () for each a € H if and only if S generates Hyoq (as a monoid). If S generates
Hyed, then A(H,eq) C S by [27, Proposition 1.1.7]. If S = A(Hyeq), then Z°(a) = Z(a), and all other notions
coincide with the usual ones. Suppose that S C H,eq is a generating set. For a € H, let p®(a) = p(L°(a))
denote the elasticity of a with respect to S, and p®(H) = sup{p®(a) | a € H} the elasticity of H with respect
to S; note that 0 € L%(a) if and only if L%(a) = {0}, i.e., a € H*. We say that the elasticity of H with
respect to S is accepted if there exists some a € H with p°(a) = p¥(H).

The proof of the following result is a direct modification of the one for the (usual) elasticity of finitely
generated monoids ([27, Theorem 3.1.4]) and contains it as the special case S = A(Hyed)-

Lemma 4.9. Let H be a monoid and S C Hyea \ Hyyy a finite generating set of Hrea. Then p°(H) is finite
and accepted, in particular, rational.

Proof. By construction, Z%(H)xZ®(H) is a finitely generated free monoid. Obviously, Z = {(z,y) € Z5(H)x
Z5(H) | 7°(x) = 7%(y)} is a saturated submonoid, thus finitely generated by [27, Proposition 2.7.5]. Let
Z* = Z\Z*; clearly |Z*| =1 and, for each (x,y) € Z°*, we have that both |z| # 0 and |y| # 0. We note that
p°(H) = sup{|z|/|y| | (z,y) € Z*}. We assert that sup{|z|/|y| | (z,y) € Z*} = sup{|z|/|y| | (z,y) € A(Z)}.
Since A(Z) is finite, this implies the result.

Let s = (z5,ys) € Z® and let s = t1-...-t; with t; = (z;,y;) € A(Z) be a factorization of s in the monoid
Z. We have, using the standard inequality for the mediant,

!
|£L's| — Z;:l |x1| <m3,X{:EZ| |Z€[1,Z]},
sl 3o fwil [vil

showing that sup{|z|/|y| | (z,y) € Z*} < sup{|z|/|y| | (z,y) € A(Z)}. The other inequality being trivial,
the claim follows. ]

For a non-trivial set Gy C Z, we define
B(Go)Jr = {B+ ‘ Be B(GO)} and A(Go)+ = {14jL | Ae A(Go)}

Lemma 4.10. Let Gy C Z be a non-trivial set.
1. B(Go)* C F(G{) is a submonoid.
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2. A(Go)™ is a generating set of B(Go)™.
3. |F| <|inf G| for each F € A(Gyp)™".

Proof. The first two claims are immediate, and the last one is a direct consequence of Lemma 4.3. (]

Clearly, A(Go)* contains A(B(Gg) "), the set of atoms of B(Go)™, yet it is in general not equal to this set;
by definition, we have that F € A(Gg)™ if and only if there exists some A € A(Gg) such that FF = AT, yet
F € A(B(Go)™) if and only if, for each B € B(Gy) with F = B*, we have B € A(Gy). Moreover, B(Go)™
is in general not a saturated submonoid of F(G{).

Lemma 4.11. Let Gy C Z be a non-trivial set such that Gy is finite. Let F € F(G{), g € supp(F) with
g > |Gy | |min Gy | lem(Gy ), and k € N with ¢’ = g+ klem(Gy ) € G¢. Then F € A(Go)* if and only if
_1F S .A(Go)

Proof. We set T = ¢'g7'F € F(G{). Suppose F € A(Go)t. Let R € F(Gy) such that FR € A(Gy).
Since o(F) > g > |Gy || min Gy | lem(Gyy ), there exists some a € G such that v,(R) > lem(G, ). Let
Ry = RaFlem(Go)/lal Then TR, € B(Gyp). Assume to the contrary that TRy is not an atom, say TR; =
(T'RY)(T"RY), where ¢’ | T/, T =T'T" and Ry = R{RY. Let I’ € Ny be maximal such that ql lem(Gy)/lal | R}
and let I = min{l’, k}. We note that a~"1™(Go)/Iel R" | R. Moreover, since

|U(a—llcm(Ga)/|a|R/1)|

Y

g —llem(Gy) > (k—1)lem(Gy) + |Gy | | min Gg | lem(Gy)

1
> (k=0 ten(Gy) + 3 Jaf (<55 1))
zeGy
there exists a subsequence Rj | a~!!®(Go)/leIR] such that o(R}) = —(k — I)lem(Gy). We set Ry =

Ry ta=tem(Go)/lelRf - Then o(Ry) = o(R}) + klem(Gy ). Thus (g9’ 'T'Ry) = 0, yet g¢ 'T'Ry | FR,
contradicting that T'R; is not an atom.
Suppose T' € A(Go)". Let R’ € F(Gy ) be such that TR’ € A(Gy). Since

—o(Ry)=0(T)>¢ > k-lem(Gy) + |Gy | | min Gy | lem(Gy ) > k- lem(Gy ) + Z |z] <lcm|(C|¥ o) _ 1>
zeGy

there exists a subsequence R} | R’ with o(R}) = —k -lem(Gy ). Let R = R{"'R’. Then FR is a zero-sum
sequence. Assume F'R is not an atom, say F'R = (F'R,)(F"RY), where g | F', F = F'F"” and R = R,RY.
Then ¢'g ' F'R,R} | TR’ and it is a zero-sum sequence, contradicting that F'R is not an atom. O

Let Go C Z \ {0} be a non-trivial set such that Gy is finite. In view of Lemma 4.11, we introduce
the following relation on Ga'. For g,h € G , we say that g is equivalent to h if ¢ = h or if g,h >
|Gy | lmin Gy | lem(Gy) and ¢ = h mod lcm(G ). This relation is an equivalence relation and it partitions
G{ into finitely many—namely, less than |G} | | min Gy | lem (G ) +lem (G )—equivalence classes; we denote
the equivalence class of g by x(g) and also use s to denote the extension of this map to F(G{).

We note that #(A(Gp)") is a finite set, since it consists of sequences over the finite set x(G7) and the
length of each sequence is at most | min G | by Lemma 4.10. Moreover, it is a generating set of the monoid
w(B(Go)").

In order to study factorizations, we extend  to Z(Gy) via
K(Ay . A) = k(AT) - k(A]).

This is an element of F(k(A(Go)™)), i.e., Z5AC)) (5(B(Go)+)); for brevity, we denote this factorization
monoid by Z*. Likewise, for F' € x(B(Go)T), we denote Z“(A(GO)+)(F) by Z"(F); 7(AG)T) by 71 and

pAG)T) By s The homomorphism & : Z(Gy) — Z* is epimorphic.
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We note that, for B € B(Gp), we have that x(Z(B)) C (7*)~!(k(B™)), and in general, this is a proper
inclusion. However, we have, for each F' € B(Go)™, by Lemma 4.11,

(6) (7)) N (s(F)) = U #(Z(B)),

BeB(Gy), Bt=F
whenever Gy C Z \ {0} is non-trivial with G|, finite.

Lemma 4.12. Let Gy C Z \ {0} be a non-trivial set such that G is finite.

1. For each B € B(Gy), we have p(B) < p™(k(B™)). In particular, p(Go) < p™(k(B(Go)™)).
2. If Gy is infinite, then p(Go) = p"(k(B(Go)1)) < |inf Gy |.

Proof. 1. Let B € B(Go) \ {1}, z,y € Z(B) with || = maxL(B) and |y| = minL(B). Since x(z),k(y) €
Z%(k(BT)), we have that p(B) = |z|/|y| = |x(z)|/|k(y)| < p"(k(BT)). The additional claim is clear.

2. Lemma 4.10 implies that p™(k(B(Go)")) < |inf Gy|. Thus by part 1., it remains to show that
p(Go) = p" (K(B(Go)™)).

By Proposition 4.9 and since x(A(Gp)") is finite, we know that p™(k(B(Go)™1)) is accepted. Let B, €
k(B(Go)T) be such that p*(B,) = p*(k(B(Go)")), and let x,,y. € Z%(B,) be such that |z.|/|y.| = p*(Bx)-
By (6), we know that there exist B, B, € B(Go) with Bf = B,f, x € Z(B,) with x(z) = x,, and y € Z(B,)
with £(y) = y.; in particular, we have k(B}) = (B, ) = B..

Let n € N. Since G is infinite, Lemma 4.4 yields some U,, € A(Gy) with (B?)~ | U, and U,; = (B?)~.
We set D,, = BjU, and note that, since (B})* = (B})* and (By)~|U, , the sequence B} is a proper
subsequence of D,,. Thus, on the one hand,

minL(D,) < |y"| + 1 =n|ys| + 1,

and, on the other hand,
maxL(D,) > |2"| + 1 = n|a,| + 1.

So we get
n|lrg| +1
p(Dy) > MEsl L
n|yx| + 1
Thus, for each n € N,
nlzg| + 1
Go) > ———,
p(CGo) 2 nlys| + 1
and letting k — oo, we have
Ly
p(Go) = 125 = (n(B(G) ). 0

Proof of Proposition 4.8. Since p(Go) = p(Go \ {0}), we may assume that 0 ¢ G.

If Gy is finite, then B(Gy) is finitely generated [27, Theorem 3.4.2.1], and thus the elasticity is rational
by Lemma 4.9 (applied with S = A(Hyeq)). Suppose Gy is infinite. By Lemma 4.12, we have that p(Gg) =
p*(k(B(Gp)T)), and by Lemma 4.9, we know that p*(k(B(Gp)™")) is rational. O

Proof of Theorem 4.2.

(a) = (b) Without restriction ,we may suppose that G5 is finite. Let u € A(Hyeq). We have to show
that t(H,u) < oo. If u is prime, then t(H,u) = 0. Suppose that w is not prime. Let a € H and o/ = aH*
be such that u | a’. Let z = vy -... v, € Z(a). There is a minimal subset Q C [1,n], say = [1,%],
such that w|wvy - ... vg and k < |@rea(u)|. We consider any factorization of vy - ... - vy containing u, say
V] *eeo Uk = UL ... U, Where u = 1uy,...,u € A(Hyeq)-
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For i € [1,k] and j € [1,1], we set V; = B(v;) and U; = B(u;). Then Uy,...,U;,V1,..., Vi € A(Gp).
Since u is not a prime and 2 is minimal, it follows that 01 V4 -...- V. Hence, for every j € [1,1], U; contains
an element from Gﬁ, and Lemma 4.3 implies that

L<|(Uy-.:U)T | =|(Vi-oo - V)T <k | min Gp| < |@rea(u)| | minGpl.

Setting 2’ = uy - ... WUk41 - ... - Uy, we infer that d(z,2’) < max{k,l} < |¢reda(w)| |min G|, and hence
t(H, u) < [prea(u) |minG1§|.

(a) = (c) Without restriction, we may suppose that G is finite. By Lemma 3.3, it suffices to show that
c(Gp) < 0o. Weset M = (|min Gp|+|Gp|?) | min Gp|, and assert that c(A) < M for all A € B(Gp). To do
so, we proceed by induction on maxL(A4). If A € B(Gp) with maxL(A) < M, then c(A) < maxL(A) < M.
Let A € B(Gp), let z,Z € Z(A) with |z| < |Z|, and suppose that ¢(B) < M for all B € B(Gp) with
max L(B) < maxL(A4). By Lemma 4.5, thereisa U € A(Gp) and a factorization z € Z(A)NUZ(Gp) such that
Ulzandd(z,2) < M,say z = Uyand z = Uy with 4,5 € Z(B) and B = U~ A. Since maxL(B) < max L(A),
there is an M-chain § = yq, ..., yx = 7 of factorizations of B, and hence z,Z = Uy, Uy1,...,Uyy = Uy =%
is an M-chain of factorizations concatenating z and Z.

(a) = (e) Without restriction, we may suppose that G is finite. The claim follows by Proposition 4.8
and Lemma 3.3.

(¢) = (d) and (e) = (f) hold for all atomic monoids ([27, Proposition 1.4.2 and Theorem 1.6.3]).

(b) = (a), (d) = (a), and (f) = (a) Assume to the contrary that G and G are both infinite. We
show that B(Gp) is not locally tame, which implies that H is not locally tame ([27, Theorem 3.4.10.6]).
Along the way, we show that pa(Gp) = oo and that A(Gp) is infinite, which by Lemma 3.3 implies the
according statements for H.

We set @ = maxGp and b = min G5. Then there are a € [1,b] and B € [1,]a|] such that U = a“b® €
A(Gp). We pick an arbitrary N € N>, and show that t(Gp,U) > N, which implies the assertion.

We intend to apply Lemma 4.7 with v = 1. Thus, let D = |a|(b + |a|)/83, let b1 € G} be such that

by

b3 >N+ D,
and let a; € Gp be such that |ag| > (b1 + b)|a]. Let a1, 9,081,082 € N be such that Vi = ao‘lblﬁ1 and
Vo = a5?b% are elements of A(Gp).

We note that all conditions of Lemma 4.7 with v = 1 are fulfilled. Since @ < b < ay and 8 < |a| < fa,
we have U | V1 V3, and therefore Z(ViVo) NUZ(Gp) # 0. Let z € Z(V1V3) \ {V4 - V2}, which exists in view of
U|V1V;. By Lemma 4.7, we get that ¢(z) # 0, and thus that

b
\z|2$—D2N.

This shows that max A(L(V1V2)) > N — 2, t(G,,U) > N and
p2(Gp) > maxL(V1V2) > N.

(a) = (g) This follows from Lemma 4.6.

(g) = (f) We have po(H) < M + p1(H) = M + 1, where M is as given by (g).

(a) = (h) If (a) holds, then (d) and (g) hold. Thus all assumptions of [21, Theorem 4.2] are fulfilled,
and (h) follows

(h) = (f) We have pa(H) = sup Vo(H) < cc. O
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5. ARITHMETICAL PROPERTIES STRONGER THAN THE FINITENESS OF Glt OR G

Let H be a Krull monoid and Gp C G as always (see Theorem 5.2 below). In this section, we discuss
arithmetical properties which are finite if Gp is finite or min{|G}|, |G|} = 1, and whose finiteness implies
that G5 or G is finite. However, it will turn out that none of the implications can be reversed (with one
possible exception for (¢) = (b4), which remains open), and that the finiteness of these properties cannot be
characterized by the size of G; and G, but also depends on the structure of these sets. We start with some
definitions and then formulate the main result.

Definition 5.1. Let H be an atomic monoid and 7: Z(H) — H,eq the factorization homomorphism.

1. For z € Z(H), we denote by d(z) the smallest N € Ny with the following property: if k¥ € N is such
that k and |z| are adjacent lengths of L(m(2)), then

d(Z7 Zk(a)) <N.
Globally, we define
0(H) =sup{d(z) | z€ Z(H)} € Ng U {0},
and we call §(H) the successive distance of H.

2. We say that the Structure Theorem for Sets of Lengths holds (for the monoid H) if H is atomic
and there exist some M € Ny and a finite, nonempty set A* C N such that, for every a € H, the set
of lengths L(a) is an AAMP with some difference d € A* and bound M. In that case, we say more
precisely that the Structure Theorem for Sets of Lengths holds with set A* and bound M.

Theorem 5.2. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. We denote by
Gp C G the set of classes containing prime divisors and consider the following conditions:

(a) Gp is finite or min{|GL|,|Gp|} = 1.

(bl) The Structure Theorem for Sets of Lengths holds for H with set A(Gp).

(b2) The successive distance 6(H) is finite.

(b3) The monotone catenary degree c,,(H) is finite.

(b4) There is an M € N such that, for alla € H and for each two adjacent lengths k, | € L(a)N[minL(a)+

M, maxL(a) — M], we have d(Zy(a),Zi(a)) < M.
(c) G} or Gp is finite.

Then we have
1. Condition (a) implies each of the conditions (b1) to (b4).
2. Each of the conditions (b1) to (b4) implies (c).
3. (b2) = (b3) = (b4).

We briefly discuss the newly introduced arithmetical properties and point out the trivial implications
in the above result. The successive distance of H was introduced by Foroutan in [14] in order to study
the monotone catenary degree. For Krull monoids with finite class group, an explicit upper bound for the
successive distance was recently given in [19, Theorem 6.5]. Note that, by definition, §(H) < oo implies
that A(H) is finite. The significance of the Structure Theorem for Sets of Lengths will be discussed at the
beginning of Section 6. Note that, if it holds for a monoid H, then H is a BF-monoid with finite set of
distances A(H). Moreover, if Gp = Z, then the Structure Theorem badly fails: indeed, then every finite
subset L C N>g occurs as a set of lengths by Kainrath’s Theorem [27, Theorem 7.4.1]; for recent progress in
this direction see [9]. The implications (b2) = (b4) and (b3) = (b4) follow from the definitions. A condition
implying (b1) as well as (b4) is given in Proposition 6.2. The bound M in (b4) reflects the fact that, in
many settings, factorizations z of an element @ € H show more unusual phenomena if their length |z| is close
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either to maxL(a) or to minL(a) (the reader may want to consult [27, Theorem 4.9.2], [16, Theorem 3.1],
[17, Theorem 3.1] and the associated examples showing the relevance of the bound M).

In Sections 6 and 7, we obtain results showing that, even under the more restrictive assumption that
¢ is a divisor theory, the Conditions (b1) to (b4) do not imply (a) (Proposition 6.9), and (¢) does not
imply (b1) to (b3) (Theorem 6.4, Proposition 6.9, Proposition 6.10 and Proposition 7.1). Proposition 6.10
shows that (b3) does not imply (b2). Moreover, (b1), (b2) and (b3) may hold as well as may fail even if
min{|G}|,|Gp|} = 2. Most of the observed phenomena (around the non-reversibility of implications) have
not been pointed out before in any v-noetherian monoid, and in particular not in a Krull monoid. Finally,
by Theorem 5.2, a Krull monoid H satisfies strong arithmetical properties both when Gp is finite as well as
when min{|G}|,|Gp|} = 1. Note that an arithmetical difference between these two cases was pointed out in
Proposition 4.1.

The remainder of this section is devoted to the proof of Theorem 5.2, and we start with its preparations.
To show that (@) implies each of the Conditions (b1) to (b4), we will construct transfer homomorphisms to
finitely generated monoids.

Lemma 5.3. Let Gy C Z be a non-trivial set with min{|G{ |, |Gy |} = 1, say G5 = {—n}. The map

. {B(Gw — F(Go\ {-n})
1B (- BB

is a cofinal divisor homomorphism. Its class group C(p) is isomorphic to a subgroup of Z/nZ, and the set
of classes containing prime divisors corresponds to {b+nZ | b € Gy \ {—n}}. In particular, the class group
of the Krull monoid B(G)y) is a finite cyclic group.

Proof. Clearly, ¢ is a cofinal monoid homomorphism. In order to show that ¢ is a divisor homomorphism,
let A, B € B(Gp) be such that ¢(A) | p(B). We have to verify that A | B, and for that it suffices to check
that v_,(4) < v_,(B). For each C € B(Gy), we have v_,,(C) = ¢(C")/n and o(CT) = o(p(C)). Since
©(A) | ¢(B), we have o(p(A)) < o(p(B)), and thus v_,,(A) < v_,(B) follows.

Now, we show that, for Fy, F» € F(Go\{—n}), we have I} € Foq(p(B(Gp))) if and only if o(Fy) = o(F3)
mod n. This establishes the results regarding C(y) and set of classes containing prime divisors.

First, suppose that o(F}) = o(F») mod n. We note that F,;an_l(fn)(“(Fi)Jr("’l)”(Fj))/” € B(Gy), for
i,j € {1,2}. Thus, F' and FZ-F;L_1 are elements of p(B(Gy)) for i, j € {1,2}. Since F; = Fy(F Fy~)(F; ™),
the claim follows. Since o(¢(C)) =0 mod n for each C € B(Gy), the converse claim follows.

By [27, Theorem 2.4.7], the class group of B(Gy) is an epimorphic image of a subgroup of C(y¢), and thus
it is a finite cyclic group. O

The following example shows that C(¢) can be a proper subgroup of Z/nZ and that C(y) can be distinct
from the class group of B(Gy). However, if [Go] = Z, then C(p) = Z/nZ; and, applying [43, Theorem 3.1],
there is a simple and explicit method to determine the class group of B(Gp) from C(p) as well as the subset
of classes containing prime divisors (note that C(y) is a torsion group).

Example 5.4. Let di,ds € N>o, n = dide and Gg = {—n,d1}. Then Gy fulfils all assumptions of Lemma
5.3, and with ¢ as in Lemma 5.3, we get that C(p) = (d; + nZ) C Z/nZ. However, B(Gy) is factorial, and
thus its class group is trivial.

Proposition 5.5. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors. Suppose that Gp is finite or that min{|G}|,|G»|} = 1.
Then there exists a transfer homomorphism 0: H — Hy into a finitely generated monoid Hy such that
c(H,0) < 2. Moreover, the following statements hold.

1. L(H) = L(Hy), in particular, the Structure Theorem for Sets of Lengths holds for H with A(H) =

A(Hy) and some bound M, and p(H) = p(Hy) is finite and accepted.
2. §(H) = 6(Hy) < oo.
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3. cm(H) < max{c,(Hyp),2} < .

Proof. First we show the existence of the required transfer homomorphism. For this, we recall that a monoid
of zero-sum sequences over a finite set is finitely generated ([27, Theorem 3.4.2]). If Gp is finite, then 3: H —
B(Gp) has the desired properties by Lemma 3.3. Now suppose that min{|G}|,|G5|} = 1, say Gp = {—n},
and set Gy = {b+nZ | b € G5} C Z/nZ. Using Lemmas 3.3 and 5.3, we have block homomorphisms
B: H— B(Gp) and B': B(Gp) — B(Go). By Lemma 3.2, the composition § = 8’ o 3: H — B(G) still has
the required properties.

Again, by Lemmas 3.2 and 3.3, it suffices to verify the additional statements for finitely generated monoids:
we refer to [27, Theorem 4.4.11] for the Structure Theorem, to [27, Theorem 3.1.4] for the elasticity and the

successive distance, and to [14, Theorem 5.1] for the monotone catenary degree. O
Lemma 5.6. Let H be an atomic monoid, a € H and z, 2 € Z(a) and | = ||z| — |2/||. Then there exists
some 2" € Z(a) such that |2"| = |Z| and d(z,2") <16(H).

Proof. See [27, Lemma 3.1.3]. O

Lemma 5.7. Let H be an atomic monoid with 6(H) < co. Let M € N, a € H, u € A(Hyeq) and 2,2,z € Z(a)
be such that
lz| <|z|, w|Z, w|Z and d(z,2) <M.

Then there is a 2’ € Z(a) NuZ(H) such that |z| < || <|z] and d(z,2") < M + (M +maXA(H))5(H),
Proof. Let v € H be such that vH* = u. We set b = v~ la, 7 = uy and Z = uy, where 7,7 € Z(b). If

|z| <|z] < |Z], then 2’ = Z fulfills the requirements. If not, then either |Z] < |z| or |Z] < |Z], and we decide
these two cases separately.

CASE 1:  |Z] < |z|.
Since |y| =|z] =1 € L(b) and [y| = |Z| — 1 € L(b), there is a

EelL®) N[z —-1,Z—1] with k<|z| -1+ maxA(H).
Let y" € Z(b) with |y”| = k. Then
W' =gl =k = 2+ 1 < [2] = 1+ max A(H) — [Z] + 1
<d(z,2) + max A(H) < M + max A(H).
Thus, by Lemma 5.6, there is a ' € Z(b) with |¢'| = |¢”| and d(y,y') < (M + maxA(H))(S(H). Then
2 =wuy € Z(a) NuZ(H) with |2'| =1+ k € [|2|, |Z|] and
d(z,2") < d(2,2) + d(uf, uy’) < M + (M n maXA(H))a(H) .
CASE 2: [z| < IZ].
By Lemma 5.6, there is a ¢y’ € Z(b) with |y'| = [g| and
d(@.y") < (191 - 71)aCm) = (121 = =1 )o (1)
< (121 - I21)o(m) < d
Then 2/ = uwy' € Z(a) NuZ(H) with |2’| = |z| and
d(z,2') <d(2,2) + d(uy,uy’) < M + M&§(H) . O

Z|
(,2)8(H) < M&(H).

Proposition 5.8. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid with infinite cyclic class group C(p). If the successive distance 6(H) is finite, then the monotone
catenary degree c,,(H) is finite.



ON THE ARITHMETIC OF KRULL MONOIDS WITH INFINITE CYCLIC CLASS GROUP 19

Proof. We identify C(p) with Z and let Gp C G denote the set of classes containing prime divisors. Suppose
that §(H) < oo. Lemma 3.3 shows §(H) = §(Gp) and that it suffices to verify that c,,(Gp) < co. Note that
A(Gp) is finite (since §(Gp) < 00), and thus by Theorem 4.2 we get that (say) G is finite.

We set M = (|min Gp| + |Gp[?) | min Gp| and assert that

cn(Gp) < M+ (M + max A(H) ) §(H) = M".

For this, we have to show that c,,(A) < M* for all A € B(Gp), and we proceed by induction on maxL(A).

If A € B(Gp) with maxL(A) = 1, then A € A(Gp) and ¢,,(A) = 0. Now let A € B(Gp) with
max L(A4) > 1 and suppose that c,,(B) < M* for all B € B(Gp) with maxL(B) < maxL(A).

We pick z,Z € Z(A) with |z| < |Z| and must find a monotone M *-chain of factorizations from z to z.

By Lemma 4.5 there is a U |Z with U € A(Gp) and a zZ € Z(A) NUZ(Gp) such that d(z,2) < M. By
Lemma 5.7, there is a 2’ € Z(A) N UZ(Gp) such that |z| < |2/| < |z] and d(z,2") < M*. Now we set

B=U1'A, z=Uy and 2 =Uy,

where 7,9y’ € Z(B). Since maxL(B) < maxL(A), the induction hypothesis gives a monotone M*-chain
v =uy1,...,yr = 7 of factorizations of B from %’ to 7. Therefore

2,7 =Uy =Uy,Uya,.... Uy, =Uy=7%

is a monotone M*-chain of factorizations of A from z to Z. O

Proof of Theorem 5.2. 3. The implication (b3) = (b4) follows since, for a € H and each two adjacent
lengths k, 1 € L(a), we have, by definition, d(Zj(a),Z;(a)) < ¢, (H). The implication (b2) = (b3) is
Proposition 5.8.
1. By Proposition 5.5, we know that (a) implies (b1), (b2), and (b3); and, by part 3., we know that (b3)
implies (b4).
2. By definition, each of (b1), (b2) and (b3) implies the finiteness of A(H). Thus, Theorem 4.2 implies
the assertion. It remains to show that (b4) implies (c).
Suppose that (b4) holds with some M € N and assume to the contrary that (c) does not hold, i.e., G},
and G5 are both infinite. We proceed similarly to the proof of Theorem 4.2, part (b) = (a).
We set @ = maxGp and b = min G5 and let o € [1,b] and 3 € [1,]a|] be such that U = a®b® € A(Gp).
We intend to apply Lemma 4.7 with v = 3. Thus, let D = 3|a|(b + |a|)/B, let by € G} with
b1
— >2D+ M
b = 0
and let ay € G5 with |as| > (3by +b)|a|. Let oy, o, B2, 62 € N be such that V; = a‘“bf1 and Vp = a$?b°
are elements of A(Gp).
First, we assert that there exist 2o, 21, 22, 23 € Z((V1V2)?) with, where #(-) is defined as in Lemma 4.7,
t(Z()) < t(Zl) < t(ZQ) < t(Zg)
We note that U | V1 V4, (by the same reasoning used in the proof of Theorem 4.2), and thus there exists some
y € Z(V1 V) with t(y) # 0. For i € [0,3], we set z; = y*(V; - V2)>7%. Then we have t(z;) = it(y), establishing
the claim.
Let 2{, 21, 25,24 € Z((V1V2)?) be such that t(z)) < t(2]) < t(2) < t(2}) and such that there exists no
z € Z((V1Vo)?3) with t(2]) < t(2) < t(z5).
By Lemma 4.7, we get, for i € [0,2], that

b
|2l = 12i] 2 %(t(z;m —1(2))) — 2D > M.
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Since min L((V1V2)?) < |zp] < |21] < [25] < |25] < max L((V1V2)?), we get that
1211, |25] € min[L((V1V2)?) + M, max L((V1V5)3) — M].

Let
k= max(L((VlVg)?’) n [% #(2]) — D, % tH) + D])
and
1= min (L(VV2)*) 0[5 ¢:5) = D, % t(33) + D))

note that, by Lemma 4.7, |21| and |z}| are elements of the former and the latter set, respectively, and also
note that the two intervals are disjoint. In particular, we have |z]| < k < 1 < |2}|. Since there exists no
z € Z(ViVo)?) with t(21) < t(2) < t(24), it follows by Lemma 4.7 that k and [ are adjacent lengths. Since
k—1> l% — 2D > M and by (1), we have d(Zk(a)7 Zl(a)) > M + 2, a contradiction to the assumption that
(b4) holds with M. O

6. THE STRUCTURE THEOREM FOR SETS OF LENGTHS

The Structure Theorem for Sets of Lengths is a central finiteness result in factorization theory. Apart
from Krull monoids—which will be discussed below—the Structure Theorem holds, among others, for weakly
Krull domains with finite v-class group and for Mori domains A with complete integral closure A =R for
which the conductor f = (4: R) # {0} and C(R) and R/f are both finite (see [27, Section 4.7] for an overview,
and [25, 30] for recent progress). Moreover, it was recently shown that the Structure Theorem is sharp for
Krull monoids with finite class group [44].

Let H be a Krull monoid and Gp C G as always. By Theorem 5.2, it suffices to consider the situation
when G} is finite and 2 < |Gp| < co. Essentially, all results so far which establish the Structure Theorem for
some class of monoids use the machinery of pattern ideals and tame generating sets (presented in detail in
[27, Section 4.3]). First, we repeat these concepts and outline their significance for the Structure Theorem.
However, Proposition 6.3 shows that in our situation this approach is not applicable in general. The main
result of this section, Theorem 6.4, provides a full characterization of when the Structure Theorem holds.
Although the setting is special, it shows that, in Theorem 5.2, condition (bl) does not imply condition
(a), and it provides—together with Proposition 6.3—the first example of any Krull monoid for which the
Structure Theorem holds without tame generation of pattern ideals. Furthermore, note by Lemma 3.4 that,
for the sets Gp considered in Theorem 5.2, there actually exists a Krull monoid such that Gp is the set of
classes containing prime divisors with respect to a divisor theory of H.

Likewise, all previous examples of monoids H with finite monotone catenary degree c,,(H) have been
achieved by using that §(H) is finite. However, in Proposition 6.10, we give the first example of a monoid
H with ¢, (H) < 0o but §(H) = oo.

Definition 6.1. Let H be an atomic monoid, let a C H and let A C Z be a finite nonempty subset.

1. We say that a subset L C Z contains the pattern A if there exists some y € Z such that y+ A C L.
We denote by ®(A) = &y (A) the set of all @ € H for which L(a) contains the pattern A.

2. Now a is called a pattern ideal if a = ®(B) for some finite nonempty subset B C Z.

3. A subset E C H is called a tame generating set of a if E C a and there exists some N € N with the
following property: for every a € a, there exists some e € E such that

ela, supl(e) <N and t(a,Z(e)) <N.
In this case, we call E a tame generating set with bound N, and we say that a is tamely generated.

The significance of tamely generated pattern ideals stems from the following result.
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Proposition 6.2. Let H be a BF-monoid with finite nonempty set of distances A(H) and suppose that
all pattern ideals of H are tamely generated. Then there exists a constant M € Ny such that the following
properties are satisfied:

(a) The Structure Theorem for Sets of Lengths holds with A(H) and bound M.

(b) For all a € H and for each two adjacent lengths k, 1 € L(a) N [minL(a) + M, maxL(a) — M|, we
have d(Zy(a), Zi(a)) < M.

Proof. The first statement follows from [27, Theorem 4.3.11] and the second from [30, Proposition 5.4]. O

Proposition 6.3. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors. Suppose that
o G is infinite and
e there are ai, az € Gp and b€ G such that
ged(az, b) ged(ag, b)

= db but
algcd(al,ag,b) azgcd(al,ag,b) mo uoa

ged(asg, b) ged(ag, b)
a .
ged(aq, ag,b) 2gcd(a1, as,b)

Then both H and B(Gp) have a pattern ideal which is not tamely generated.

Proof. By [25, Proposition 3.14], it suffices to show that B(Gp) has a pattern ideal which is not tamely
generated.

First we show that B({a1, as,b}) is half-factorial. By Lemma 5.3, it suffices to show that B({a1 + bZ, az +
bZ}) is half-factorial. By [22, Proposition 5|, this follows by (indeed, it is equivalent to) the congruence that
a1, az, and b fulfil by assumption.

We set ay = b/ ged(aq,b), 81 = |a1|/ ged(a1,b), as = b/ ged(az, b), B2 = |az|/ ged(ag, b) and observe that,
by rearranging our assumption a; gcgd(daffa’%b) # as gf(f(da(latz’g )b), we have d := ajay — asa # 0, say d > 0.
Noting that aja; = lem(a, b) and asas = lem(ag, b), we can consider the two atoms

U, = a‘flb’g1 and U = ap;*?b”* € A(Gp).
Since G}, is infinite, it contains arbitrarily large elements. Let N € G} \ {b}. We define
v =min{vy(U) | U € A({a1,a2,b, N}) with N |U}.
Since Nl@tlaN € B(Gp), it follows that v € [1,|a1|]. Now we pick an atom Uy € A({ai,as,b, N}) with
~v = vn(Un) for which v, (Uy) is minimal, say
Uy = N"’bﬁa{wlagM2 € A(Gp), where f,v, My, Ms € Ny depend on N .
If My > |aq|, then Ul := UNa‘fm‘ag‘“ has sum zero, and by the minimality of vy (Ux) and v, (Uy), it is an

atom (as each atom must have at least one positive element). Thus, we may additionally choose Uy such
that Ma < |a1|, which implies (recall az < 0)

(7) M, = |11|(7N+6b—|—a2M2> > ‘1|<7N—|—a2|a1|> > +asy.

N
a1
In view of this inequality, we may suppose that N is sufficiently large to guarantee that M; > |as|a;as.
Note that, since Uy is an atom and My > |az|ayas > aq, we have 5 < 8;. We consider the element

Ay = UnUM € B(Gp).

Let k € [O, | J} Then we have

laz]ayas

UN,k _ N'ybﬁai\/fl+(a2a1(¥2)ka2M2+(\a1\alag)k c B(Gp),
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and by the minimality of v and §, it follows that Un i € A(Gp). Clearly, we get
2 = Uy pUp 202k gy Mhtaenk ¢ 7040

This shows that

(8) LAn) 2{00 14 dk [ ke O’ng‘;\i%”}'

Thus, we have Ay € ®({0,d}) for each sufficiently large N € G5.

Let Exy € ®({0,d}) with En|An. Since {a1,ag,b}, is half-factorial, it follows that N |EyN. By the
definition of ~, there is a Uy € A(Gp) with N7 |Uy | Ey. Note that [27, Lemma 1.6.5.6] shows that
t(AN, UI/\/'> < t(le7 Z(EN))

Let Ay = UyWy with Wy € B(Gp). Then supp(Wn) = {a1,a2,b} and hence |L(Wy)| = 1. Thus
all factorizations in Z(Ay) N UNZ(Gp) have the same length. We pick some factorization zy € Z(An) N
UNZ(Gp). Clearly, there is a factorization z} € Z(Ay) such that (in view of (8))

max L(Ax) —minL(Ay) S d My
2 -2 |a2|a1a2

|lew] = l2x ]| >

This implies that
t(AN,Z(EN)) > t(AN,UJ/V) > mln{d(z}kv,yN) | YN € Z(AN) N U]/VZ(GP)}
> min{|[2x] — |yn|| | yn € Z(An) NUNZ(GP)}
d M, |

> s> 2
,|‘ZN| |ZN‘|72|_|012|041062
Since N can be arbitrarily large and by (7), we get that ®({0,d}) is not tamely generated. O

We will frequently make use of the following simple observation. Let G be an abelian group and G; C
Go C G subsets. Then B(G1) C B(Gy) is a divisor-closed submonoid, and hence £(G1) C L(Gy). Therefore,
if the Structure Theorem holds for B(Gy), then it holds for B(G;). In particular, if condition (b) holds, then
the Structure Theorem holds for all B(Gy) with Gy C Gp, and if (b) fails, then the Structure Theorem fails
for all B(Gy) with Gp C Go—where Gp is as below.

Theorem 6.4. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(yp) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors. Suppose that 1 € GJIS and Gp = {—d,—1} for some
d € N. Then the following statements are equivalent:

(a) The Structure Theorem for Sets of Lengths holds for H.
(b) G5\ dZ is finite or a subset of 1+ dZ.

The remainder of this section is devoted to the proof of Theorem 6.4.

Lemma 6.5. Let H be an atomic monoid. Suppose that there exists some e € N such that, for each N € N,
there exists some a € H such that L(a) N [minL(a), minL(a)+ N] C minL(a)+eZ, yet L(a) ¢ minL(a)+ eZ.
Then the Structure Theorem does not hold for H.

Proof. We assume to the contrary that there exists some finite nonempty set A* C N and some M € N such
that, for each b € H, the set L(b) is an AAMP with difference d € A* and bound M.

Let D = 2 lem(A*). Let N > 2M + D and let a € H with the properties from the statement of the
lemma. Let [y = minlL(a) and I = maxL(a). Note that lo > I; + N (by the property assumed for a). By
assumption, we get that L(a) is an AAMP, i.e.,

La)=y+ (LUL*UL") C y+D+dZ
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where d € A*, {0,d} C D C [0,d], L* is finite nonempty with min L* = 0 and L* = (D + dZ) N [0, max L*],
L' c[-M,—-1] and L” C maxL* +[1,M], and y € N.
Since
12 211+N211+2M—|—D211—mlnL/—i—M—l—D,
it follows that [l — min L',l; — min L' + D — 1] N L(a) C L*, and thus
[[1 —minL’,l; —min L’ + D —1]NL(a) = [ly —min L', l; —min L' + D — 1] N (y + D + dZ).
On the other hand, by the property assume for a, and since N > 2M + D > —min L' + D, we have
[[i —minL’,l; —min L' + D — 1] N L(a) C l; + €Z.
Thus
A=[-minL',—min L'+ D - 1N (y — 1 + D+ dZ) C €Z.
Since D > 2d, it follows that for each d’ € D there exists some k € Z and € € {—1,1} such that y — 1 +d' +
kd,y—l1+d + (k+e¢)d € A. Thus e | d and, furthermore, e | y — 1 +d’. Consequently, y+D+dZ C 1 + eZ.
This yields a contradiction, since L(a) C y + D + dZ, yet L(a) ¢ 1 + eZ by hypothesis. O
Lemma 6.6. Letd € N, e € [2,d— 1] with ged(e,d) > 1 and Gy C Z. If {—d,—1,1} C Go and G§ N(e+dZ)
is infinite, then the Structure Theorem does not hold for B(Gy).
Proof. We may assume d > 4, since otherwise there exists no e € [2,d — 1] with ged(e,d) > 1. Let k € N
such that e + dk € Gy; by assumption, we know that arbitrarily large k with this property exist, and we

thus may impose that & > 10. Let f € N be minimal such that ef € dN, say ef = du. Since ged(e,d) > 1,
we see that f € [2,d/2] and u < e/2 < d/2. We consider the sequence

B = (6 + dk)f(_d)u-l-fk(_l)d(u-i-fk)1d(u+fk).
Since ef = du, we have B € B(Gp). First, we consider two specific factorizations of B. Then, we investigate
the length of all factorizations of B of small length. Let
21 = ((e+ dk)! (=d) %) - ((=1)1) 7B
and
2 = ((e+dk)(=1) ") - ((=d)1) +7F,
We note that 21,22 € Z(B) and that |z1| = 1+ d(u + fk) and |z2| = f + (u+ fk). Since f —1¢ (d - 1)Z
(as f € [2,d/2]), we have |z1| — |22| ¢ (d — 1)Z.
We claim that there exists an absolute positive constant ¢ such that, for each z € Z(B) with
2] < [z2| + c(d = 1E,
we have
|z| — |#2| € (d — 1)Ny.
By Lemma 6.5 and since k can be arbitrarily large, this implies that the Structure Theorem does not hold.

Thus, it suffices to establish this claim. For definiteness, we set ¢ = 1/6 (it is apparent from the subsequent
argument that it only has to be less than 1/2). Let

Z:AlASUlUtEZ(B)

with A;,U; € A(Gp), and (e+dk) | A; and (e + dk) 1 U; for all ¢, j. We proceed to show that veiar(4;) =1
for each 4, i.e., s = f. Clearly, v(_1)1(2) < |2|, and thus we have

vop(m(Ar .- Ag)) > d(u+ fk) — 2]
>d(u+ fk)— (f+u+ fk+c(d—1)k)
(f —2)(e+dk) +2(e+dk) — (f + u+ fk+ c(d — 1)k)
(f — 2)(e + dk) + dk — (d/2 + d + dk/2 + cdk)
(f —2)(e+dk) +d(k—3/2 —k/2 — ck).

=
>
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Since ¢ = 1/6 and k > 10, we have k(1/2 —¢) —3/2 > 1. So we have
(9) voi(m(Ay . - A)) > (f —2)(e+ dk) +d.
If s < f —1, then, since v_1(A;) < e+ dk for each i, we conclude from (9) that v_;(A;) > d for each 1,
implying (since supp(A; ) C {—1,—d}) that veiqx(A;) = 1 for each i, contradicting s < f — 1. Thus s = f.
We have U; € {(—1)1,((—d)1%)} for each j. Thus
z=A A (D)D) ((—d)1%)?
where a = d(u+ fk) —v_i(m(Ai1-... - Ay)) and b=u+ fk —v_g(m(A1-... - Ay)). We have
|zl =f+ (u+ fE)(d+1) — (vor(m(Ar- ... - Ap)) +v_g(m(Ar - ... - Ap)))
and, since
d-v_g(m(Ay ... - Af)) +voi(m(Ar - ... - Af)) = (u+ fk)d,
this implies
|zl = f+u+ fk+(d—1)v_g(m(As-...- Af)),
establishing |z| — |22] € (d — 1)Ny. O
Lemma 6.7. Let d € N, e € [1,d — 1] with ged(e,d) = 1 and Gy C Z. If {—d,—1,1} C Gy, G§ N (e + dZ)
is infinite and G3 \ ((e + dZ) U dZ) is nonempty, then the Structure Theorem does not hold for B(Gy).
Proof. We may assume d > 3, as the hypotheses are null otherwise. Since G{ \ ((e +dZ) U dZ) is nonempty,
let f € [1,d—1]\{e} and ¢ € Ny be such that f+dl € G§. Since {—d, —1,1} C Gy, G¢ N(e+dZ) is infinite,
let k € N be such that e +dk € G and e +dk > f + d{. Since ged(e,d) = 1, let x € [1,d — 1] be the integer

such that f + ze € dZ, say f + xe = ud. Since f € [1,d — 1]\ {e}, we have x #d — 1 and v < d — 1.
We proceed similarly to Lemma 6.7. We consider the following element of B(Gy) (Since f + ze = ud):

B = (f + dﬂ)(e + dk)z(7d)u+wk+ﬁ(71)d(u+a:k+5)1d(u+:1:k+£)'
Again, we first consider two specific factorizations of B, namely
2 = ((f + CM)(G + dk)x(_d)u-‘rxk-‘:-E) . ((_1)1)d(u+zk+€)
and
22 = ((f +dO(=1)7) - ((e + dk)(=1)“F ) - ()1 For+e,
The respective lengths of these factorizations are 1 4+ d(u + xk + ¢) and 1 + = + (u + zk + ¢). Thus,
|21] = |z2| & (d = 1)Z.
As in Lemma 6.6, we show that there exists a positive ¢, now depending on d (but not on k), such that,
for each z € Z(B) with
|z] < |z2| 4+ c(d — 1)k,
we have
|z| — |22| € (d — 1)Np,
which again completes the proof by Lemma 6.5. We set ¢ = 1/(d — 1) (this choice is not optimal). Let
z=A . AJ(=D1D)((—d)1%)P
where A; ¢ {(—=1)1,(—d)1?}. We proceed to show that |A]| = 1 for each i. From the definition of B, we
have s < x + 1. Again, v(_1);(2) < |2/, and thus
voq(m(Ay - -Ag)) > d(u+ zk + £) — |2]
>du+azk+0) —(1+z+ (utzk+0) +c(d—1)k)
=(x—-1D(e+dk)+ (f+dl)+ (e+dk) — (1 +z+ (u+xk+¢) +c(d—1)k)
(x—1)(e+dk)+ (f+dl)+ (e+dk) —(d—1+(d— 1+ (d—2)k +£) +c(d—1)k)
(x —1)(e+dk) +d+ 2k —3d— c(d— 1)k.
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Since ¢ = 1/(d — 1), we have, for k > 3d,
vei(m(Ay -0 Ag)) > (= 1)(e+ dk) + d.
If s = x4+ 1, the claim is obvious. Thus, assume s < z. Since v_;1(4;) < e + dk for each i (recall that
e+dk > f+dl), we get that v_1(A;) > d for each 4, establishing the claim (since supp(A4; ) C {-1, —d}).
Thus
z=Ar .. AJ(-D)D)((—d)1)P,
where a = d(u+zk +€) —v_1(m(A1-...- As)) and b= (u+zk +£) —v_gq(m(A; -...- As)). We have
lzl =s4+ (d+1)(u+zk+0) — (vor(m(Ar - ..o Ag)) +v_a(m(Ag .. - Ap))).
We note that if f +£¢d # 1, then s = 1+ z, and if f + ¢d = 1, then s = x. Moreover, if the former holds
true, then
d-v_g(m(Ar-...-Af)) +voa(m(Ar - .- Ay)) =d(u+ zk + 0),
whereas if the latter holds true, then
d-v_g(m(Ay ... - Ap)) +voa(m(Ar- .- Ap)) =du+xk + ) — 1.
In both cases, this implies
Izl =1+z+ (ut+xk+0) + (d—1)v_g(m(Ar - ... As)).
establishing |z| — |22] € (d — 1)Ny, as claimed. O

Proposition 6.8. Let {—1,1} C Go C Z with Gy finite such that the Structure Theorem holds for B(Gp).
For each —d € Gy, at least one of the following statements holds:

(a) |G§ \ dZ| < cc.

(b) GE\dZ C 1+ dZ.

Proof. The claim is trivial for d < 2. Suppose d > 3. Let E C [0,d — 1] be such that G§ N (e + dZ) is infinite
for each e € E. If there exists some e € E \ {0} with ged(e,d) > 1, Lemma 6.6 yields a contradiction. Thus,
ged(e,d) = 1 for each e € E\ {0}. By Lemma 6.7 we get that if gcd(e, d) = 1, then e = 1 (note that 1 € G),
and moreover, in this case we have G§ C ((1 + dZ) U dZ). O

Now, we show that the Structure Theorem indeed holds for monoids of zero-sum sequences over sets of
the form considered in Theorem 6.4 not covered by the above results. Moreover, we investigate the finiteness
of the successive distance for these sets. Again, note that the set Fy U dN in the result below does not
fulfil condition (a) of Theorem 5.2, yet by Lemma 3.4 it can occur as the subset of classes containing prime
divisors of a Krull monoid, even with respect to a divisor theory, showing that the conditions (b1), (b2), and
(b3) do not imply (a), not even combined.

Proposition 6.9. Let d € N>o and Fy C Z with Fy = {—d, —1}.
1. The Structure Theorem holds for B(Fy U dN) if and only if it holds for B(Fo U {d}). More precisely,
for each L € L(Fy UdN), there exists some y € Ng such that —y + L € L(Fo U{d}).
3. There is a map ¢ : B(FoUdN) — B(FyoU{d}) such that, for each B € B(FyUdN) and adjacent lengths
k andl of L(B), we have d(Zy(B),Z;(B)) < d(Zx(¢(B)), Z;(v(B))) with k and | adjacent lengths of
L(W(B)).
In particular, if Fy is finite, then the Structure Theorem holds for B(FyUdN), and §(FoUdN) and ¢, (FoUdN)
are finite.

Proof. Let Gy = Fy UdN and Gy = Fy U {d}.
1. Since G; C Gy, one implication is clear and it remains to show that if the Structure Theorem holds

for B(G1), then it holds for B(Gy). Indeed, the more precise assertion we establish shows that the Structure
Theorem holds with the same bound and the same set of differences.
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Let ¢: F(Go) — F(G1) denote the monoid homomorphism defined via ¢(g) = g for g ¢ dN and ¢ (kd) =
d* for kd € dN. We note that o(S) = o(2(S)) for each S € F(Gy); thus v yields a homomorphism, and
indeed an epimorphism, from B(Gy) to B(G1).

Moreover, we observe that if A € A(Gg) with kd | A, for some k € N, then A = kd. This implies that,
for such an atom, ¥(A) = d*(—=1)*(—d)*=* and (d(—1)%)*- (d(—d))*~* € Z(1)(A)) is the unique factorization
of 9(A). We denote this factorization by 1(A) and we note that [1)(A)| = o(AT)/d. Setting 1)(A) = A for
each atom not of this form, i.e., A € A(Gy) with supp(A4) NdN = @, and extending this map to Z(Gy), we
get a homomorphism, indeed an epimorphism, ¥: Z(Go) — Z(G1).

Since 7(¥(2)) = (7 (z)), we see that 1(Z(B)) C Z(y(B)) for each B € B(Gy). Moreover, for B € B(Gy)
and z € Z(B), we have, denoting F = [ ¢4y 9"*'?), that [¢(2)| = || + (¢(F)/d — |F]|). In particular, the
value of [¢(2)| — |z| is the same for each z € Z(B).

Thus, to establish our claim on sets of lengths, it suffices to show that (Z(B)) = Z(1(B)) for each
B € B(Go). Let B € B(Go) and again let F' =[] g's(B) = Hllljl(kad), where k; € N. Let 2/ € Z(¢(B)).
There exists a unique decomposition 2’ = 2/} such that 2| is minimal with d°)/¢ | 7(2}) (note that
va(¥(B)) = o(F)/d). We have |z1| = o(F)/d. Write 2] = Hli‘l y; such that each factor y; € Z(y(B))
contains exactly |y/| = k; atoms. Then letting A; = (k;d)d~*m(y!), we have A; € A(Gyp), and so z =
Ay ... A2y is a factorization of B with 1(z) = (A1) - ... - ¥(Ajp|)zh =yl - ... Y,z = 2/, establishing
our claim.

2. Since 0(G1) < d(Go) is obvious, we only have to show that 6(Go) < 6(G1). We show the following

slightly stronger result. Let B € B(Gy) and z € Z(B). Then §(z) < §(1)(z)).
Let F and z = 2122 be defined as above, and let z; = Hli‘l A; and let A;r = k;d, where k; € N. Moreover,

let 2/ = 1)(2) and let 2’ = 2]z} with 2] = 1(21) and 25 = 9(22) = 2. Additionally, let y; = 1)(A;) for each i.
Let j € Z be such that |z| and |z| + j are adjacent lengths of L(B). By the already established result for sets
of lengths, it follows that [1)(z)| and [1(2)| + j are adjacent lengths of L(1)(B)). Thus, by definition, there
exists some factorization 2’ € Z(y(B)) with |2'| = [¢(2)| + j and d(2',(2)) < §(¥(2)). Let o’ = x}ah with
o, minimal such that d”(F)/¢ | (). We note that

(10) d(z',2") = d(z, 2) + d(2, 25).
Thus, by re-indexing appropriately, we find a
(11) t < d(2,27)

such that Hlilt+1 y; | 2.

-1
Let o = 2} (HLZLH yé) . As we argued at the end of part 1, there exists, for ¢ < ¢, factorizations

y! € Z(y(B)), each containing exactly |y}| = k; atoms, such that [['_, v/ = 2f. For i < t, let A} =
d=Fi(k;d)m(y!'), and for i € [t + 1,|F|], let A, = A;. Then, with z; = Hlljl Al and zo = zf, we have
that z = x1z9 is a factorization of B, and since 9(z) = :c’l’(Hlli‘t_H yi)xh = xiah, we get that |z| — |z| =

|¥(z)| — [¢(2)| = |2'| — [¢(2)| = j. Finally, using (10) and (11), we have
d(z,2) <d(z1,21) +d(22,22) <t +d(z2,22) <d(z], 7)) +d(z5,25) = d(2',2),

establishing the claim.
3. The argument is just a variation on the proof of parts 1 and 2.

We now address the additional statements. Suppose that Fy is finite. By Proposition 5.5, we know that
the Structure Theorem holds for B(Fy U {d}) and that 6(Fp U{d}) is finite. Thus, by parts 1. and 2., we get
that the Structure Theorem holds for B(Fy U dN) and that §(Fy U dN) is finite. Since §(Fp U dN) is finite,
Proposition 5.8 implies that c,,(Fy U dN) is finite. O
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The systems of sets of lengths of B(FyUdN) and B(FyU{d}) are very closely related, but they are different
in general. For finite Fp, the elasticity of B(Fy U {d}) is accepted (Proposition 5.5), yet we see in Corollary
6.11 that this is in general not the case for B(Fp U dN).

Proposition 6.10. Let d € N>o and Gy = {—d, -1} U (1 + dNg) U dN.
1. The Structure Theorem holds for B(Gy). More precisely, each L € L(Gy) is an arithmetical progression
with difference d — 1.
2. For each B € B(Gy) and adjacent lengths k and | of L(B), we have d(Zy(B),Z;(B)) =d+ 1.
3. §(Gp) = oc.
4. Cm(G0> =d+ 1.

Proof. Before we start the argument for the individual parts, we start with some general remarks. We begin
by investigating A(Gp). Let A € A(Gp). If kd | A for some k € Ny, then A = (kd)(—1)%(—d)*~! for some
1 € [0,k]. In particular, we thus have two atoms containing d, namely U; = d(—1)? and Uy = d(—d). Suppose
supp(A4) NdNg = (. Then AT = HLQ?(l + k;d) with k; € Ng. It follows that |[AT| € {1,d}. Moreover,
if |[A*| = d, then —1 1 A and therefore A = A+ (—d)°(A")/4 Thus, either [A*| = 1 or else |[AT| = d and
A = AT(=d)”A ")/, Conversely, each zero-sum sequence B € B(Gp\ {0}) with B = H?Zl(l—i-k’id), ki € Ng
and —1 ¢ supp(B~) is an atom.

Let B € B(Gp \ {0}) and let z € Z(B). In view of the considerations just made, there exists a unique
decomposition z = z1z4 such that for each A | z; we have |AT| = 1 and for each A | zg we have |A"| = d.
We denote |z4| by ta(z). Since |BT| = |z1| + d|z4, it follows that

(12) |2 = |z1] + |zal = [BT| = (d = Dlza| = [BT| = (d = Dta(2),

i.e., |z| is determined by BT and t4(2).
By Proposition 6.9 and since 0 is a prime, it suffices to consider the set Gy = {—d, —1} U (1 + dNp) U {d}
for the proof of parts 1 and 3.

1. Let B € B(G1). Let z € Z(B) and let z = 2124 be defined as above. We observe that, since v_1(4) > 1
for each A that neither fulfils |AT| = d nor equals Uy, we have

(13) ta(z) > UBTL = valB)) = ver(B)

By (12), we get that L(B) is contained in an arithmetical progression with difference (d —1). In view of this,
it suffices to establish the following claim.
Claim 1: If |z] < max L(B), then there exists some 2’ € Z(B) with |2/| = |z| + (d — 1) and d(z,2') = d + 1;
in particular, t4(2’) = t4(2) — 1. Moreover, d(z,2') < d+ 1.
To prove this, we first investigate the case |z| = max L(B).
Claim 2: If t4(z) =0 or v_1(A) <1 for each A | z, then |z| = maxL(B).
Proof of Claim 2. If t4(z) = 0, the claim is clear by (12). Thus, assume v_1(A4) < 1 for each A | z. In view
of the characterization of atoms, it follows that z; = in;d(B) and v_1(A) = 1 for each atom A | z{. In
particular, we have |z1| = v_1(B) + vq(B). In view of d - t4(z) = |B*| — |21], this implies
+

(o) = DL al) —von(®)
Thus equality holds in (13), which by (12) implies that |z| is maximal.
Proof of Claim 1. Suppose |z| < max L(B). By Claim 2, we know that t4(z) > 0 and that there exists some
atom C | z such that v_; (C') > 1. In view of the characterization of atoms given above, we have v_1(C) > d
and |CT| = 1. Since t4(z) > 0, there exists some atom Ay | z with |A}| = d. Let z = A4Cz. We consider
the zero-sum sequences By = (—d) 1A44(—1)% and By = (=1)"9C(—d). Clearly, 7(B;Baz) = B. We note
that By is an atom as |By | = 1. Yet, since |B;| = d but v_;(B;) > 1, we get that B; is not an atom;
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more precisely, max L(B;) = d. Thus, replacing the two atoms A4 and C in z by the atom B; and any
factorization of length d of By completes the claim.

2. By Proposition 6.9.3 and since 0 is a prime, it suffices to consider (G; for finding an upper bound on
d(Zx(B),Z;(B)). Thus, by Claim 2, we get that d(Zg(B),Z;(B)) < d + 1. The converse inequality follows
by (1) in view of Proposition 6.9.3 and part 1.

3. We consider B = (1 + kd)¥d'**d(—d)1+kd(—1)d0+kd)  We note that L(B) = {2 + kd,1 + d + kd}
and z = ((1 + kd)¥(—d)***d) . (d(—1)4)1*+*4 is its only factorization of length 2 + kd. The factorization
2 = ((1+ kd)(=1)1*kd)d. (d(—d))1**4 has length 1+ d + kd and d(2', 2) = |/| = 1 + d + kd, implying that
d(B) > 1+ d+ kd, and the claim follows by letting k — co.

4. By part 2, it is sufficient to show that, for any two factorizations z, y € Z(Gy) with 7(z) = n(y),
we have that: if |z| = |y|, then z and y can be concatenated by a monotone 2-chain. Clearly, in this case
monotone means that each factorization in this chain has length |z|, i.e., we claim that z and y can be
concatenated by a 2-chain in Z,|(7(2)). We proceed by induction on |z|. Let z, y € Z(Go) with 7(z) = 7(y)
and suppose that |z| = |y|. If |z] = 1, the statement is trivial. Thus, assume |z| > 2 and that the statement
is true for factorizations of length at most |z| — 1. We make the following claim.

Claim 3: There exist 2/, y' € Z(w(z)) with |2'| = |y/| = |z| such that z and 2/, as well as y and y’, can be
concatenated by a 2-chain in Z,|(7(2)) and ged{z’,y'} # 1.

We assume this claim is true and complete the argument. Let 2z’ and gy’ be factorizations with the
claimed properties and let U € A(Gy) with U \ gcd{z y'} We set 2 = U7t and y' = U~ 1y/. By
induction hypothesis, there exists a 2-chain 2" = zf,27,...,2] = y" in Z.»(n (U 121). We note that
U -z € Z,(n(z)) for each i € [0,5]. Thus, 2’ and y' can be concatenated by a 2-chain in Z,(7(z)).
Combining these three chains, the result follows.

Proof of Claim 3. If 0 | z, then 0 | y and the claim is trivial. Thus, assume 01 z.

Let z = z124 and y = y1y4 be as defined at the beginning of the proof and recall that |z| = |y| is equivalent
to td(z) = td(y).

Before starting the actual argument, we make three subclaims.

Claim 3.1: Let h | m(21) and g | 7(2zq) with g,h € 1+ dNp and h < g. Then there exists a factorization z of
7(z) such that, with = xy24 as above, w(21)* = 7(21) gh™! and 7(24)* = m(24)Thg™! and d(z,7) < 2;
in particular, |z| = |z|.

To see this, let A, | 23 and A, | zq with h | Aj, and g | A, We set A, = hA,g~(—d)~9=")/4 and
A, = gARh~(=d)9=M/4 Note that this process is well-defined and that A}, and Aj, are atoms by the above
characterization of atoms. Let z = zA’gA'hA;lA;l. Noting that z; = A;A;lzl and x4 = A’hAg_lzd7 the
claim is established.

Claim 3.2: Suppose that t4(z) = 0. Then z and y can be concatenated by a 2-chain in Z,|(7(2)).

To see this, we use the independent material of Section 7 which follows. Note that, in this case, |z| = |y| =
|7(2)*| and A( (Gp)) = {(—d,—d),(—-1,-1),((-1)%, —d), (—d, (-1)9)}. Thus H = Z with Hy = {0,1, -1},
where H and Hj are as deﬁned before Theorem 7.3, whence D(D(G7),E(Gp)) = 2 by (27). Hence Theorem
7.3 shows that there is a 2-chain concatenating z and y.

Claim 3.3: Suppose that t4(z) = |z|. Then z and y can be concatenated by a 2-chain in Z,(7(z)).

To see this, note that in this case supp(n(z)) = {—=d}. Thus 7(z) € B(Go \ {-1}). By Lemma 5.3,
we get that the block monoid associated to B(Gg \ {—1}) is B({0 + dZ,1 + dZ}) C B(Z/dZ). However,
B({0+ dZ,1 + dZ}) is factorial, and thus its catenary degree is 0; also note that the former monoid is thus
half-factorial. Since the catenary degree in the fibers of the block homomorphism is 2 (see Lemma 3.3), the
claim follows.

Now, we give the actual proof of Claim 3. In view of Claim 3.2, we may assume that ¢4(z) > 0. Hence,
let S | m(z) be a subsequence with supp(S) C 1+ dNy and |S| = d. Moreover, assume that ¢(.S) is minimal
among all such subsequences of 7(z). We assert that there exists some z’ € Z|;|(7(z)) such that S | 7(z})
and z and z’ can be concatenated by a 2-chain in Z|,(7(2)). Let 2’ € Z|,|(7(2)) be a factorization such that
z and 2’ can be concatenated by a 2-chain in Z|,(7(2)) and such that S’ = ged{7(z};), S} is maximal. We
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show that S’ = S. Assume to the contrary that S’ # S. Let h | w(z}) with hS’ | S. We observe that there
exists some ¢ | S’"'m(z};) with g € 1 4+ dNg and g > h; otherwise, the sequence gh™S would contradict the
minimality of o(S5).

We apply Claim 3.1 to 2’ (with these elements g and h) and denote the resulting factorization by z”. Since
it can be concatenated to z by a 2-chain in Z|,(7(z2)) and yet hS" | gcd{n(x})), S}, its existence contradicts
the maximality of S’ for 2/. Thus S’ = S.

Since S | 7(2/,), we have that U = S(—d)?5)/4 | 7(z/)). Let 2/, € Z(n (")) with U | ;. Since tq(m(z)) =
|z], Claim 3.3 applied to z7; yields that z7; and z; can be concatenated by a 2-chain in Z,/ (7 (zy)). We set
2" = z,x} and observe that 2’ and 2/, and thus z and 2/, can be concatenated by a 2-chain in Z|,|(7(z)) and
U|z

In the same way, noting that S depends only on 7(z) and not on z, we get a factorization y' € Z,|(7(2))
with U | 3 such that y and y’ can be concatenated by a 2-chain in Z,(7(2)). Since U | ged{z’,y'}, the
claim is established. O

Proof of Theorem 6.4. By Lemma 3.3, it suffices to consider B(Gp). The case d = 1 is trivial. Suppose
d > 2. One direction is merely Proposition 6.8. The other one follows, for the first type of set, by Proposition
6.9, and for the second type of set, by Proposition 6.10. O

By [1], it is known that Krull monoids with infinite cyclic class group can have finite, non-accepted elas-
ticity. The following result shows that, even if the Structure Theorem holds, the elasticity is not necessarily
accepted.

Corollary 6.11. Let all assumptions be as in Theorem 6.4. Suppose that the Structure Theorem holds for
H. Then ezxactly one of the following two statements holds:

(a) H is half-factorial or Gp is finite.

(b) p(H) = d and the elasticity is not accepted.

Proof. Half-factorial monoids obviously have accepted elasticity and monoids with Gp finite also have ac-
cepted elasticity (Proposition 5.5). Thus, we assume that H is not half-factorial and that Gp is infinite, and
show that under these assumptions p(H) = d and the elasticity is not accepted. Note that since H is not
half-factorial, we have d > 2.

By Lemma 4.12, we know that p(H) < |min(Gp)| = d. We recall that if A € A(Gp) with (1) | A, then
|AT| =1 (as explained in the proof of Proposition 6.10).

Let B € B(Gp). We show that p(B) < d. Assume to the contrary p(B) = d. We observe that p(B) = d
is equivalent to the following: there exist z, 2’ € Z(B) such that |A"| = d for each atom A | z and |A'T| =1
for each atom A’ | z’. It follows that v_1(B) = 0, i.e., B € B(Gp \ {—1}). By [1], or Lemma 5.3 and [27,
Proposition 6.3.1], we get that p(B(Gp \ {—1})) < p(Z/dZ) = d/2 < d, a contradiction.

It remains to show that p(Gp) > d. We may assume that 0 ¢ Gp. We note the existence of the two
atoms 1(—1) and 1¢(—d) in A(Gp). Thus, 1 and 1¢ are elements of A(Gp)*. Thus, p®(1¢) > d, and the
claim follows by Lemma 4.12. O

Our proofs that the Structure Theorem does not hold rely on the existence of a single exceptional factor-
ization, yet the following example illustrates that sets of lengths can deviate by more than a single element
(or a globally bounded number of elements) from being an AAMP.

Example 6.12. Let d,k,l € Nand e € [1,d — 1], and set B = (e + kd)(—e + £d)1*+0d(_1)(k+0d(_g)k+L,
Then
LB)={14+k+L+k+0O)d-1D}U{l+e+k+Ll+i(d—1)]|iekk+L—1]}
U{2—e+k+04+i(d-1)]ie[l,L+k]}
U{2+k+L+i(d—1)|i€0,k+£—1]}.
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7. CHAINS OF FACTORIZATIONS

In a large class of monoids and domains satisfying natural (algebraic) finiteness conditions, the catenary
degree is finite (see [27] for an overview and [5, 28, 4, 37] for some recent work). However, the understanding
of the structure of the concatenating chains is still very limited. Whereas, on the one hand, the finiteness of
the monotone catenary degree is a rare phenomenon (inside the class of objects having finite catenary degree),
the following two positive phenomena have been observed. First, in a large class of monoids, all problems
with the monotonicity of concatenating chains occur only at the beginning and the end of concatenating
chains ([15, Theorem 1.1], [16, Theorem 3.1]). Second, in various settings, there is a large subset consisting
of ‘big’ elements having extremely nice concatenating chains (see [23, Theorem 4.3], [27, Theorems 7.6.9 and
9.4.11]).

Let H be a Krull monoid and Gp C G as always. By Theorem 5.2, it suffices to consider the situation
where G; is infinite and 2 < |G| < co. Our first result points out that, in general, the monotone catenary
degree is infinite. In contrast to this, the main result (Corollary 7.4) shows that there is a constant M* such
that, for a large class of elements a, any two factorizations z and y of @ with y having maximal length can
be concatenated by a monotone M *-chain of factorizations and thus, for those factorizations z and y of a
neither of which need be of maximal length, there is an M*-chain between z and y which ‘changes direction’
at most once.

Proposition 7.1. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors. Suppose that —dy, —ds,d1ds € Gp, where 3 < di < da,
ged(dy,da) = 1 and di — 1+ do — 1, and that Gp contains infinitely many positive integers congruent to
dy + d2 modulo didy. Let d = ged(dy — 1,de — 1). Then, for every M, N > 0, there exists S € H and
z, 2 € Z(S) such that

(14) 12| = |z| +d < |2| + dq — 2,
(15) |z] € [minL(S) + N, maxL(S) — N], and
|Z]+d1—2

(16) d(z, Q Zi(S)\{z})>M.

In particular, ¢, (H) = 00 and 6(H) = oo
Proof. That c,,,(H) = §(H) = oo follows from (14) and (16), so we need only show (14), (15) and (16) hold.
By Lemma 3.3, it suffices to prove the assertions for B(Gp). We may also w.l.o.g. assume
N >dy—1 and M > d;,
as the theorem holding for large values of M and N implies it holding for all smaller values.
In view of the hypotheses, there exists L € Gp with
(17) L > doM > dyds,
(18) L=d;, modd, and L=dy modd;.
Let S € B({d1ds, —d1,—d2,L}) C B(Gp) be the sequence
§ = [241d2N (g, Y2aIN (g 2d2IN (g, 3, )2LN

Let

Ay = L% (=dy)" and Ay = L% (—dy)".
Since ged(dy,ds) = 1, it follows, in view of (18) and by reducing modulo d; and da, respectively, that A;
and A, are both atoms. Also define

Bl = (d1d2)(—d1)d2 and BQ = (d1d2)(—d2)dl )
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which, since they both contain exactly one positive integer, must also be atoms. In view of (18), define

L—dy
d

Ao = L(—=d2) = (—d1),
which is an atom for the same reasons as those for the B;.
Let z € Z(S) be given by
z= ARV ADNBLN LN
Since d = ged(dy — 1,ds — 1), it follows that there exists an integer I € [1,ds — 1] such that
l(dg — dl) = —d mod d2 —1.
Let
l(d2 — dl) +d c
do —1
Then, since d = ged(d; — 1,de — 1) < dy — 1, it follows that 1 <1’ <[ < dy — 1. Note that we have the
identities

(19) I = N.

(A% BE) = n(A$ BE) and n(A3B;) = 7(AZB,).
Thus, by considering the definition of z and recalling that N > dy —1 > 1 >[I’ we see that

_ g ’ oy _ ’
ZI:AtlizN ldgAg1N+ld1 lAéngle—i-lL lBélN IL+1

is another factorization 2z’ € Z(.S) besides z.
Note that |2/| — |z| = —Il(d2 — dy) + I'(d2 — 1) = d. Moreover, since d; — 1 t dy — 1, di < dz and
ged(dy — 1,de — 1) = d, it follows that d < d; — 1. Thus (14) holds. Also, the factorizations

AZMNBYEN € 7(S) and ATENBIEN € 7(9)
show that
minL(S) + N <minL(S) + (d2 — d1)N < |z| < maxL(S) — (d2 — d1)N <maxL(S) - N,

whence (15) holds. It remains to establish (16). We begin with the following claim.

Claim 1: If A|S is an atom with d;ds € supp(A), then dids is the only positive element dividing A and
Vdids (A) =1.

Suppose instead that a| A(didy) ™! with a € {L,d1d2}. Then we must have v_g4,(A) < d; and v_g, <
dy, else (dyds)(—d1)? or (didy)(—d2)? would be a proper, nontrivial zero-sum subsequence dividing A,
contradicting that A is an atom. But now (in view of (17))

2d1d2 > 70(147) = O'(A+) Z a+ dldg Z min{L, dldg} + d1d2 = 2d1d2,

a contradiction. So Claim 1 is established.

In view of Claim 1, we see that, in any factorization y of S, there will always be 2L N atoms A having
A(dyds)™! consisting entirely of negative terms. Thus the length of any factorization of S is determined
entirely by the number of atoms containing an L. Moreover, by considering sums modulo d;, we find (in
view of (18) and ged(dy,ds) = 1) that (did2)(—dy)? and (didz)(—d2)% are the only atoms dividing S which
contain dids. As a result, we in fact have the factorization of S completely determined by how the 2d;ds N
terms equal to L are factored (that is, if yz |y is the subfactorization consisting of all atoms containing an L,
then ﬁ(ygly) has a unique factorization, which will always have length 2LN). We continue with the next
claim.
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Claim 2: If A|S is an atom with L, —dy, —ds € supp(A), then v (A) = 1.
Suppose instead that L?|A. In view of (18) and (17), both Ld_—;ll and Lg—ld? are positive integers. Conse-

L—d L—d
quently, we must have v_g4, (4) < L Lod,

L(—dp) E=d2) /A (_dy) or L(—dy)E=)/d2(_q,)
would be a proper, nontrivial zero-sum subsequence dividing A, contradicting that A is an atom. But now
2L —dy — doy > 70(‘47) = U(AJr) > 2L,

a contradiction. So Claim 2 is established.

and v_gq, < else

In view of (18), ged(di,d2) = 1 and Claims 1 and 2, we see that if A|S is an atom with L € supp(A),
then either

(a) A=Ay and v_g4,(A) =0,

(b) A=Az and v_gq,(A) =0, or

(¢) vi.(A) =1 and vg,4,(A4) = 0.

Let y € Z(S) be a factorization with d(z,y) < M and let yr|y and zp|z be the corresponding sub-
factorizations consisting of all atoms which contain an L. In view of the definition of z, since d(z,y) < M
and L > dyM (by (17)), and since (dyds)(—d;)® is the only atom containing a —d; in 2} 'z, it follows that

V_d, (’/T(yL)) § V_d, (W(ZL)) + (M - 1)d2 = dQNL + (M - 1)d2 < dQNL + L;

thus the multiplicity m; of the atom A; in y is at most do/N (since each such atom A; requires L terms
equal to —d;). Likewise,

V_d2(7T(yL)) < V_dz(ﬂ'(ZL)) + (M — 1)d1 =diNL + (M — l)dl <dyNL+ L,

whence the multiplicity mso of the atom As in y is at most dq V.
Let mg be the number of atoms dividing y containing exactly one term L. Hence, since all atoms containing
an L must be of one of the three previously described forms, it follows that

(20) dimq + domso +mg = VL(S) = 2d1daN.

Let mg, m} and m), be analogously defined for z instead of y. Then m{ = 0, m} = d2N and m, = d;N. In
view of (20) and the comments after Claim 1, and since m; < doN = m/} and my < di N = m),, it follows
that
lyl = |z + (m}y —ma)(dy — 1) + (mh — ma)(dz2 — 1) = |2;

moreover, unless my; = mj and mg = mj, then |y| > |z| +d; — 1. On the other hand, if m; = m} = daN
and mg = mf = d1 N, then mg = 0 (in view of (20)), whence z;, = yr, (recalling that all atoms containing an
L must be of one of the three previously described forms), from which z = y follows by the comments after
the proof of Claim 1. Consequently, we conclude that d(z,y) < M implies either y = z or |y| > |z| + d1 — 1,
which establishes (16), completing the proof. O

The following lemma helps describe when an atom can contain more than one positive term.

Lemma 7.2. Let Gy C Z be a non-trivial set such that Gy is finite. Let M = —min Gy, let U € A(Gp) and
let R|U™ be the subsequence consisting of all negative integers with multiplicity at least M —1 in U. Suppose
there is some L € X(U1)\ {o(U1)} such that
(21) Ut >2, L>(M-1)? and o(UT)>L+ (M —1)>2
Then the following statements hold:

1. There is some —b € supp(U) NGy with v_,(U) > M — 1, i.e., R is nontrivial.

2. For any such b € supp(R), we have (—L +bZ)NL(U~) = 0.

3. There exists a subsequence R'|\U~ with R|R' such that L ¢ (supp(R')) = nZ and |[R''U~| < n—2;
in particular, supp(R) C supp(R’) C nZ does not generate Z.
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Proof. 1. Let UL|U" be a proper subsequence with sum equal to L. Note that |G| < M. Thus o(UT) >
L > (M-1)?> (M—2)|Gy |, whence the pigeonhole principle implies that there is some —b € supp(U) NGy
with v_3(U) > M — 1. Now fix such an element b.

2. Suppose (—L + bZ) N X(U™) is nonempty and let S be a zero-sum free modulo b subsequence S|U~
(possibly trivial) with o(S) = —L mod b. Note that any zero-sum free modulo b subsequence T|U~ has
length at most D(Cp) — 1 = b —1 [27, Theorem 5.1.10], and thus

(22) —o(T) < (b—1) - max(—(supp(U) N Gy) \ {b}) < (M —1)* < L;

in particular, o(—S) < (M —1)? < L.

Now factor S™1U~ = 555 -...- St(—b)"*b(Uf), where Sy is zero-sum free modulo b and each S;, for i > 1,
is an atom modulo b. In view of o(—Sp) < (M —1)? (from (22)) and the hypothesis o(UT) > L+ (M —1)2,
we have

(23) —0(881 ... Sp+ W)y = —o(S;UT) > L.

If 0(=SSy ... S:) < L, then it follows, in view of (23) and the definitions of S and the S;, that we can
append on to S5 -...-S; a sufficient number of terms equal to b so as to obtain a subsequence BL|SO_1U_
with §S7 -...-S¢Br and o(By) = —L, and now Uy Bp|U is a proper, nontrivial zero-sum subsequence,
contradicting that U is an atom. Therefore o(—SS5;-...-S¢) > L, and let ¢’ < ¢ be the maximal non-negative
integer such that o(—995; -...-Sy) < L, which exists in view of o(—S) < (M —1)? < L. By its maximality,
we have

(24) O'(—Sl R St/) > L — U(—S) — O'(—St/+1) >L— O'(—S) — bM,

where the second inequality follows by recalling that Sy 4 is an atom modulo b and thus has length at most
D(Cp) = b. From the definitions of all respective quantities, both the left and right hand side of (24) is
divisible by b, whence

o(=S1-...-Sy)>L—0(=5)—b(M—1).
But now we see, in view of v_,(U) > M — 1 and the definition of ¢, that we can append on to SS; -...- Sy

a sufficient number of terms equal to b so as to obtain a subsequence BL|S0_1U_ with SS; - ... Sy|Br and
o(Br) = —L, once again contradicting that U is an atom. So we conclude that (=L +bZ)NX(U ™) is empty.

3. Let ¢p: Z — Z/bZ denote the natural homomorphism, where b € supp(R). In view of part 2, we see
that

(25) —L ¢ b)+XU").
Now, if [p=» (U )U~| < b—2, then supp(R) = {b} (recall b < M and v,(R) > M —1 for all g € supp(R)) and

the final part of the lemma holds with R’ = R in view of (25). Therefore we may assume |b~U)U~| =
y > b— 1. Note that (25) implies that

—¢u(L) ¢ Sy (dp (b~ IUT)0Y) = S(p(U ™)) # Z /b

As a result, applying the Partition Theorem (with n =y and S = S" = ¢,(b="*U U ~)0Y; see [33, Theorem
3]) to ¢p(b™* W IUT)0¥ now yields part 3 (note that the resulting coset from the Partition Theorem must
be a subgroup in view of the high multiplicity of 0 and that R|R’ since vg(R) > M —1 > b — 2 for all
g € supp(R)), completing the proof. O

Before stating the next result, we need to first introduce some notions. Let Gy C Z \ {0} be a non-trivial
set such that Gy is finite and let S € B(Gy). If z = Ay -...- A, € Z(5), with 4; € A(Gy), then we let

= AF AT € Z(S)T C FA(Go)).
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We can then define a partial order lattice structure on Z(S)* by declaring 2+ = Af -...- A} € Z(S)*, where
A; € A(Gyp), to be smaller than y* € Z(S)" when
Yy = (3171 '~--'Bl,k1)'(B2,1'~--'B2,k2)'--~'(Bn,l '---'Bn,k:n)
with Bj, € A(Gy) and A;r = B;-fl Ces B;.Tkj for je[l,n] and i€ [1,kj].

We then define Y(S) to be all those factorizations z € Z(S) for which 2+ € Z(S)* is maximal with respect
to this partial order. If z, y € Z(S) with z* < y*, where < denotes this partial order from Y(S), then
|z| < |y|. Thus Y(S) includes all factorizations z € Z(S) of maximal length |z| = maxL(S), and equality
holds, namely

(26) T(S) ={z€Z(5) |zl =|S"I},

when max L(S) = |ST|. If H is a Krull monoid, ¢: H — F(P) a cofinal divisor homomorphism and a € H,
then we define
T(a) ={z € Z(a) | B(z) € T(B(a))}.
For a pair of monoids D C FE, we recall the definition of the relative Davenport constant, originally
introduced in [?] and denoted D(D, E), which is the minimum N € NU{oo} such that if z € Z(E) = F(A(E))
with m(z) € D, then there exists 2’|z with n(z') € D and |2/| < N.

Next, we introduce two new monoids associated to F(Gy). Consider the free monoid F(Gy) x F(Gp) and
let

£(Go) :={(5,T) € F(Go) x F(Go) | 0(5) = o(T)} C F(Go) x F(Go)
and
D(Go) :={(S,T) € F(Go) x F(Go) | S =T} C E(Go) C F(Go) x F(Gy).
Note both £(Gy) and D(Gy) are monoids; furthermore, D(G)) is saturated in £(Gp), and E(Gy) is saturated

in F(Go) x F(Gp). Thus, if we let H denote the relative class group of the inclusion D(Gy) — E(Gy) and
let

Hy={[u] € H|ue A(&(Gy))} C H,
then [?, Lemma 4.4] shows that
(27) D(D(Go), E(Go)) = D(Ho).

Note that, if (S,T) € A(E(Gy)), then S(—T) € A(Go U —Gy), whence |S|, |T| < D(Go U —Gy); by [27,
Theorem 3.4.2.1], we know that, for a finite subset P of an abelian group, we have both D(P) and A(P)
finite. Consequently, if Gy is finite, then D(Go U —Gp) is finite, whence A(E(Gp)) is finite, which in turn
implies Hy, and hence also D(Hy), is finite. Therefore, in view of (27), we conclude that

(28) D(D(Go), E(Go)) < o0
for Gy finite.

Theorem 7.3. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(p) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors, and suppose that G is finite. Let a € H and M =

— min(supp(8(a))).
1. For any factorization z € Z(a), there exists a factorization y € Y(a) and a chain of factorizations
zZ=2zg,...,2r =Yy of a such that
lz[ = 20| < -+ < |z| =yl and d(zi,zi41) < M -D(D(Gp), E(Gp)) < o0

)
for all i € [0,7 — 1]; in fact B(z0)" < B(z1)t < ... < B(z.)F, where < is the partial order from the

definition of Y(B(a)).
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2. For any two factorizations z, y € Y(a) with B(2)T = B(y)*, there exists a chain of factorizations
zZ=2zg,..-,2r =Yy of a such that

B(z)" =PB(z)" =By)" and d(z;,zi41) < D(D(Gp),E(Gp)) < o0
for alli € [0,7 — 1]; in particular, |z| = |z;| = |y| for alli € [0,r].

Proof. We set S = 3(a). By Lemma 3.3, it suffices to prove the assertion for B(Gp) and S. As 0 is a prime
divisor of B(Gp), we may w.l.o.g. assume 0 ¢ supp(S).

Note D(D(G(),E(Gp)) < oo follows from (28). Also, for z;, zi11 € Z(S), we have |z;| < |z;41| whenever
27 < zf,, and |z| = |zi41| whenever z;" = 2| (where < is the partial order from the definition of T(S5)).
Let z € Z(S) and let y € T(S) with 2T < y*. We will construct a chain of factorizations z = zg,..., 2, of S
such that z; < 2%, |, either z, =y or 27 < 2}, and

(29) d(zi,241) < M- D(D(Gp),E(Gp)) < oo (when z < ZIH )
(30) d(zi,2i41) < D(D(Gp),E(Gp)) < oo (when zt =2zf ),
for ¢ € [0,7 — 1]. Since both parts of the proposition follow by iterative application of this statement, the
proof will be complete once we show the existences of such a chain of factorizations z = zg,...,2, = y.
Since 2T < yT, we have
y = (B1$1 . ~~"Bl,k1) '(Bgﬁl . ...'BQ’]Q) et (Bn,l Bn,kn)
with A;, Bj; € A(Go) and AT = B/, ... B;kj, for j € [1,n] and i € [1,k;]. Then AT = B}, ... B;.fk]_

and 0(A;) = o(Bj;) =0, for all j and i. Thus, for j € [1,n], let
Ty = A; x (B, -...- B, ) € £(Gp).

For each j € [1,n], let
Tj,l R Tj,lj € Z(T])
be a factorization of T; with each T} ; € A(€(Gp)). Now let

n 1
(31) (1) = [T T[T € ZE(G).

j=1i=1
However, since z, y € Z(S) both factor the same element S, we in fact have
T € D(Gp).

Let T = T'T" where T'|T is the maximal length sub-factorization with all atoms dividing 7" from D(G}p).

If 7" =1, then A; = Hf;l B; for every j € [1,n]. In this case, if 2T = y™, then we in fact have z = y,
and so there is nothing to show, while if 2+ < y*, then k; < [Af| < M (by Lemma 4.3) and we define
z; = zj,lAjlejyl ... Bjy, for j € [1,n], which completes the proof. Therefore we may assume T" is
nontrivial and proceed by induction on |z| and then |T”|, assuming (29) and (30) hold for 2’ € Z(S’) when
2t < 2" or when zt = 2" and |R"| < |T”|, where R” is defined for 2’ as T" was for z.

Let W = [];c;IL;er, Tj,i be a nontrivial subsequence of 7", where J C [1,n] and I; C [1,1;] for j € J,
such that 7(W) € D(G5). Note, since 7(T") € D(Gp) (by definition) and since 7(T") € D(Gp) (by (31)), we
have 7(T"") € D(Gp), whence we may w.l.o.g. assume |W| < D(D(Gp),E(Gp)) (in view of the definition of
the relative Davenport constant). Write W = [[._, W; with each W} :=[[,., Tj.: € Z(£(Gp)). Moreover,
fOI‘jGJ, let Wj:Xj X}/j.

Define a new factorization z; = By - ... B, € Z(Gp) by letting B; = A; for j ¢ J and letting B; €
Z(AjXIIX/}) for j € J—since W; = X; xY; € £(Gp), we have 0(X;) = o(Yj), and thus o(B;) = oc(A;) =0

jeJ i€l
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for all j € [1,n], so 21 is well defined. Also, since 7(W) = m([];c; W;) € D(Gp), it follows (by definition of

D(G7)) that
[1%=11Y
j€T j€J
and thus z; € Z(S). Moreover, by construction, we have 2+ < z;", and by Lemma 4.3, we have |B;| < M
for all j. Thus
(32) d(z,21) < MIJ| < MIW| < M - D(D(G), E(G7).

Additionally, if z € Y(S), then 2+ < z; implies that ¥ = 2" = y*, whence |z| = |z1| and |B;| = |4, for all
J, in which case the estimate (32) improves to

d(z,21) < |[J| < W[ < D(D(Gp), E(Gp))-

Finally, if 2+ = 2], then, by construction, the sequence R = R'R"—whose role for z; is analogous to the
role of T'= T'T" for z—can be defined so that R” = T”W =1, in which case |R"”| < |T”|. Consequently,
applying the induction hypothesis to z; completes the proof. O

Corollary 7.4. Let H be a Krull monoid and ¢: H — F(P) a cofinal divisor homomorphism into a free
monoid such that the class group G = C(yp) is an infinite cyclic group that we identify with Z. Let Gp C G
denote the set of classes containing prime divisors, and suppose that G is finite.

Let a € H with maxL(a) = |8(a)™| 4+ vo(B(a)) and let M = — min(supp(B(a))). Then, for any factor-
ization z € Z(a) and any factorization y € Z(a) with |y| = |max L(a)|, there exists a chain of factorizations
zZ=2z0,...,2r =Yy of a such that

2l = [20] <--- <[fzr| = [yl and d(zi, zi41) < M -D(D(Gp),E(Gp)) < [minGp|-D(D(Go), £(Gp)) < o0
foralli e [0,r —1].
Proof. This follows from directly from Theorem 7.3 in view of (26). O

We end this section with a result showing that the assumption max L(a) = [B(a)™ |+ vo(B(a)) holds for a
large class of a € H. We formulate the result in the setting of zero-sum sequences. Since B(Gp) is factorial
when M = —minGp < 1, the assumption M > 2 below is purely for avoiding distracting technical points
in the statement and proof.

Proposition 7.5. Let Gy C Z\ {0} be a non-trivial set such that Gy finite. Let S € B(Gy) be such that,
for M = —min(supp(S)), we have M > 2 and min(supp(S)™) > M(M? —1). Then either

(i) there exists a subset B C supp(Gy ) and a factorization z € Z(S) such that (supp(S)T) ¢ (B) (in
particular, (B) # Z) and every atom Ulz has

(33) vp(U) <2M —2  for all z € supp(Go) \ B,
or
(i) (a) maxL(S)=|ST|, and
(b) for any factorization z € Z(S), there exists a chain of factorizations z = zq, ..., 2, of S such that

|z| = |20] < -+ < |2| = |ST| and d(z;,2i41) < M?
for alli € [0,r —1].
Proof. We assume (i) fails and show that (ii) follows. Note, by Lemma 4.3, that v, (U) < M < 2M — 2 holds
for any atom U € A(Gp) and x > 0, whence (33) can only fail for some « € G . To establish (a) and (b), we

need only show that, given an arbitrary factorization z € Z(S) with |z| < |S™|, there is another factorization
2" € Z(S) with |z| < |2/| and d(z,2") < M?. We proceed to do so.
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Let z € Z(S) with |z| < |ST|. Then there must exists some atom Up|z such that |US| > 2. Let
B C supp(S) be all those b for which there exists some atom V|z with v;(V) > 2M — 1. We must have

(34) (supp(S)*) C (B),
else (i) holds. Let by,...,b; € B be those elements such that vy(Up) < M — 2, let byyq,...,b;p be the
remaining element of B and, for all i € [1,], let U;|z be an atom with v, (U;) > 2M — 1. Note that U; # Uy
for 7 < ¢ since otherwise
2M —1 S Vbi(Ui) = Vbi(UO) S M —2 S 2M — 2,
a contradiction. Also, t < |B| < M since otherwise
2M (M? — 1) < 2min(supp(S)*) < o(U) = —o(Uy ) < M(2M — 2),

a contradiction.

We proceed to describe a procedure to swap only negative integers between the U; which results in new
blocks U, Uy, ..., Ul € B(Go) with USUY - ... U} = UgU; - ...~ Uy, with U;" = U;" for all i, and with U} not
an atom. Once this is done, then, letting z; € Z(U/), we can deﬁne 2 to be

—177—1 -1
z’::zozl-...~ztU0 u ... U; 2.

Then 2’| > |z| in view of U} not being an atom, while, in view of t < |B] — 1 < M — 1 and Lemma 4.3, we

have
t

d(z,2) <Y UF| < (E+ 1M < M.
i=0
Thus the proof of (a) and (b) will be complete once we show such a process exists
Observe, for i € [1,#], that we can exchange bj" |U; for al i € supp(Uy)
with v, ;(Up) > b; and vy, (U;) > a, and this W111 result in two new zero-sum subsequences obtained by only
exchangmg negative terms. The idea in general is to repeatedly and simultaneously perform such swaps for
the b; using disjoint sequences

(35) H(ambiawbi ") Uy t+1 i b|_BJ\w+1
with
ri—1 r;
(36) —Zai,j <M-1 but —Zai’j >M-—1
for all i € [1,t], and let Uy, Uy,...,U{ be the resulting zero-sum sequences. Then vy, (U}) > M — 1 for

i > t+1 by construction, and vy, (UO) > Z a; j > M —1 for i < t; consequently, in view of min(supp(S)*) >
j=1
M(M? 1) > (M —1)? and |U}*| = |UF| > 2, we see that we can apply Lemma 7.2 to U}, whence (34) and
vp(U}) > M — 1 for b € B imply that U} cannot be an atom, and hence the U/ have the desired properties.
Thus it remains to show that a sequence satisfying (35) and (36) exists and that each b;, for all ¢ € [1,¢],
has sufficient multiplicity in U;.
Note that (36) and the definition of b; € B imply

[ r;i—1
=Y Cai; <= aig —aip, <M =2+ M < vy, (Uy)
Jj=1 Jj=1

for all ¢ € [1,¢]. Thus the multiplicity of each b; in Uj; is large enough to perform such simultaneous swaps.
Also,

t
(37) —U(H(ai?lbiaiﬁgbi ..ty Tz Z 2M — 2 )
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We turn our attention now to showing (35) and (36) hold.

. bi —M+1 —M+1
We can continue to remove subsequences a;;|Uob, 7" -... b5

until the multiplicity of every term is

less than M. But this means a sequence satisfying (35) and (36) can be found, in view of the estimate (37),
provided

|B| t
—o(Us) = (M =1) Y (=bi) = M(M = 1)|G7 | > Y (2M — 2)(~b;).
i=t+1 =1

However, if this fails, then we have (since |U;"| > 2)

2M(M? —1) < 2min(supp(S)™) < o(Uy) = —o(Uy)

t |B|
< D @M =2)(=bi)+ (M —=1) > (=b;) + M(M — 1)|Gj|
i=1 i=t+1

|B| M

< (@M —2)) (=bi) + M(M? —1) < (2M —2)) i+ M(M? - 1)
i=1 i=1

= 2M(M? —1),

a contradiction, completing the proof. O
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