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ABSTRACT. Let H be a Krull monoid with class group G such that every class contains a prime divisor
(for example, rings of integers in algebraic number fields or holomorphy rings in algebraic function
fields). For k € N, let Uy, (H) denote the set of all m € N with the following property: There exist atoms
Ul,y ..., Uk, V1,...,Um € H such that uy-...-ugp =v1-... - vm. Furthermore, let A\, (H) = minU (H) and
pr(H) = supUy(H). The sets U (H) C N are intervals which are finite if and only if G is finite. Their
minima A, (H) can be expressed in terms of py(H). The invariants py(H) depend only on the class
group G, and in the present paper they are studied with new methods from Additive Combinatorics.

1. INTRODUCTION

Let H be a (commutative and cancelative) monoid. If an element a € H has a factorization a =
Up - ... Uk into atoms uy,...,ur € H, then k is called the length of the factorization, and the set L(a) of
all possible lengths is called the set of lengths of a. For k € N, let Uy, (H) denote the set of all m € N with
the following property: There exist atoms uy, ..., Uk, v1,..., Uy € H such that uy - ... up = vy ... vy
Thus Uy, (H) is the union of all sets of lengths containing k. Sets of lengths (and all invariants derived
from them, such as their unions) are the most investigated invariants in factorization theory. The sets
U, (H) were introduced by S.T. Chapman and W.W. Smith in Dedekind domains ([14]) and since then
have been studied in settings ranging from numerical monoids over Mori domains to monoids of modules
([18, 10, 6, 24, 3]). Their suprema pi(H) = supUy(H) and their minima A\p(H) = minly(H) have
received special attention. Indeed, the invariants py(H) were first studied in the 1980s for rings of
integers in algebraic number fields ([16, 36]). The supremum over all pi(H)/k is called the elasticity of
H, whose investigation was a key topic in early factorization theory (see [1] for a survey, or to pick a few
from many, see [12, Problem 38] and [11, 2, 32, 13, §]).

In the present paper, we focus on Krull monoids having the property that every class in the class
group contains a prime divisor. In Section 2 we present the necessary background and Proposition 2.4
gathers the present state of the art. Among others, if H is such a Krull monoid with class group G and
2 < |G| < oo, then Uy(H) C N is a finite interval, hence Uy (H) = [M\(H), pr(H)], and its minimum
Ar(H) can be expressed in terms of py(H). Moreover, pi(H) depends only on the class group G and
hence it can be studied with methods from Additive Combinatorics. This is the starting point for the
present paper. In Section 3 we discuss open problems, formulate two conjectures (Conjecture 3.3), and
outline the program of the paper. The main results are Theorems 4.1 and 5.1. The latter result is based
on the recent characterization of all minimal zero-sum sequences of maximal length in groups of rank two
(see Main Proposition 5.4).
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2. UNIONS OF SETS OF LENGTHS IN KRULL MONOIDS: BACKGROUND

Let N denote the set of positive integers and set Ng = NU{0}. For real numbers a,b € R, we denote by
[a,b] = {x € Z | a < x < b} the discrete interval. By a monoid, we mean a commutative semigroup with
identity which satisfies the cancellation law (that is, if a,b, c are elements of the monoid with ab = ac,
then b = ¢ follows). The multiplicative semigroup of non-zero elements of an integral domain is a monoid.

Let G be an abelian group, and let A, B C G be subsets. Then (A) C G is the subgroup generated by
A —A={-a|la€ A},and A+ B={a+b|aec A bec B} isthesumset of A and B. Furthermore, A is
a generating set of G if (A) = G, and A is a basis of G if all elements of A are nonzero and G = @,ca(a).

Monoids and Sets of Lengths. A monoid F is free abelian, with basis P C F and we write F' = F(P),
if every a € F' has a unique representation of the form

a= H p» @ with v,(a) € Ng and vp(a) =0 for almost all p € P.
peP

Let H be a monoid. We denote by H* the set of invertible elements of H and by q(H) a quotient
group of H. For a subset Hy C H, we denote by [Hyp] C H the submonoid generated by Hy. Let a,b € H.
We say that « divides b (and we write a |b) if there is an element ¢ € H such that b = ac. We denote by
A(H) the set of atoms (irreducible elements) of H. If a = uy-...-uy, where k € Nand uy,...,u; € A(H),
then k is called the length of the factorization and L(a) = {k € N | a has a factorization of length k} C N
is the set of lengths of a. For convenience, we set L(a) = {0} if « € H*. Furthermore, we denote by

L(H)={L(a)|a € H} the system of sets of lengths of H .
Next we define the central concept of this paper. Let k£ € N and suppose that H # H*. Then

um = U Lo

a€H, keL(a)

is the union of all sets of lengths containing k. Thus, Uy (H) is the set of all m € N such that there are
atoms Uy, ..., Uk, V1,...,0;m With w1 - ... ug =v1 - ... vy,. Finally, we define

pr(H) =sup Up(H) and Ag(H)=min Uy(H).

Krull monoids. A monoid homomorphism ¢: H — F is said to be a divisor homomorphism if ¢(a) | ()
in F implies that a| b in H for all a,b € H. A monoid H is said to be a Krull monoid if one of the following
equivalent properties is satisfied (see [23, Theorem 2.4.8] or [31]):

(a) H is completely integrally closed and satisfies the ascending chain condition on divisorial ideals.

(b) H has a divisor homomorphism into a free abelian monoid.

(¢) H has a divisor theory: this is a divisor homomorphism ¢: H — F = F(P) into a free abelian
monoid such that for each p € P there is a finite set E C H with p = ged (¢(E)).

Let H be a Krull monoid. Then every non-unit has a factorization into atoms, and all sets of lengths
are finite. A divisor theory ¢: H — F = F(P) is essentially unique, and the class group C(H) =
q(F)/q(¢(H)) depends only on H. It will be written additively, and we say that every class contains a
prime divisor if, for every g € C(H), there is a p € P with p € g.

An integral domain R is a Krull domain if and only if its multiplicative monoid R\ {0} is a Krull
monoid, and Property (a) shows that a noetherian domain is Krull if and only if it is integrally closed.
Rings of integers, holomorphy rings in algebraic function fields, and regular congruence monoids in these
domains are Krull monoids with finite class group such that every class contains a prime divisor ([23,
Section 2.11]). Monoid domains and power series domains that are Krull are discussed in [29, 33, 34].
For monoids of modules which are Krull we refer the reader to [5, 3, 17].
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Main portions of the arithmetic of a Krull monoid—in particular, all questions dealing with sets of
lengths—can be studied in the monoid of zero-sum sequences over its class group. We provide the relevant
concepts and summarize the connection in the next subsection.

Transfer homomorphisms and Zero-sum sequences. Let G be an additively written abelian group,
Go C G a subset, and let F(Gg) be the free abelian monoid with basis Gy. According to the tradition of
combinatorial number theory, the elements of F(Gy) are called sequences over Go. If S =g¢g1 ... g,
where | € Ny and ¢1,...,91 € Go, then o(S) =¢g1 + ...+ ¢ is called the sum of S, and the monoid

B(Go) = {S € F(Go) | o(S) = 0} € F(Gh)

is called the monoid of zero-sum sequences over Gy. Since the embedding B(Gy) — F(Gy) is a divisor
homomorphism, Property (b) shows that B(Gp) is a Krull monoid. The monoid B(G) is factorial if and
only if |G| < 2. If |G| > 3, then B(G) is a Krull monoid with class group isomorphic to G and every class
contains precisely one prime divisor.

For every arithmetical invariant *(H) defined for a monoid H, it is usual to write *(G) instead of
*(B(G)) (although this is an abuse of language, but there will be no danger of confusion). In particular, we

set A(G) = A(B(G)), L(G) = L(B(G)), Ux(G) = Un(B(G)), pr(G) = pr(B(G)), and Ap(G) = Ak(B(G)).

The next two propositions reveal the universal role of monoids of zero-sum sequences.

Proposition 2.1. Let H be a Krull monoid with class group G such that every class contains a prime
divisor. Then there is a transfer homomorphism B: H — B(G). In particular, for every k € N, we have

Z/Ik(H):L{k(G), )\k(H):Ak(G), and pk(H):pk(G)
Proof. See [23, Theorem 3.4.10]. O

Whereas the proof of the above result is quite straightforward, there are recent deep results showing
that there are non-Krull monoids (even non-commutative rings) which allow transfer homomorphisms to
monoids of zero-sum sequences.

Proposition 2.2.

1. Let O be a holomorphy ring in a global field K, A a central simple algebra over K, and H a classical
mazimal O-order of A such that every stably free left R-ideal is free. Then Ux(H) = Uk(G) for
every k € N, where G is a ray class group of O and hence finite abelian.

2. Let H be a seminormal Qrder in a holomorphy ring of a global field with principal order H suAch
that the natural map X(H) — X(H) is bijective and there is an isomorphism 9: C,(H) — C,(H)
between the v-class groups. Then Uy(H) = U(G) for every k € N, where G = C,(H) is finite
abelian.

Proof. 1. See [41, Theorem 1.1], and [4] for related results of this flavor.
2. See [24, Theorem 5.8] for a more general result in the setting of weakly Krull monoids. O

We need some more notation for sequences over abelian groups (it is consistent with [23, 26, 30]). As
before, we fix an additive abelian group G and a subset Gg C G. Let

S:gl'~~~'gl: H ng(S)EJ:(GQ)7

9g€Go

be a sequence over Gy (whenever we write a sequence in this way, we tacitly assume that [ € Ny and
g1, 91 € Go). Weset =S = (—g1) ... (—g) and vg, (S) = 3_ e, Vg(S) for a subset G C Go. We
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call v4(S) the multiplicity of g in S,

S| =1= ng(S) € Ny the length of S, supp(S)={g€ G |vy(S)>0} C G the support of S,
geG
l
o(S) = Zgi the sum of S, and X(S)= {Zgi |0 #£1IC [1,1]} the set of subsums of S.
i=1 i€l

For a sequence T' € F(Gy), we write ged(S,T) € F(Gyp) for the maximal length subsequence dividing S
and T. We write T | S to indicate that T is a subsequence of S, in which case ST~! = T~1S denotes
the subsequence obtained from S by removing the terms from 7. The sequence S is said to be

o zero-sum free if 0 ¢ X(S),

e a zero-sum sequence if o(S) =0,

e a minimal zero-sum sequence if it is a nontrivial zero-sum sequence and every proper subsequence

is zero-sum free.

Clearly, the minimal zero-sum sequences are precisely the atoms of the monoid B(Gy), and they play a
central role in our investigations. Now suppose that G is finite. For n € N, let C,, denote a cyclic group
with n elements. If |G| > 1, then we have
G2Cp ®...8C,, , and weset d*(G):Z(ni—l) and D*(G)=d"(G)+1,
i=1

where r = r(G) € N is the rank of G, ny,...,n, € N are integers with 1 < ny | ... | n, and n, = exp(G)
is the exponent of G. If |G| = 1, then r(G) = 0, exp(G) = 1, and d*(G) = 0. The Davenport constant
D(G) of G is the maximal length of a minimal zero-sum sequence over G, thus

D(G) =max{|U| | U € A(G)} eN.

(note that A(G) is finite). In other words, D(G) is the smallest integer ¢ such that every sequence S
over G has a nontrivial zero-sum subsequence. We denote by d(G) the maximal length of a zero-sum
free sequence, and clearly we have 1+ d(G) = D(G). The next proposition gathers some facts on the
Davenport constant which we will use without further mention.

Proposition 2.3. Let G be a finite abelian group.
1. D*(G) < D(G) < |G-
2. If G is a p-group or r(G) < 2, then D*(G) = D(G).
3. D(G) =1 if and only if |G| = 1, D(G) = 2 if and only if |G| = 2, and D(G) = 3 if and only if G
is cyclic of order |G| = 3 or isomorphic to Cy @ Cs.
Proof. See [23, Chapter 5]. Note that 1. is elementary and that 3. is a simple consequence of 1. and 2.

There are more groups G with D*(G) = D(G) (beyond the ones listed in 2.), but we do not have equality
in general ([25, 40]). O

The next proposition gathers the state of the art on unions of sets of lengths.

Proposition 2.4. Let H be a Krull monoid with class group G such that every class contains a prime
divisor.

1. If |G| <2, then Uy (H) = {k} for all k € N.
2. If 2< |G| < o0, then, for all k € N, we have Uy(H) = [A(G), p(G)] and

2k for j=0
Mep(ay+i(H) =2k +1 for j €1, pars1(G) — kED(G)]
%12 for j€ |pansi(G)—kD(G)+1,D(G) — 1],
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provided that kD(G) +j > 1.
3. If G is infinite, then Uy (H) = N>o for all k > 2.

Proof. 1. is classical, for 2. see [18, Theorem 4.1] and [22, Section 3.1], and 3. follows from [23, Theorem
7.4.1]. O

Let H be a Krull monoid with class group G such that every class contains a prime divisor, or any of
the monoids in Proposition 2.2. Then Propositions 2.1, 2.2, and 2.4 show that, for a complete description
of the sets Uy (H) of H, it remains to study the invariants pi(G) of an associated monoid of zero-sum
sequences. This is the goal of the present paper.

3. THE EXTREMAL CASES IN THE CRUCIAL INEQUALITY

We start with a simple and well-known lemma. For convenience, we provide its short proof.

Lemma 3.1. Let G be a finite abelian group with |G| > 3, and let k,l € N.

L k4+1<pr(G) + pi(G) < prsi(G).

2. p2r(G) = kD(G) and

D(G
(1) 1+ kD(G) < pary1(G) < kD(G) + {%J .
In particular, if D(G) = 3, then par+1(G) = kD(G) + 1.

3. If par+1(G) > m for some m € N and |l > k, then p+1(G) > m+ (I — k)D(G).
Proof. 1. By definition, we have p,,,(G) > m for each m € N and hence k + | < pi(G) + pi(G). Since
U (G) + U(G) C Uk11(G), it follows that

pe(G) + pi(G) = supUi(G) + supUy(G) < supUi11(G) = pr11(G) -

2. A simple counting argument shows that py.(G) < kD(G)/2; furthermore, if U = g;-...-gp(q) € A(G),
then (—~U)FU* = [129) ((—gi)gi)", whence kD(G) < pax(G) and thus pox(G) = kD(G) (details can be
found in [22, Theorem 2.3.1]). Using this and 1., we infer that

2k + 1)D(G
1+ kD(G) = p1(G) + p2r(G) < par41(G) < % :
Clearly, D(G) = 3 implies that equality holds in both inequalities above.
3. By 1. and 2., it follows that
p2141(G) = p2r+1(G) + p23-1)(G) 2 m + (I — k)D(G). O

Our starting point is the crucial inequality (1). We conjecture that cyclic groups are the only groups

where equality holds on the left hand side, whereas, for all noncyclic groups, there is a £* € N such that

equality holds on the right hand side for all k¥ > k*. We are going to outline this in greater detail (see
Conjecture 3.3 and Corollary 3.4).

Proposition 3.2. Let G be a finite abelian group with D(G) > 4.
1. If there exist U € A(G) and S1,S2 € F(G) such that

U=255;, [U=D(G) and X(S)UL(=52) # G\ {0},
then p3(G) > D(G) + 1.
2. If G is cyclic, then the property in 1. does not hold and por+1(G) = kD(G) + 1 for each k € N.
3. The following conditions are equivalent:
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(a) There is a k* € N such that par=11(G) = k*D(G) + {@J
(b) There is a k* € N such that

p2r+1(G) = kD(G) + {@J for every k > k*.

Proof. 1. Let S1, 52, and U have the above property. Then we choose an element
g€ G\ (2(S1) UB(—S2) U{0}).

Since g ¢ ¥(51), the sequence (—Si)g is zero-sum free and Uy = (—S1)g(o(S1) — g) € A(G). Similarly,
it follows that Us = (=S2)(—g)(0(S2) + g) € A(G). Since —(o(S1) — g) = 0(S2) + g in view of
0=0(U) =0(S1)+ c(S2), the product UU>Us has a factorization into |S1| + |S2| + 2 = D(G) + 2 atoms
of length 2.

2. Suppose that G is cyclic of order |G| = n. Then [20, Theorem 5.3] implies that pox+1(G) = kD(G)+1
for each k € N (see [22, Theorem 5.3.1] for a slightly modified proof). Clearly, every U € A(G) of length
|U| = |G| has the form U = g" for some g € G with ord(g) = n. Thus there are no S; and Sy with the
given properties.

3. (a) = (b) Ifl €N, then Lemma 3.1 implies that

(D) + | 2] > paee1)11(G) 2 pore i (©) + (@)
- (k*D(G) + [D(QG)D +1ID(G) = (k* + )D(G) + [@J .
(b) = (a) Obvious. O

Conjecture 3.3. Let G be a noncyclic finite abelian group with D(G) > 4. Then the following two
conditions hold:

C1. There exist U € A(G) and S1,S2 € F(G) such that
U=255, U =D(G), and X(S1)UX(-=S2) # G\ {0}.
C2. There exists some k* € N such that
D(G
porin (@) = kD(G) + | 2 |

5 for each k> k*.

In Proposition 3.5, we show that Conjecture C1 holds for groups G with D(G) = D*(G). All results
of the present paper support Conjecture C2. In particular, Theorem 4.1 provides groups satisfying C2
with £* = 1, and Theorem 5.1 shows that C2 need not hold with £* = 1.

We start with some consequences of the above conjecture. The Characterization Problem is a central
topic in factorization theory for Krull monoids (we refer to [23, Sections 7.1 - 7.3] for general information,
and to [38, 37, 7, 27] for recent progress). The Characterization Problem studies the question whether or
not the system of sets of lengths of a Krull monoid, which has a prime divisor in every class, determines
the class group. Thus, if G and G’ are two finite abelian groups with D(G) > 4 such that £(G) = L(G"),
does it follow that G and G’ are isomorphic? The answer is affirmative (among others) for groups of
rank at most two, and there are no counter examples so far. Corollary 3.4 offers a simple proof in case
of cyclic groups which relies only on the pg(-)-invariants.

Corollary 3.4. Suppose that Conjecture C1 holds.

1. Let H be a Krull monoid with finite class group G such that every class contains a prime divisor
and suppose that D(G) > 4. Then the following statements are equivalent:

(a) G is cyclic.
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(b) pak+1(H) = kD(G) + 1 for every k € N.
() ps(H) = D(G) + 1.

2. Let G be cyclic with D(G) > 4. If G’ is a finite abelian group with L(G) = L(G'), then G = G'.
Proof. 1. By Proposition 2.1, it suffices to consider pi(G) for all k¥ € N. The implication (a) = (b)
follows from Proposition 3.2.2, and (b) = (c) is obvious.

(¢) = (a) If G would be noncyclic, then C1 and Proposition 3.2.1 would imply that p3(G) > D(G)+1.
2. Suppose that L(G) = L(G'). Then

D(G) = p2(G) = p2(G') =D(G’) and D(G')+1=D(G)+1=p3(G) = ps(G’).
Thus 1. implies that G’ is cyclic, and since |G| = D(G) = D(G’) = |G'|, G and G’ are isomorphic. O

For Conjecture C1 and for Corollary 3.4, the assumption D(G) > 4 is crucial. By Proposition 2.3,
the groups C3 and Cy @ C5 are the only groups (up to isomorphism) whose Davenport constant is equal
to three. The group Cy @ C3 does not satisfy C1, p3(Cy @ C3) = 4 (in contrast to Corollary 3.4.1), and
L(C5) = L(Cy & Cs) (see [23, Theorem 7.3.2]).

The only groups G with D(G) > D*(G), for which the precise value of D(G) is known, are groups of
the form C4 & Cy,,. We verify Conjecture C1 for them too.

Proposition 3.5. Let G be a noncyclic finite abelian group with D(G) > 4.
1. Let G=Cp, ®... 8 C,, wherel <ny|...|n, and suppose that there is some s € [1,r — 1] such
that ng < ngy1 = ... =mn,. Then p3(G) > D*(G) + ns.
2. If D(G) = D*(@G), then Conjecture C1 holds.
3. If G = C4 @ Coy, with n > 70, then Conjecture C1 holds.

Proof. Let {e1,...,e.} be a basis of G with ord(e;) = n; for ¢ € [1,7] and ny | ... | n,. Set eg =
e1+...+ep—1.
1. Let
U, = 671“_1 e eg +ep),
Uy = (—e))™ h o (—es1)™ T (—es + )™ T H(—espn) ™ 7 (—en) T (e — ngey),

Us = (fes)”fl(es - er)"sfl(feo —e.)(eo + nser).

Then the U; are each atoms, and clearly U;UsUj is a product of
1 1
§|U1U2U3| = 5(2D*(G) + 21’L5) = D*(G) + ng

atoms of length 2. The assertion follows.

2. We consider the sequence
U=ent. . etrle,

and distinguish two cases.

First, suppose that n, > 2. We set S} = ¢~ ! and Sy = Sl_lU. Then —e; — ... —e,—1 + e, & 3(S1)
and e; + ...+ e.—1 — e, ¢ X(S2) because —e,. # e;.

Second, suppose that n, = 2. Then G is an elementary 2-group and r > 3 (as d(G) > 3). We set
S1=-ejeg and Sy =e3-... eqe9. Then es + e3 ¢ (S57) U X(—S52).

3. Suppose that ord(e;) = ... = ord(eq) = 2 and ord(es) = 2n with n > 70. If n is even, then
D(G) = D*(G) by [15, Theorem 5.8], and the assertion follows from 2. Suppose that n is odd. Then
D(G) = D*(G) + 1 by [15, Theorem 5.8]. By [28, Theorem 4], the sequence

U = (e1+ e5)(e2 + e5)(e3 + e5)(es + €5)(eo — e1)(eo — e2)(eo — e3)(e0 — es + €5)*" > (—e5)
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is a minimal zero-sum sequence of length |U| = D(G). We set
S;=(eg —es+e5)?3(—e5) and Sy = S;'U.

Then the element e; + e3 + e3 — 2e5 ¢ X(S1), and we assert that its inverse—namely e; + e3 + e3 + 2e5 =
eo—e4+es—does not lie in X(.S3). If there would be a subsequence T of So with o(T) = e +ea+e3+2es,
then we would have |T'| = 2. But none of the subsequences of Sy of length two has sum e; + ez + e3 + 2es5,
a contradiction. O

4. INDUCTIVE BOUNDS

It is the aim of this section to prove the following result which confirms Conjecture C2 (with &* = 1)
for the groups G having the form below and satisfying D(G) = D*(G).

Theorem 4.1. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor. Suppose that G = C;t @ ... ® Cyr where 1 <ny | ... |n, and s; > 2 for alli € [1,7]. Then

D*(G)
2

pok+1(H) > D*(G) + { J + (k—1)D(G) for everyk > 1.

In particular, if D(G) = D*(G), then par1+1(H) = kD(G) + {@J for every k> 1.

Theorem 4.1 has the following straightforward consequences. Let n > 2. It is known that D(C}) =
D*(Cr) for r € [1,2] and if D(C},) = D*(C?) holds for some r > 3, then D(C%) = D*(C%) for all s € [1,7].
The standing conjecture is that D(C!) = D*(C?) for all € N.

Corollary 4.2. Let G = C, where n > 2 and r > 1, and suppose that D(G) = D*(G). Then, for every
k > 1, we have

o kED(G) +1 r=1
P21(G) =1 kb + 22| >
Proof. For r = 1, this follows from Proposition 3.2.2. For r > 2, it follows from Theorem 4.1. (|

Corollary 4.3. Let G = Cjl @ ... & CJ" be a p-group where qi,...,q, are powers of a fived prime and
51,...,5r € N>o. Then

D(G
p2r+1(G) = kED(G) + {%J for every k> 1.
Proof. Since G is a p-group, we have D(G) = D*(G) by Proposition 2.3, and hence the assertion follows
from Theorem 4.1. |

We start with the preparations for the proof of Theorem 4.1. Let G be a finite abelian group. The
inequality p3(G) > w means there are Uy, Us, Us, Wh,..., W, € A(G) with

(2) U1U2U3:W1’...'Wp and pr

For each W;, where i € [1, p], we may write W; = T; 1T; oT; 3 with the T; ; | U; subsequences such that

?_,T;; =Uj for each j € [1,3]. There may be multiple ways to do so. If there is a way to do so with
|T; ;| <1 for all i and j, then we say that the factorization (2) is weakly reduced. Let W/ be the sequence
obtained from W; = T;1T; 2T} 3 by replacing each nonempty 7; ; with the sum of its terms. Likewise, let
U ]’ be the sequence obtained from U; = []7_, T; ; by replacing each nonempty T; ; with the sum of its
terms. The sequence X = [[/_, |[W/| € F(Z) is called a spread for the factorization (2), and it depends
on the T; ; (so a given factorization (2) may have multiple spreads). It is readily seen that if U € A(G)
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is an atom and T' | U is nontrivial, then the sequence UT~'¢(T), obtained by replacing the terms from
T with their sum, is also an atom. Hence the W/ and U, are atoms with UjU3U; = Wi -...- W] a
weakly reduced factorization having |[W/| < 3 for all i. Thus, when p3(G) > w, we may always assume
our factorization (2) is weakly reduced. We say that p3(G) > w with spread X € F({1,2,3}) if there
exists a factorization (2) having spread X, in which case, per the argument above, we may also assume
there is a weakly reduced factorization having spread X.

If 1 € supp(X), then some W;, say W1, has Wy = T ; for some j, implying that the zero-sum sequence
Wi = Ty ; is a subsequence of U;. As U; is an atom, this is only possible if Wy = T} ; = Uj, which
forces all other T; ; with ¢ # 1 to be empty in view of [[_; T; ; = U;. In particular, [W/| < 2 for all ¢
when 1 € supp(X), meaning we cannot have both 1, 3 € supp(X). From this, we see that we have three
mutually exclusive possibilities for a spread X:

1 esupp(X) or supp(X)={2} or 3esupp(X).
Note there is a spread X with 1 € supp(X) precisely when W = U; for some s € [1,p] and ¢ € [1,3]. If
0 € supp(U1U2Us3), then 1 will be a term in any spread X. If supp(X) = {2} and (2) is weakly reduced, so
that |W;| = 2 for all 4, then U; must have a subsequence xy | U; with —z € supp(Uz) and —y € supp(Us),
with similar statements holding for Us and Us. When 3 € supp(X), we refer to a W; with |W/| =3 as a
traversal for the factorization (2).

Lemma 4.4. Let G = G1 ® G4 be a finite abelian group where G1,Go C G are nontrivial subgroups with
D(G1) < D(G2). Then p3(G) > 2D(G1) + D(G2) — 2 with spread X € F({2,3}) having v3(X) = 1.
Proof. Let

V=U0~...-’Ud(G1) EA(Gl) and szo-...-wd(g2) E.A(Gg)
be atoms with maximal lengths |V| =d(G1) +1 = D(G1) and |W| = d(G2) + 1 = D(G2). Since G; and

G are nontrivial, 0 ¢ supp(VW). Let V' = vy - ... vqq,) and W/ = w1 - ... - wyg,) and define
d(G2)
Uy = (vo + wo)V'W' H w; = (Vg ) (Wwg ) (vo + wo),
i=d(G1)+1
d(G1) d(G2)
Uy = (—wp)(=V") H (v; — w;) H (—w;), and
i=1 i=d(G1)+1
d(G1)
Us = (—vo)(=W") ] (wi —vi).
i=1

It is easily seen that Uy, Uz, Us € A(G) are atoms with (U (vg + wo) 1) (Uz(—wo) ~1)(Us(—vp)~1) having
a factorization into atoms of length 2, evidencing that p3(G) > 1+ w =2D(G1) + D(G2) — 2
with (vg 4+ wo)(—wp)(—vp) the unique traversal. O

Lemma 4.5. Let G = G1 ® G2 be a finite abelian group where G1,Go C G are nontrivial subgroups such
that p3(G1) > w1 and p3(G2) > wa both hold with respective spreads X, Y € F({2,3}).
1. Ifvs(X) +v3(Y) > 1, then p3(G) > wy + we — 1 holds with spread Z € F({2,3}) having v3(Z) =
V3(X) +V3(Y) — 1.
2. If supp(X) = supp(Y) = {2}, then p3(G) > w1 + wa — 2 holds with spread Z € F({2,3}) having
V3<Z) =1.
Proof. For i € {1,2}, let m;: G = G1 @ G2 — G; denote the canonical projection.
1. First suppose v3(X) =r > 1and v3(Y) = s > 1. Let Vi, Vs, V3 € A(G1) and Wy, Wo, W5 € A(G>)
be atoms having weakly reduced factorizations

Vl‘/g‘/g:Xl-...-Xpl and W1W2W3:Y1Y

P2



10 ALFRED GEROLDINGER AND DAVID J. GRYNKIEWICZ AND PINGZHI YUAN

with the X; € A(G1), the Y; € A(G2), p; > w; for i € [1,2], and X; and Y; traversals in their respective
factorizations for ¢ € [1,r] and j € [1,s]. In particular, |X;| = |Y;| =2 for ¢ > r+1and j > s+1,
X1 = ajagas with a; € supp(V;) for ¢ € [1,3], and Y1 = by1bebs with b; € supp(W;) for i € [1,3]. Let
V! = Via; ' and W} = W;b; ! for i € [1,3]. Now we define

Ur = ViW{ (a1 + b1) = (Viay ") (Wiby ) (a1 + by),
Uy = ‘/Q/WQ/(CLQ -+ bg) = (Vgaz_l)(Wngl)(CLz + bg) and
Us = ViWi(as +bs) = (Vaaz ") (Wabs ") (as + bs).

It is easily observed that the U; are atoms. Moreover, V/ViV4 = (ViVaV3)X; ' = X5 -...- X,, and
WIWIW5E = WiWoeW3)Yy ! = Yoo ...+ Y,,. Thus UyUsUs = Xo-... X, Yo ... - Y,, W with W =
(a14b1)(az+b2)(az+bs) a traversal in view of ay +as +ag+b1 +ba+b3 = 0(X1)+0(Y1) = 0. Moreover,
Xo,...,X,,Ys,...,Y, also remain traversals in this factorization, while no X; nor Y; with ¢ > r +1 or
j > s+ 1 can be a traversal in view of |X;| = |Y;| = 2. Thus p3(G) > p1 + p2 —1 > w1 + ws — 1 holds
with spread Z having v3(Z) = v3(X) +v3(Y) —1 > 0, ensuring Z € F({2,3}) (noted before Lemma 4.4).

Next suppose that either vs(X) > 0 = v3(Y) or v3(Y) > 0 = v3(X), say w.lo.g. the former, so
v3(X)=r>0 and supp(Y) = {2},

the latter in view of Y € F({2,3}). Let V1, Vo, V3 € A(G1) and Wy, Wy, W5 € A(G3) be atoms having
weakly reduced factorizations

Vl‘/g‘/é:Xl'...'Xpl and W1W2W3:Y1'...'Yp2

with the X; € A(G1), the Y; € A(G2), p; > w; for i € [1,2], the X; with ¢ € [1,r] traversals in their
factorization, and |Y;| = 2 and |X;| = 2 for all ¢ € [1,po] and j > r + 1. In particular, X; = aiasas
with a; € supp(V;) for ¢ € [1,3]. Since 1 ¢ supp(XY'), we have 0 ¢ supp(V1VaVsW1WoWs) implying
[Vil, [W;| > 2 for all i € [1,3]. Also, as discussed before Lemma 4.4, there must be a length two
subsequence zy | Wy with —z | W and —y | W3. Now we define

Up = (Viay Y Wiz ™y~ (@ — a2)(y + a1 + az)
Uy = (Vaay ') (Wa(—z) ")(az —z) and
Us = (Vsaz ") (W3(—y) " ")(as —y) .

Obviously, we have Uy, Uz € A(G) and Uy € B(G). Letting S = U;(y + a1 +az)~! and considering 7 (S)
and 71 (S) shows that S is zero-sum free, implying that U; € A(G). Since a1 + ag + a3 = 0(X1) = 0, we
have (y + a1 + az) + (a3 —y) = 0. Thus, since (Via; ") (Vaay ') (Vaaz ') = (ViVeVa) X' = Xo - .- X,
and since W1W,yW3 has a factorization into py atoms of length 2, it is now clear that UyUsUs has a
factorization using (p1 — 1) + (p2 — 2) + 2 > w1 + ws — 1 atoms, say

(3) UDWUUs=Xo ... - XpZy ... Z,

P2

with |Z;| = 2 for all i. Hence p3(G) > p1+p2—1 > w1 +ws — 1. Moreover, each X; with ¢ € [2, r| remains
a traversal for (3), while this cannot be the case for X; with j > r + 1 nor any Z; as |X;| = |Z;| = 2 for
j > s+ 1 and all i. Thus (3) has a spread Z with

Vd(Z) = Vg(X) —1= V3(X) +V3(Y) —1.

If vs(X) > 2, this shows 3 € supp(Z), whence Z € F({2,3}) as discussed before Lemma 4.4. On the
other hand, if v3(X) = 1, then all atoms in the factorization (3) have length 2. Thus, since |U;| =
Vil + |W;] —1 > 3 for all j € [1,3], we see that none of these atoms of length two can equal some
U;, meaning 1 ¢ supp(Z) for any spread Z for (3), also explained above Lemma 4.4. In this case,
supp(Z) = {2}, completing the proof of Part 1.
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2. Suppose supp(X) = supp(Y) = {2}. Let Vi, V5, V53 € A(G1) be atoms such that V31V5V5 has a
weakly reduced factorization into p; > w; atoms of length 2 and let Wy, Wy, W3 € A(G2) be atoms such
that W1 WsoW3 has a weakly reduced factorization into ps > wo atoms of length 2. As explained before
Lemma 4.4, we may assume there is a length 2 subsequence xzy | Wi with —z | W5 and —y | W5 and a
length 2 subsequence ab | Vo with —a | V1 and —b | V3. Now we define

U = (Vi(=a) ) (Wia™ly ™) (@ —a)(y),
Uy = (Vaa o1 (Wo(— 3:) Y(a—2)(b) and
Us = (Va(=b) "1 )(Ws(=y) ") (=~ ).

Obviously, we have Us € A(G) and Uy, Us € B(G). Letting S = U;y~! and considering m(S) and 71 (S)
shows that S is zero-sum free, implying that U; € A(G). Likewise, letting T' = Usb~! and considering
m1(T) and mo(T) shows that T is zero-sum free, implying that Us € A(G). Let ¢; = y, c2 = b and
c3 = —b —y. Since V1V5V3 and W1 WsW3 both have factorizations into atoms of length 2, it is now
clear that (Uycy ') (Uscy ') (Uscs ') has a factorization into (py — 2) + (p2 — 2) +1 = py + p2 — 3 atoms of
length 2, which together with the unique traversal c¢cacs gives a factorization of U;UsUs into p1 + pg — 2
atoms, showing that p3(G) > p1 + p2 — 2 > w1 + wo — 2 holds with spread Z having v3(Z) = 1, ensuring
Z € F({2,3}) (noted before Lemma 4.4). O

Lemma 4.6. Let G = C2 with n > 2. Then p3(G) > D*(G) + LD V| with spread X € F({2,3}).
Moreover, v3(X) =1 if D*(G) is odd, and supp(X) = {2} if D*(G) is even.

Proof. Let {e1, ea,e3} be a basis of G and for i € [1,3], let m;: G = (e1) @ (e2) ® (e3) — (e;) denote the
canonical projection. Note that D*(G) = 3n — 2 =n mod 2. We handle two cases.
CASE 1: n is odd.
Then D*(G) = 3n — 2 > 7 is odd. We define
Uy =el™ 163 1(61 +ey+e3)"ter with ¢ =2y 4 2eq +e3,

n— n— ]-
Us = (—e1)"” 13? Y(—e1 —ea —e3) T (e1 — 62)7162 with ¢y = —e; —ea + nt

es and

n— n— -3
Us = (—es)" H(—e2)" " H(—e1 — e2 — €3)"T (—e1 +€2)"Tres with 3= —eq — ez + = 5
Clearly, U; € B(G) for i € [1,3]. Considering 73(Urc; '), m2(Uzcy ') and 71 (Uscz '), we infer that the
sequences Ujc; ' are zero-sum free for every i € [1,3]. Therefore, we have Uy,Us, Us € A(G), and it is
now easily seen that (Uic; ') (Uscy ') (Uscs ') has a factorization into atoms of length 2, which together

with the unique traversal cicacs shows that p3(G) > 1+ 222 = D*(G) + | 2 j holds with spread X
having v3(X) = 1, so that X € F({2,3}) as noted before Lemma 4.4.

CASE 2: n is even.
Then D*(G) = 3n — 2 > 4 is even. We define

Uy =el™ 163 1(el+eg+63) (261 + ez +e3)(er +2eq +e3),
= (—e1)" tel™ Y—ep —ey — 63)"/2_1(61 — e+ 63)"/2_1(—261 —eg —e3)(er — ez +2e3) and

U3 = (763)71 1(762)”'71(761 — €9 — 63)”'/271(761 + €y — 63)’”/271(761 — 262 — 63)(761 + €y — 263) .
Clearly, U; € B(G) for i € [1,3]. Considering w3(Uy), m2(Usz) and 71 (Us), we infer that Uy, Uz, Us € A(G).
By construction, U;UsUs has a factorization into atoms of length 2, say UyUsUs = Z7 - ... - Z%|U1U2U3‘7
implying that p3(G) > §|U1UxUs| = M =D*(G)+ L%j Moreover, since |U;| = 3n—2 > 2 = |Z,|
for all 7 and 7, we see that 1 ¢ supp(X) i 1n any spread X, whence supp(X) = {2}, completing the proof. O

€3 .
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Proof of Theorem 4.1. By Proposition 2.1, we have pi(H) = pr(G) for all K > 1. By Lemma 3.1.1 and
Lemma 3.1.2, it suffices to prove the assertion for £ = 1. By hypothesis, G can be written in the form

G=Ch ®...eCl ,

mq

where {mq,...,mqs} = {n1,...,n,} with t; € {2,3}. We proceed by induction on « to show that
p3(G) > D*(G) + | 29 | holds with spread X € F({2,3}) with v3(X) = 1 when D*(G) is odd and with
supp(X) = {2} when D*(G) is even, which will complete the proof.

Since nq | ... | n, with {my,...,ms} = {n1,...,n.}, we have

D*(G) =d*(Cy ) +d*(C}2, & ... Cly ) +1=D*(K)+D*(L) — 1,

where K = Cii and L = C2 & ... @ Cle . If t; = 2, then D*(K) = D*(C2,) = 2m; — 1 is odd

and Lemma 4.4 implies that p3(K) = pg,(Cfnl) >3m;—2=02m; —1)+ LQmié_lJ = D*(K) + L%J

with spread X having v3(X) = 1, so that X € F({2,3}). If ¢; = 3, then Lemma 4.6 implies that

p3(K) = p3(C3 ) > D*(K) + L%J with spread X € F({2,3}). Moreover, v3(X) =1 if D*(K) is odd,

and supp(X) = {2} if D*(K) is even. This completes the base case when o = 1. Thus we may assume

« > 2, in which case the induction hypothesis ensures that
D*(K)

p3(K) > D*(K) + LTJ and  p3(L) > D*(L) + |

with respective spreads X, Y € F({2,3}).
If D*(K) and D*(L) are both even, then D*(G) = D*(K)+D*(L)—1 is odd and supp(X) = supp(Y) =
{2}, whence Lemma 4.5.2 yields

D*(L)
5

D*(K) D*(G) — 1

ps(G) 2 D" (K) + -

+D*(L) +

S R

with spread Z € F({2,3}) having v3(Z) = 1, as desired. If D*(K) and D*(L) are both odd, then
v3(X) =v3(Y) =1 and D*(G) = D*(K) + D*(L) — 1 is odd, whence Lemma 4.5.1 yields
D*(K) -1 D*(L) -1 D*(G) -1

2 2 2
with spread Z € F({2,3}) having v3(Z) = v3(X) + v3(Y) — 1 = 1, as desired. Finally, if D*(K) and
D*(L) have different parities, then v3(X) +v3(Y) =1, D*(G) = D*(K)+D*(L) — 1 is even, and Lemma
4.5.1 yields

p3(G) > D*(K) + +D*(L) + —1=D"(G)+

D" (K)

p3(G) 2 D*(K) + =~ + D*(L) + D*Q(L) - % —1=D*(G) + %

with spread Z € F({2,3}) having v3(Z) = v3(X)+v3(Y)—1 = 0, forcing supp(Z) = {2}. This completes
the induction. When D*(G) = D(G), the needed upper bound comes from Lemma 3.1.2 O

5. GROUPS OF RANK TWO

The aim of this section is to prove the following characterization. It provides the first non-cyclic groups
G at all for which pog4+1(G) is strictly smaller than the upper bound kD(G) + |D(G)/2] for some k € N.

Theorem 5.1. Let H be a Krull monoid with finite class group G such that every class contains a prime
divisor. Suppose that G = C,,, ® Cppy withn > 1 and m > 2. Then

pg(H):D(G)‘F\\@J ifand only if n=1 or m=n=2.
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We start with two corollaries providing examples of groups G having rank two which show that
Theorem 5.1 is sharp in two aspects. Indeed, Corollary 5.2 shows that these groups G satisfy

p3(G) = D(G) + [@J 1 but popss(G) = kD(G) + [%G)J for all k > 2.

After that, we deal with groups of the form G = Cy @ Cs,, where n > 3. Since for cyclic groups G we
have por+1(G) = kD(G) + 1 for all k > 1, groups of the form Cy @ Cs, are the canonical first choice for
testing Conjecture C2. Indeed, we verify Conjecture C2 for them and show that there exists an integer
k* € N (by Theorem 5.1 we must have k* > 1 for n > 2) such that

pois1(G) = kD(G) + L@J for all k > k*.

Moreover, Corollary 5.3 provides the first example of a group where, for some odd k € N, strict inequalities

hold in the crucial inequality (1).

Corollary 5.2. Let G = C,, ® Ca,, with m > 2.
1. If m =2, then p2r+1(G) = kD(G) + L@J for every k > 1.
2. If m > 3, then ps(G) > 2D(G) + (m + 1).
3. If m € {3,4}, then
D(&)

ps(G) = D(G) + | =5

Proof. Let {e1,e2} be a basis of G with ord(e;) = m and ord(ez) = 2m. Then D(G) = 3m — 1.
1. We define

U1 = 6162(61 + 62)3 s U2 = 61(—62)3(61 - 62) and Ug = 6%(61 - 62)2 .

| =1 and paia(@) = kD(G) + L@J for allk>2.

Obviously, U1UsUs may be written as a product of 7 which implies that p3(G) = D(G) + L@J Now
the assertion follows from Lemma 3.1.3.

2. We define
Up = e te3™ e + ea), Us = (—e1)"'ed™ H(—e1 + e2)
Us = (e1 + 62)7”_1(—62)27"_1(61 +mey) and Uy =(—e1 — 62)2m_1(—61 + m€2)2(€1 —e3).

Then Uy, Us, Us, Uy € A(G) (note we need m > 3 to ensure Uy € A(Q)), |U1r| = |Uz| = |Us| = D(G) and
|Us| = 2m + 2). By construction, U;UsUZU, has a factorization into atoms of length 2, which implies

that )
o) = (280

3. Proposition 3.5.1 and Theorem 5.1 imply that

=2D(G)+ (m+1).

D(G) +m < ps(@) < D(G) + | 2| -1,

which is an equality because m € {3,4}. By Lemma 3.1.3, it suffices to show that

D(G
ps(@) 2 20(@) + [P |
which follows from 2. above because m € {3,4} ensures {@J =m+ 1. O
Corollary 5.3. Let G = Cs @ Cy,, with n > 3. Then
D(G D(G
D(G)+1 < p3(G) < D(G) + {%J and  par+1(G) = kD(G) + {%J for every k> 2n —1.
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Proof. We have D(G) = D*(G) = 2n + 1. The left inequality follows from Proposition 3.5.2 and from
Proposition 3.2.1, and the right inequality follows from Theorem 5.1.

To prove the second statement, let {e1, ez} be a basis of G with ord(e;) = 2 and ord(ez) = 2n. For
i € [1,n], we define

Ui = e%”fl(el — (Z — 1)62) (61 + iez) € A(G) .
Let
Vi = (61 + 62)2”'716261 € A(G) .

Let W = ex(e; + ea)(e1 — 2e3). By construction, S = (UQQ(—Ul)Q) C (Uﬁ(—Ul)Q) (Ul(—Ug)Vl) is
a product of 4(n — 1) + 3 = 4n — 1 atoms and SW~! has a factorization into atoms of length 2. This
implies that
4n —1)(2 1) - D
U= DE D=3 _ (o - 1) + | 2.
The result now follows from Lemma 3.1.3. O

S| =3 _
=

p2i2n—1)+1(G) > 1+ 1+

The proof of Theorem 5.1 is based on the recent characterization of minimal zero-sum sequences of
maximal length in groups of rank two, which will be formulated in Main Proposition 5.4. The proof of
the characterization is obtained by combining the main results from [19], [21], [35], [39] with a few small
order groups handled by direct computation [9]. The version below is derived from this original in a few
short lines [7, Theorem 3.1] (apart from (e) and the fact that both parts of (d) hold when n = 2, which
we will deduce from the rest of theorem in the explanations below). It eliminates some overlap between
type I and II in the original statement.

Main Proposition 5.4. Let G = Cp,, @ Cpppy, with n > 1 and m > 2. A sequence S over G of length
D(G) = m+mn — 1 is a minimal zero-sum sequence if and only if it has one of the following two forms:

[ ]
ord(e2)

S — etljrd(m)*l H (xiel +€2)7
i=1
where
(a) {e1,ea} is a basis of G,
(b) 21,..., Zord(ey) € [0,0rd(e1) — 1] and x1 + ... + Zopd(e,) = 1 mod ord(eq).
In this case, we say that S is of type I(a) or I(b) according to whether ord(es) = m or ord(ez) =

mn > m.
[ ]
S =t I (—aih + o)
i=1
where
(a) {f1, f2} is a generating set for G with ord(f2) = mn and ord(f1) > m,
(b) ee[l,m—1] and s € [1,n — 1],
(¢) z1,. . yTm—e € [I,m—1] withax1 + ... + e =m — 1,
(

either s =1 or mf1 = mfy, with both holding when n = 2, and
either € > 2 or mf, # mfs.
his case, we say that S is of type II.

o
- — — T

We gather some simple consequences of the above characterization which will be used without further
mention. Let all notation be as in the Main Proposition 5.4.

It is easy to see that | supp(S)| > 3.
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When S has type 11, it is always possible to find some f] € G such that {f], fo} is a basis for G with
ord(f1) = m and f; = f{ + afs for some a € [1,mn — 1] (see [7]). In particular, since mf; # 0 (in view
of ord(f1) > m), we have ord(f1) = tm for some t > 2 with ¢ | n. Moreover, it is now readily checked
that, regardless of whether S has type I or II, every term of S must have its order being a multiple of m.

When S has type I1, it is clear that —z; f1 + fo = —x; f{ + (1 — az;) fa # fo in view of z; € [1,m — 1],
for any ¢ € [1,m —¢€]. Likewise, a term —x; f1 + fo = —z; f1 + (1 — ax;) f2 could only equal f; = f] 4+ afs if
z;=m—1land l—a(m—1)=1-ax; =« mod mn, implying 1 = am mod mn, which is not possible.
Consequently, we see that a term —z;f1 + fo can never equal f; or fo. Likewise, since ord(f1) > 2m,
—x;f1 + fo = —xjf1 + f is only possible if z; = z; € [1,m — 1].

When S has type II, the condition 1 + ... + ©;»—e = m — 1 with x; € [1,m — 1] forces maxz; <
(m—1)—(m—¢e—1) = e Thus we always have z; < e. In particular, if ¢ = 1, then z; = 1 for all
iel,m—1].

When S has type II, then s € [1,n — 1] forces n > 2. Suppose n = 2. Then s = 1 and ord(f;) =
ord(f2) = 2m. Let f{ € G be such that {f{, f2} is a basis for G with ord(f;) = m. Let g =af] +yf2 € G
with x, y € Z. If y is odd, then mg = xmf] + ymfo = ymfs # 0, implying ord(g) > m and thus
ord(g) = 2m. On the other hand, if ord(g) = 2m, then 0 # mg = ymf>, implying y is odd. Consequently,
the elements g € G with ord(g) = 2m are precisely those g = x f{ +y fo with z, y € Z and y odd, meaning
any ¢ € G with ord(g) = 2m has mg = mfy. In particular, mf; = mfs. This explains why both
conditions of (d) always hold when n = 2.

If n > 1, then there are at most m — 1 terms of order m in S. Indeed, if S has type I(a), then all terms

m

of order m are contained in Hy;l(xiel + e2). However, since m>_ (z;e1 + e2) = me; # 0, they cannot
i=1

all have order m, meaning there are at most m — 1 such terms. If S has type I(b), then it is clear that

all terms of the form x;e; + e have order mn > m, leaving at most m — 1 of order m, all equal to e;.
Finally, if S has type II, then we have ord(f1) > 2m as remarked above. Thus only terms contained in
H:’;_ls(—xi f1 + f2) can have order m, meaning there are at most m — e < m — 1 such terms

Moreover, if S has type II and contains precisely m — 1 terms of order m, then we must have e = 1
with each term from Hﬁ;l(—xz f1 + f2) having order m. However, since we have z; € [1, €] as remarked
above, this is only possible if

S = I fy — f)™TY with ord(fa — fi) = m.

In such case, {fa2, fa — f1} is also a generating set for G with ord(f2) = mn and ord(fz — f1) = m, which
forces {fa2, fo — f1} to be a basis for G. Thus S has type I(b) (taking e; = fo — f1 and es = f5).

In particular, if S had type II with mf; = mfy and € = 1, then S would also have type I(b). Indeed
e =1 forces x; =1 for all i € [1,m — 1] in view of z; € [1,¢], while each —z; f1 + fo = —f1 + f2 has order
m in view of mf; = mfs (and the fact that every term of S has its order being a multiple of m). Thus
we would have m — 1 elements of order m, so that the above argument shows that S has type I(b). This
argument is what allows us to assume (e) in Main Proposition 5.4. In particular, if S has type II and
n=2,thene>2and m>3 (asec[2,m—1]).

The following lemma regarding type II sequences will be needed in the proof.

Lemma 5.5. Let G = C), ® Cpp, withn > 1 and m > 2. Suppose S is a minimal zero-sum sequence
over G of length D(G) = m 4+ mn — 1 that is of type II, say

m—e

S = [yt H (—zif1 + f2)

i=1
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with all notation as in Main Proposition 5.4. Suppose T | S is a subsequence with |T| > 2m —1. Then T
contains a subsequence Ty | T with o(T1) = mfa. Furthermore, if T has no proper subsequence with this

property, then T = f" ' ST, (—xif1 + fo)-

Proof. Since s € [1,n— 1], we conclude that n > 2. If s = 1, then v, (T') < vy, (S) = m— 1. On the other
hand, if s > 1, then mf; = mf,, in which case we must also have vy, (T) < m — 1 else f{" | T will be a
proper subsequence whose sum is mf; = mfs, as desired. Thus we may assume

(4) v (T)=m—1—t for some ¢t € [0,m — 1].

Likewise, we must have vy, (T) < m — 1 else f3* | T will be a proper subsequence whose sum is mfs, as
desired. By re-indexing the —z; f1 + fo appropriately, we may w.l.o.g. assume

14 m—e
(5) H(*Sﬂz‘fl + f2) = ged (H (—zif1 + f2),T> ,  where £ € [0,m — €.

i=1 i=1
Hence, from the hypothesis |T'| > 2m — 1, we deduce that
(6) Vi (T) = [T = vy, (T) = £ = m 4t — 0,
In particular, vy, (T) < m —1 forces £ >t +1 > 1.
Recall that 21 + ...+ zp—c = m — 1 with z; € [1,m — 1] for all i. Thus
m—e
r1+...+xy=m—1—2a with z:= Z r;, >m—e—4L£>0.
i=0+1
Consequently, if ¢ < 2, then the sequence f" 7" Hle(—xi f1 + f2) contains at least ¢ disjoint subse-
quences each having sum f; and containing precisely one term of the form —z;f1 + fo, while if t > «z,
then the sequence "~ *~* Hle(—xifl + f2) contains at least £ — ((m —1l-z)—(m-1- t)) =l—t+z
disjoint subsequences each having sum f5 and containing precisely one term of the form —z;f; + f2. In
either case, we have

14

Ry« Ry | f 7 [[(aifi + f2)  with o(Ri) = fo fori € [1,w],
=1

where w = min{/,¢ — t + x}. Moreover, the subsequence R; - ... - R,, of f" '~ Hle(—xifl + fo) will
be proper unless m — 1 —t=z1+...+xzp=m—1—x, i.e., unless t = .

Now, if t <z, then T} = Ry -...- sz2m7€ is a proper subsequence of T (in view of (4), (5), (6) and
t # x) with sum o(T}) = mfy, as desired. On the other hand, if ¢ > x, then T} = Ry - ... Ry_,fr =+

is a subsequence of T (in view of (4), (5) and (6)) with sum o(77) = mfy. Moreover, it will be a proper
subsequence of T unless ¢ = z = 0 and equality holds in (6). From z; + ...+ 2z, =m—1—xz=m — 1,
we deduce that £ = m — € in this case (recall that z; + ...+ @yp—c = m — 1 with x; € [1,m — 1] for all 4),
and now

m—e

14
T = g  [(—miho+ f2) = 17085 [] (i + fa),

i=1 i=1
completing the proof. O

We are now ready to proceed with the proof of Theorem 5.1.

Proof of Theorem 5.1. By Proposition 2.1, we have p3(H) = p3(G). We study p3(G) and recall that
D(G) =D*(G) =m+mn—1. If n = 1, then G = C,,, ® Cy,, and the theorem follows from Corollary 4.2.
If m = n = 2, then G = Co@®Cy, and the theorem follows from Corollary 5.2.1. We now assume n > 2 with
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m > 3 when n = 2. In particular, D(G) > 7. It remains to show p3(G) < p := [3D(G)/2] = |2n+3mn=3 |
in this case. Assume by contradiction that there are Uy, Us, Us, Vi,...,V, € A(G) such that

UUsUs = Vi - ...V,

Without loss of generality, we may assume |U;| > |Us| > |Us| and |V4| > ... > |V,|. We continue by
showing we can assume the following assertion holds true. Note that |Us| = D(G) — 1 is only possible in
Assertion A if D(G) is odd and V] = 2.

Assertion A. |Uj| = |Uz| = D(G) and D(G) — 1 < |Us| < D(G) with the U; satisfying either

D
U] = AB, — U2 = AC’ U3 = (—B)C, |A‘ = ’V(ZG)-‘ and |V1| =2 or
D(G) — 1
Uy = ABwy, —U;=ACwy, Us=(—-B)C(ws—w1), |A4|= — and |V3| =3, where
D(G)
A= ng(Ul,_UQ), B = ng(Ul,—Ug), C = ng(—UQ,Ug), |B| = |C| = T and wy, W € G.

Proof of Assertion A. We trivially have |U;UsUs| = |Ur| + |Uz| + |Us| < 3D(G). Also, |V;| > 2 for each 4
(as 0 cannot divide any Uj, else p < D(G) 4 1), implying

P
3D(G) > [UhUpUs| = [Vi ... V,| = > |Vi| > 2p = 2|3D(G)/2] > 3D(G) — 1,
i=1
with equality in the latter estimate only possible when D(G) is odd. It follows that, if D(G) is even, then
|Ui| = |Us| = |Us| = D(G) with |V;| = 2 for all 4, while if D(G) is odd, then either |Uy| = |Us| = |Us| =
D(G) with |V4| =3 and |V;| = 2 for all i > 2 or else |Uy| = |Uz| = D(G) and |Us| = D(G) — 1 with |V;| = 2
for all <.

When |V;| = 2 for all ¢, then S = U,U2Us has a factorization into length 2 atoms. Thus U; = AB,
—U; = AC and Uz = (—B)C for some A, B, C € F(G). Since |A|+|B| = |U1]| = D(G) = |Uz| = |A|+]|C]|,
it follows that |B| = |C|. But now 2|B| = |B| + |C| = |Uz| € {D(G), D(G) — 1}, implying |B| = |C| =
[@J and |A| = |U1] — |B| = D(G) — {@J = [@W If there is some g € supp(B) N supp(C),
then Us will contain both g and —g. However, since Us is an atom, this is only possible if |Us| = 2,
contradicting that |Us| > D(G) — 1 > 6. Therefore we instead conclude that supp(B) N supp(C) = 0,
implying ged(Uy, —Us) = A. Similar arguments show that B = ged(Uy, —Us) and C = ged(—Us, Us),
completing the proof of Assertion A in this case. It remains to consider the case when |Vi| = 3 with
|Vi| = 2 for i > 2, which is only possible when |U;| = |Us| = |Us| = D(G) is odd.

If some Uj;, say w.l.o.g. Us, contains two terms from Vi, say g1g2 | ged(V1, Us), then replacing Us by
Ul = Us(g192) " (91 + g2) and replacing Vi by V/ = Vi(g192) "' (g1 + g2) yields atoms Uy, U, Uj € A(G)
having a factorization U;UxUs = V'V, ...V, with |U;| = |Uz| = D(G), |Uj| = D(G)—1 and V]| = |V;| =
... =|V,| = 2. These atoms also provide a counter-example to the theorem and satisfy the previously
handled case of Assertion A. Thus we may assume (for the purpose of proving the theorem) that this
does not occur: no length two subsequence of V; divides any U;. In consequence, precisely one of each of
the three terms of V; occurs in each U; while (UlUQUg)Vl_l has a factorization into length 2 atoms (in
view of |V;| = 2 for ¢ > 2). It follows that U; = ABw;, —Us = ACw, and Us = (—B)C(wy — wy) for
some A, B, C € F(G), where Vi = wy(—ws)(ws — wy).

Since |A| 4+ |B| + 1 = |Ui| = D(G) = |Us] = |A| + |C| + 1, it follows that |B| = |C|. But now
2|B| + 1 = |B| + |C| + 1 = |Us| = D(G) follows, implying |B| = |C| = 2Q=L — [B%Dj and |A| =

Uh| - |B| - 1=D(@) - 2=t — 1= 291,
Suppose there were some g € supp(Bw; ) Nsupp(Cws). Note wy # ws, else Vi would contain a length 2
zero-sum subsequence, contradicting that V; is an atom. Consequently, if ¢ = wy, then w; = g € supp(C),
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in which case Us contains the two term subsequence wq (wy —wy ) of Vi, contrary to assumption. Likewise,
if g = wy, then we € supp(B), in which case Us contains the two term subsequence (—ws)(wg —w1q) of Vi,
once more contrary to assumption. On the other hand, if g € supp(B) N supp(C), then Us will contain
both g and —g, yielding the contradiction 2 = |Us| > D(G) — 1 = 6 as argued when |V;| = 2 for all i. So
we instead conclude that supp(Bw;) Nsupp(Cws) = @, implying ged(Uy, —Us) = A. Similar arguments
show that B = ged(Uy,—Us) and C' = ged(—Us, Us), completing the proof of Assertion A. O

In view of Assertion A, we see that we can apply Main Proposition 5.4 to U; and —U; to characterize
the possible structures for U; and —U,. Since the roles of U; and U, are symmetric, this gives us six
cases.

CASE 1: U; and —U; are both of type I(b), say

mn mn

Uy 26717171 H($i€1+€2) and U= f] - H(yzfl + f2),

i=1 i=1
where {e;, es} and { f1, f2} are bases for G with ord(e;) = ord(f1) = m and ord(ez) = ord(f2) = mn > n.

Let H = (e1, f1). Since ord(e;) = ord(fi;) = m, we conclude that H is isomorphic to a subgroup
of C2,. In particular, D(H) < D(C?%) = 2m — 1. Since m, n > 2 with n > 3 when m = 2, we have
|B| = |C| > D(GQ)fl = mndm=2 > . Likewise |A| > % > m. Any element of the form ze; + ey or
yf1 + fa, where z, y € Z, has order mn > m = ord(e;) = ord(f;) and thus cannot be equal to e; nor
f1. Since |A| > m + 1, we conclude that A must contain a term from U; of the form ze; + es, which
must, by the previously mentioned order restriction, be equal to a term from —Us of the form yf; + fo.
Hence fo — e € H. But now it is clear that difference between any two terms of the form x’e; + e and

y' f1+ f2, where 2/, 3/ € Z, must also be an element from H.

If ey = f1, then H = C,, and D(H) = D(C,,) = m. In this case, B = by - ... - by consists entirely
of terms of the form ze; 4+ es while C' = ¢; - ... - ¢y consists entirely of terms of the form yf; + fo,
where ¢ = |B| = |C| > m + 1. Consequently, (—=b; +c¢1) ...  (=byn + ¢m) € F(H) is a sequence of

m = D(H) terms from H, meaning (—B)C contains a nontrivial zero-sum subsequence of length at most
2m < 2¢ = |B| +|C| < |Us|. But this contradicts that Us is an atom with (—B)C' | Us. Therefore we
may now assume e; # fi.

In view of e; # fi and the previously mentioned order restriction, neither e; nor f; can be a term
from A. Thus every term equal to e; in U; must be contained in B except possibly one such term equal
to wy. Likewise, every term equal to fi; in —Us must be contained in C' except possibly one such term
equal to ws. It follows that m —2 < v, (B) < m—1and m—2 < vy, (C) < m—1. Consequently, in view
of |B| = |C| > m+ 1, there must be subsequences by - by | B and ¢; - ¢3 | C' with each term b; of the form
b; = zje1 + ez and each term ¢; of the form ¢; = y}fi + fo. Moreover, if v, (B) = vy, (C') = m — 2, then
there exists a third term b3 from B also of the form b3 = z4e; + e2 and a third term ¢z from C' also of
the form ¢z = y5f1 + fo so that by - by - b3 | B and ¢1 - ¢2 - ¢3 | C. Observe that vy, (C) < m — 1, as well as
Ve, (B) < m — 1, is only possible if Us = (—=B)C(wq — w1).

If v, (B) = v, (C) = m — 1, then (—ey)™ L f" "1 (=by +¢1) € F(H) is a sequence of terms from H of
length 2m — 1 > D(H), meaning (—B)C' contains a nontrivial zero-sum subsequence of length at most
2m < 20 = |B| 4 |C| < |Us|. But this contradicts that Us is an atom with (—=B)C' | Us.

If v, (B) = vy, (C) = m —2, then (—ey )" 2 f]"2(=by +c1)(—ba + c2)(—b3 + ¢3) € F(H) is a sequence
of length 2m — 1 > D(H), meaning (—B)C contains a nontrivial zero-sum subsequence, contradicting
that Us is an atom since Us = (—B)C(wy — wy).

Ifve,(B) = m—1and vy, (C) = m—2, then (—ep)™ ' 7" 2(=by +¢1)(—bz +¢c2) € F(H) is a sequence
of length 2m — 1 > D(H), meaning (—B)C contains a nontrivial zero-sum subsequence, contradicting
that Us is an atom since Us = (—B)C(ws — w1 ).
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If ve,(B) = m—2 and vy, (C) = m—1, then (—ey)™ 2 f7" 1 (=by +¢1)(=bz +c2) € F(H) is a sequence
of length 2m — 1 > D(H), meaning (—B)C contains a nontrivial zero-sum subsequence, contradicting
that Us is an atom since Us = (—B)C(wz — wy), which completes CASE 1.

CASE 2: U; and —U; are both of type I(a), say

Uy = et H($i€1 +ep) and —Up= f" ! H(y’fl + fa).
i=1

i=1
where {e1, e2} and {f1, f2} are bases for G with ord(e;) = ord(f1) = mn > m and ord(ez) = ord(f2) = m.

Since m, n > 2 with n > 3 when m = 2, we have mn — 1 > W = % > |A|. If eg = f1, then
ged(Ur, —Usz) = A implies |A] > v, (U1) = mn — 1, contrary to what we just noted. Therefore e; # f.
On the other hand, since v, (U1) = vy, (~Us) = mn—1 > 2T > p(@) - |A| = |U1| - |A| = |Ua] — | 4],

we must have e, f1 € supp(A). It follows that
er=yfi+fo and f; =ze; +ey forsomezx, y € Z.

Since U; contains at most m terms not equal to e;, we deduce that ve, (4) > |A] — m > % —m =
%mn — & — 1. However, since ey # f1 with the highest multiplicity of a term in —Uj other than f; being
m — 1, we have

Ve, (A) < Vyf1+f2(7U2) <m-—1.

Hence %mn — 3 —1<ve, (A) <m—1, implying n < 3.

Suppose n = 3. Then D(G) = 4m — 1 and equality must hold in all estimates used to derive n < 3

above. In particular, |A| = %, forcing the case corresponding to |Vi| = 3 in Assertion A, and all m
terms of Uy not equal to e; must be contained in A. Arguing as in the previous paragraph, we must also

have )
5mn =5 = L< Al =m < vp,(4) Vo ser (U) Sm— 1,

implying n < 3. Once more, equality must hold in all these estimates, meaning all m terms of —Us not
equal to fi; must be contained in A. Consequently,

Uz = (=B)C(ws —wy) = (*Bl)szlffm_l(fl —e1) = (*61)2m71($61 + 62)27”71((95 —1)er +e2).

Since o(Us) = 0, we see that z = 1 mod 3, and now it is easily noted that (—e;)™ (ze; +e2)™ is a proper
zero-sum subsequence of Us, contradicting that Us is an atom. So we may instead assume n = 2.

Since n = 2, it follows that D(G) = 3m — 1 and m > 3. Recall that e; = yf1 + f2 and f1 = ze; + ea.
Thus, since ord(e;) = ord(f1) = 2m, we conclude that z and y are both odd, whence

(7) mey = myfi =mfi =mzxe; with ord(me;) = ord(mfi) = 2.

If v¢, (—B) > m and vy, (C) > m, then (—e;)™ f{" is a zero-sum subsequence of Us (in view of (7)) of
length 2m < 3m — 2 = D(G) — 1 < |U;|, contradicting that Us is an atom. Therefore we may assume
either v_., (—B) < m or vy, (C) < m, say w.l.o.g. v_, (—B) < m (the role of e; in Uy is identical to that
of f1 in 7U2).

As noted earlier, v, (A) < m — 1. Consequently, if |Vi| = 2, then v_,(—B) = v, (U1) — v, (4) >
2m — 1 — (m — 1) = m, contrary to our assumption above. Thus we must have |V;| = 3, which is only
possible (in view of Assertion A) if |[Us| = D(G) = 3m — 1 is odd. Thus 2 | m and m > 4.

Applying the above argument when |V;| = 3, we again obtain the contradiction v_., (Us) > m unless
Ve, (A) =m —1 and wy = e;. It follows that there are at most [A| — v, (A) = % terms of A not equal to

e1. Hence, since f; # e, we conclude that vy (A) < %, implying
3
(8) Vfl(C)ZQm—l—%—lzim—Z,
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with equality only possible if wy = f; and wo —wy = f; —e; = (x — 1)e; + es. Since v, (A) = m —1 and
w1 = eq, we have
m/2

—B=(—¢)"! H(*xiel — ea),
i=1

where we have appropriately re-indexed the terms x;e; + e2 in Uy so that the first 3 terms correspond
to those from B. Thus

m/2 5 m/2
_ 3m—2 _ 3
Us = (—e)™ " | [ (—zier —e2) | 177 “g1g2 = (—e)™ | [] (—wier — e2) | (wer +e2)2™ 2g1g2
i=1 i=1
with w.l.o.g. g1 € {f1,y1f1+ f2} (by re-indexing the y; f1 + f2 appropriately) and g = wy —w; = wa —ey.
If g1 = f1,let g = g1 = f1 = we1 + ea. If g1 # fi1, the equality must hold in (8). In this case, let
g=g2=fi—e1 = (xr—1)es +e2. Regardless, we see that g = g; = ze; + ez for some z € {z, z — 1} and
j €[1,2]. To avoid a zero-sum subsequence of
(—e1)™ H(—z1e1 — e2)(zer + €2),

which would contradict that Us is an atom, we must have z1 ¢ {z,2—1,...,2—(m—1)} modulo 2m. On
the other hand, in view of (7), we have o((ze; + e2)™) = mey, so that to avoid a zero-sum subsequence
of

(—e1)™ Haey + ex)™(—xre1 — e2)(ze1 + e2),
which would contradict that Us is an atom in view of m — 2 > m, we must have z; ¢ {m + z,m + z —
1,...,m+ z—(m—1)} modulo 2m. However, this leaves no possibilities left for the value of 1 modulo
2m, which is a contradiction that concludes CASE 2.
CASE 3: Either Uj is of type I(b) and —Us is of type I(a) or else U; is of type I(a) and —U, is of type
I(b), say w.l.o.g. the former with

Ul :e;n71 H(xi€1+62) and _U2 :f{nnil H(ylfl+f2)?
i=1 i=1
where {e1, ea} and {f1, f2} are bases of G with ord(e;) = ord(f2) = m and ord(ez) = ord(f1) = mn > m.
Since m, n > 2 with n > 3 when m = 2, we have vy, (—Us) = mn—1 > % > D(G)—|A| = |Us|—]4],

implying f1 € supp(A). Consequently, since f; cannot equal e; due to ord(f1) = mn > m = ord(ey), it
follows that

fi=me; + ey for some x € Z.
Let
(9) Y =ve,(B) €[0,m—1].

Then ve, (A) =m —1—y—¢, where e = 1 if |[V}| = 3 and w; = e1, and € = 0 otherwise. Since f; # ey, it
follows that vy, (A4) < |A| — v, (A) = |A4| —m + 1+ y + ¢, implying

1 1
(10) vfl(C)2mn—1—6—|A|+m—1—y—625mn+§m—3—y,
where 0 = 1 if |V3] = 3 and wy = f1, and § = 0 otherwise. Moreover, the estimate on the far right of

(10) improves by 1 unless w; = e; and wy = fo, in which case wy — w; = (¥ — 1)e; + eq is a term of
Us. As a result, we see that Us(—B)~! contains at least %mn + %m — 2 — y terms from e + (e1), say
c1...-cs | Us(=B)~! with

1 1
(11) s> Jmn + M= 2—y and ¢ €ex+ (eq) forall i
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On the other hand, per definition of y, we see that —B contains |B| —y > %mn + %m —1—y terms from
—ea + (e1), say by - ... by | —B with

1 1
(12) t> Zmn + 5m = 1—y and b € —ea+ (e1) forall i

Now ey € (e1) and b; + ¢; € {ey) for all ¢ € [1,min{s,t}], while D({e;)) = D(C),) = m. Moreover,
(%mn + %m —2—y)+y >m—1in view of m, n > 2 with n > 3 when m = 2. Consequently, we
conclude from (9), (11) and (12) that Us contains a nontrivial zero-sum subsequence of length at most
2[gmn+im—2—y] +y <mn+m—3 < D(G) — 1 < |Us], contradicting that Us is an atom.

CASE 4: U; and —Us are both of type I, say

m—e1 m—eg

U, = flm_lfg(n_81)m+€1 H (_yifl +f2) and —U, =gf2m_1g§"_s2)m+€2 H (—Z¢g1 _’_92)’
i=1 i=1

where {f1, fo} and {g1, g2} are generating sets for G such that ord(fs) = ord(ga) = mn > m and
ord(f1), ord(g1) > 2m, where s1, s3 € [1,n — 1], €1, €2 € [1,m — 1] and y;, 2z; € [1,m — 1] for all 4, and
where y1 + ...+ Ym—e; =21+ ...+ Zm—e, = m — 1. Moreover, either s; = 1 or mf; = mfs and either
Sso =1 or mgy = mgs.

Per the remarks after Main Proposition 5.4, let {f], fo} and {g¢}, g2} be bases for G with ord(f;) =
ord(gy) = m such that

fi=fitafs and g1 =g+ 09

for some «, 5 € Z. We distinguish two subcases.
CASE 4.1: n > 3.

Since n > 3, we have |[A| > |B| = |C| > 22Em=2 > 2m — 1. Thus viys,, 1,3 (A) > [A| = (m —e1) >
|A] —m+1>m >m — e, implying

(13) {f1, 2y N {g1, 92} # 0.

Also, applying Lemma 5.5 to B | Uy and C | —Us, we conclude that there exist subsequences T; | B and
Ty | C with o(Th) = mfa, o(T2) = mgs and |T1], |Tz] < 2m — 1.

Suppose m fa = mga, so that o(T1) = o(T:). Then (—T1)T5 is a zero-sum subsequence of (—B)C' | Us,
which contradicts that Us is an atom unless (—=71)72 = (=B)C = Us with |B| = |C| = |T1| = |T2| =

2m — 1, implying n = 3. However, in view of the equality conditions in Lemma 5.5, this is only possible
if

Us=(-B)C = ()" (=) T[] Wi = f2) - 97" "5 ] (—2i91 + 92)-
=1 1=1

In particular, the terms — f1, —f2, g1 and g2 all occur in Us in view of m > 2 and €1, €2 > 1. But then
(13) ensures that Us contains a zero-sum subsequence of length 2, contradicting that Us is an atom with
|Us| = 4m — 2 > 2. So we instead conclude that

(14) mfa # mgs.
If s; > 1 and so > 1, then mf; = mfy and mg; = mgs, which combined with (13) yields mf; = mfo =
mg; = mgs, contrary to (14). Therefore we may w.l.o.g. assume
so=1 and v, (—Uz)=m—1L
Since |A| > 2m — 1 > vg, (—Usz) + m — €2, we conclude that go € supp(A4). Observe that
92 # f2,
for go = fo would contradict (14). In consequence, we find that

g2=/fi or gs=—yfi+ fp forsomey e [1,m—1].
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This gives two further subcases.
CASE 4.1.1: g2 = —yf1 + f2 for some y € [1,m — 1].
Now g2 # f2 as already remarked. Also, go = —yf1 + f2 # f1 as remarked after Main Proposition 5.4.
Thus (13) ensures that we must have
g=fH or gi1=f.

If g1 = fi, then f; can have multiplicity at most vy, (—Uz) = m — 1 in A, meaning f, must also be
contained in A in view of |A| > 2m — 1. By an analogous argument, if g; = fo, then f; must be contained
in A. In other words, in both cases, we have

f1, fo € supp(4).

Suppose that g1 = fi1. Then, as fo € supp(A) but fo # f1 = ¢1 and fo # go, it follows that
f2a = —zg1 + go for some z € [1,m — 1]. Thus
fo=—zg1+g2=—z2fi+g92=—2fi—yfi + fo,

implying that (z 4+ y)f1 = 0 with z + y € [2,2m — 2]. However, since ord(f;) > 2m, this is not possible.
So we instead conclude that

g1 = fa.
Now f; € supp(A) but g1 = fo # f1 and go = —yf1 + f2 # f1 as remarked after Main Proposition 5.4.
In consequence, f;1 = —zg1 + g2 for some z € [1,m — 1]. Thus
fitafe=fi=—-zg14+g2=—2fc+g2=—2fc—yfi+fo=—yfi +(1—2z—ay)f,
which, in view of y € [1,m — 1], is only possible if y = m — 1 and
a=l—-z—ay=1—z—a(m—1) mod mn.
The above congruence implies that z = 1 —am mod mn, which, in view of z € [1,m — 1], is only possible

if z=1and am = 0 mod mn. Thus mf; = m(f] + afs) = mf] + amfs = 0, contradicting that
ord(f1) > 2m for type IL.

If s; > 1, then mgs = mf; = mfo, contrary to (14). Therefore
s1=1 and vp(U;)=m—1.
Since |[A| > 2m — 1 > vy, (—Us) + m — €1, we conclude that fo € supp(A). As already remarked, we have
f2 # go. Consequently,
fa=g1 or fo=—zg1+ gy forsome z € [l,m —1].
Observe, however, that the roles of U; and —U, are now symmetric (we have the same information about
—U, that we did about Uy before CASE 4.1.1). Thus, if fo = —zg; + g2 for some z € [1,m — 1], then,

swapping the roles of U; and —Us, we fall under the hypotheses of CASE 4.1.1, and the proof is complete
by those prior arguments. So, combined with the subcase hypothesis, we may instead assume

(15) f2 = g1 and fl = g2.

Now vf (A) < m—1 and vp,(A) = vg,(A) < m —1 in view of s = s; = 1. Consequently, since
|A| > 2m — 1, we conclude from (15) that —yf1 + fo = —2z91 + g2 = —zf2 + f1 for some y, z € [1,m — 1].
Thus

O0=1+yfi—(1+2)fa=0+y)fi+(al+y) —1-2)f,
which, in view of y € [1,m — 1], is only possible if y = m — 1 and

0=a(l+y)—1—2=am—1—2 mod mn.
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The above congruence implies that z = am —1 mod mn, which, in view of z € [1,m — 1], is only possible
if z=m —1 and am = m mod mn. Thus mgs = mfi = m(f] + afz) = mfa, contradicting (14) and
completing CASE 4.1.

CASE 4.2: n=2.

Since s1, s € [1,n — 1] = [1, 1], we conclude that s; = s = 1. We also have m > 3 and €1, €3 > 2 in
view of n = 2 (the latter per (d) and (e) in Main Proposition 5.4). Now
m—ey m—e2
= e H (—yifi+ f2)  and = Uy =g gyt H (—zig1 + g2)
i=1 1=1
with ord(f;) = ord(f2) = ord(g1) = ord(g2) = 2m and (as remarked after Main Proposition 5.4)
(16) mfi1 =mfa = mgy = mgs.

Observe that 5 5 5 5 .

If neither fs nor gs is a term from A, then (—f2)™g5" will be a subsequence of Us which is zero-sum (in
view of (16)) and has length 2m < 3m — 2 < |Us|, contradicting that Us is an atom. Therefore

(17) fa € supp(A) or  g; € supp(A).
We handle several subcases.
CASE 4.2.1: f2 = g2.

We may w.l.o.g. assume € < €. Then vy, (A) = m + € and vy, (B) = 0. As remarked after
Main Proposition 5.4, we have y; < €; and z; < e for all ¢ and j. Also, since there are precisely
2m > 3m—1— (3m —1) > D(G) — | B| terms of Uy of the form —z f1 + f> with « € [0, m — 1], and since
vy, (B) =0, it follows that

yfi — fa €supp(—=B)  for some y € [1,e1] € [1,m —1].
Now, since vy, (B) = 0, we have vy (B) > [B| = (m —€1) > B — 1+ €1 > e1. Thus (—f1)Y(yf1 — f2) is a
subsequence of —B. If fo = go € supp(C), then (—f1)Y(yf1 — f2)f2 would be a zero-sum subsequence of

Us of length y +2 < m+1 < 3m —2 < |Us|, contradicting that Us is an atom. Therefore we may instead
assume Vg, (C') = 0. But now, repeating the prior arguments for —Us, instead of Uy, we find that

—zg1 + g2 = —2g1 + f2 € supp(C) for some z € [1,e3] C [1,m — 1]

and that vy, (C) > |C| — (m —€2) > B — 14 €2 > €2. Thus gf(—zg1 + f2)(—f1)?(yf1 — f2) is a zero-sum
subsequence of Us of length z+y+2 < ¢; +e2+2 < 2m < 3m—2 < |Us| (in view of m > 3), contradicting
that Us is an atom and completing the subcase.
CASE 4.2.2: fs =g, or g2 = f1.
By symmetry, we may w.l.o.g. assume
f2=g1.
Then vy, (A) = vy, (A) = m — 1, meaning vy, (C) = vy, (C) =0and e; +1 > v_y,(—B) > €.

Suppose g2 = fi. Then vy, (A) = vg,(A) = m — 1, yielding vy, (C) = vy, (C) > €2 and %m > |A| >
vy, (A) + vy, (A) = 2m — 2, which is only possible if 3 < m < 4 with |A| = 2m — 2 and |V4| = 2. In this

case,
m—eq -

()2 I ik - H ~zifs + f1) | Us.
=1

Thus, if €1 = e =m — 1, then [, " (yif1 — f2) [[1=, (=2 f2 + f1) is a proper subsequence of Us with
sum (m—1)f; — f2 —(m=1)fa+fi=mfr—mfa=0 (m view of (16)), contradicting that Us is an atom.
Therefore we may w.l.o.g. assume that e; < m — 2. Hence, since ¢; € [2,m — 1] for n = 2, it follows that
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m =4 with 2 < e; < m—2, sothat e = 2. Consequently, since y1+y = m—1 =3 withy; € [1,e1] =[1, 2],
we see that w.l.o.g. y;1 = 1 and yo = 2. Likewise, if e = 2, then w.l.o.g. z; = 1 and zy = 2, while if
€2 =3 =m—1, then 21 = m — 1 = 3. In the former case, (—2f2 + f1)(f1 — f2)(2f1 — f2) is a proper
zero-sum subsequence of Us (in view of (16) and m = 4), while in the latter case, (=3f2+ f1)(2f1 — f2) fr
is a proper zero-sum subsequence of Us (again, in view of (16) and m = 4), both contradicting that Us
is an atom. So we instead conclude that

g2 # f1.

Suppose next that f1, go € supp(A). In view of g2 # f1 and g1 = fa, this is only possible if
fi=—201+g2=-2f2+g92 and ga=-yfi+ fo forsomeye[l,m—1]andz¢€ [1,m—1].
Thus
fitafa=fi=—2fotge=—2fo—yfi+fo=—yfi+(1—2—ay)f.
However, since y € [1,m — 1], this is only possibleif y=m—land 1l —z—ay=1—-z—a(m—-1) =«
mod 2m. Hence z = 1 — am mod 2m, which, in view of z € [1,m — 1], is only possible if z = 1 with
am =0 mod 2m, implying mf; = mf{ + amfs = 0. Since this contradicts that ord(f;) = 2m > m, we

may Nnow assume

fi ¢ supp(A) or ga ¢ supp(4).

Suppose f1 ¢ supp(A). Then A | fi~! [T (—yif1 + f2). If |supp(A)| > 3, then, since g = fo, we
must have —yfi1 + fo = —zg1 + g2 and —y'f1 + fo = —2'g1 + g2 for some distinct y, v’ € [1,m — 1] and
distinct z, 2’ € [0, m — 1], implying

=y)italy—-y)fo=y-y)i=(E-2)gn=(-2)f
Thus y =y mod m, which, in view of y, ¥’ € [1, m—1], forces y = ¢/, contrary to assumption. Therefore
we must instead have
| supp(4)] = 2.
Let —yf1 + fo be the element of supp(A) \ {f2}, where y € [1,m — 1]. Then —yf; + f» has multiplicity
at least v_yp 41, (A) = [A] —vp(A) = [A] = (m — 1) > B, Consequently, Ty < v_yp 45 (A)y <
Y1+...+Ym—e; = m—1, which together with y € [1, m—1] ensures that y = 1, so that — f1 + fo € supp(A).
Since — f1 + f2 € supp(A) with g1 = fs, it follows that
—fit fo=—291+9g2=—2f2+ g2 € supp(A) for some z € [0, €3].
If 2 =0, then mgs = —mf1 + mfy =0 (in view of (16)), contradicting that ord(gs) = 2m. Therefore we
must have z € [1,m—1]. Then —zg1+g2 = —f1+ f> has multiplicity at least v_,g, 4 4,(A) =v_p, 45, (A) =
Voypitf(A) > 5. Consequently, Tz <v_.g 1g,(A)z <21+ ...+ 2m—e, = m — 1, which together with
z € [1,m — 1] ensures that z = 1. Thus

—fit+tfo=—201+g2=—2fo+g2=—f2+ g2

Hence g2 = — f1 + 2> and supp(A) = {f2, —f1 + fo} = {91, —g1 + g2}.
Since f1 ¢ supp(A), we have

(18) Ve (=B) > vy (U) —1=m—2,
with equality only possible if [Vi| = 3 with w; = fi. Since fo = g1 with vy, (A4) = vy, (4) = m — 1, we
have
Vef (=B) 2 v (U1) =1 —vp(A) = > 2
(recall that eo > 2 for n = 2). Since g2 = —f1 + 2f2 ¢ {—f1 + fo, fa = g1} = supp(A), we have
Vo425 (C) =vg, (C) 2> vy, (-U2) —1=m+e—1>m+1.

Since —yf1 + fo = —f1 + fo € supp(4), we know y, = 1 for some k € [1I,m — e]. If y; = 1 for all
i €[l,m—e], then y1 +... 4+ ym—e, = m—1 forces e; = 1, contradicting that e; > 2 for n = 2. Therefore
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we may instead assume there is some y; > 2 with j € [1,m — €;]. Then, since y1 + ...+ Ypm—e, =m —1
with at least one ¥, = y = 1, we conclude that 2 < y; <m — 2, implying

m > 4.

Since supp(A) = {f2, —f1 + f2}, we must either have y; fi — fo € supp(—B) or wy = —y; f1 + f2. In the
former case,

(yifr = f2) (= f1 + 2f2) (= f1)Y (= f2)
is a zero-sum subsequence of Us of length y; +2 < m < 3m — 2 < |Us|, contradicting that Us is an atom.
In the latter case, |V3| = 3 and we have strict inequality in (18), in which case

(=)™ (=) (= fr + 2f2)"

is a zero-sum subsequence of Us having length 2m +2 < 3m — 1 = |Us| (in view of m > 4), contradicting
that Us is an atom. So we may now assume

fi €supp(A) and  go ¢ supp(A).

Since g ¢ supp(A), we have A | g{”fl 12,7 (—zign + g2) = f2m*1 [T, (=#if2 + g2). Thus, since
f1 € supp(A), we have

fi=—zg1+9g2=—xfa+g2 forsomex € [l,m—1].
If supp(A) # {f2, f1}, then —yf1 + fo = —zg1 + g2 for some y, z € [1,m — 1]. In this case,
—yfi+t(l-—ay)fo=—yfi+fo=—201+g=—z2fo+ (@fa+ fi) = fi + (. — 2+ a)fo

Thus, since y € [1,m — 1], it follows that y = m — 1 with # — 2 = 1 — am mod 2m. Since z — z €
[—(m —2),m — 2] (in view of z, y € [1,m — 1]), we conclude that x — z =1 with am =0 mod 2m. But
this means mf; = mf] + amfy = 0, contradicting that ord(f;) = 2m. Therefore, we instead conclude
that

Supp(A) = {fla fQ}a
whence V_g,14,(A4) = vy, (A) = |A] =vp(A) = [A|=m+1 > 5. Thus f1 = —291 + 92 = —g1 + 92
in view of Bx < v_pg4g,(A)r < 214 ...+ Zmee, = m — 1 with z € [1,m — 1]. But this implies
mfi = —mg1 +mgs = 0 (in view of (16)), contradicting that ord(f1) = 2m, which completes CASE

4.2.2.

In this case, v, (A) = vg,(A) = m — 1 and vy, (B) = vg (C) = 0. In view of (17), we may w.lo.g.
assume fo € supp(A). We have fy # fi = g1 while we can assume fo # go else CASE 4.2.1 completes
the proof. Therefore

(19) fo=—zg1+g2=—xf1 +¢g2 for some z € [I,m — 1].
Likewise, if go € supp(A), then g» = —yf1 + f2 for some y € [1,m — 1], implying

fo=—xfi+g2=—xf1 —yfiL+ fo,

in which case (x +y)f1 = 0 with z + y € [2,2m — 2], contradicting that ord(f;) = 2m. Therefore we
conclude that go ¢ supp(A). As a result, all elements in supp(A) \ {g1} have the form —zg1 + g2 =
—zif1 + g2 with z; € [1,m — 1].

Let —zg1 + g2 € supp(A) \ {g1} be arbitrary. Let us show that z > . If z = =, this is trivial, so
suppose z # . Then —yfi1 + fo = —zg1 + g2 = —zf1 + g2 for some y € [1,m — 1]. In this case, (19)
implies

~yfit+fo=—2fi+ge=—2fi +(xf1 + f2),
yielding (z—z+y) f1 = 0. Consequently, since ord(f;) = 2m withz—z+y € [-(m—1)+2,2(m—1)—1] =
[-m + 3,2m — 3], we see that z =z +y > z + 1, as claimed.
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All terms of A not equal to g1 = fi have the form —z;g1 4+ go. There are at least |A| — vy, (A) =
|A]—m+1 > % such terms all with z; > = as shown above. Consequently, %ax <zi4.. o F2Zmee, =m—1,
which implies z = 1. Hence

fa=—zfi+g2=—f1+ge,
which yields mfa = —mf1 + mgs = 0 (in view of (16)), contradicting that ord(fz) = 2m and completing
the subcase.
CASE 4.2.4: {f1, fo} N{g1, g2} = 0.
Let
a; =V_if+f,(A)  and b =v_jg,4g,(A) forie[l,m—1].

Let

CcC =

ged ( IT (291 +92), I] (~witi + f2)> ‘ :

i=1 i=1
Thus ¢ counts the number of terms of A simultaneously equal to some —y;f1 + fo as well as some
—2jg1 + g2. In view of the hypothesis { f1, f2} N{g1, g2} = 0, we see that every term of A is either equal
to some —y; fi + f2 or to some —z;¢1 + g2. As a result, the inclusion-exclusion principle gives

m—1 m—1
(20) > ai+ Zbifc:|A|ngfl.
i=1 =1

Note — f1+ f2 and — g1+ g2 have order m (in view of (16)), meaning {—f1+f2, —g1+92}0{ f1, f2, 01, g2} =
(). Comnsequently, if —f; + fo occurs in A, then it must be equal to some —zg; + g2 with z € [1,m —1]. Tt
follows that ¢ > ay. Likewise, if —g; + g2 occurs in A, then it must be equal to some —yf; + f2, so that
¢ > by. Averaging these estimates, we obtain
a1 + by
c> 5
Applying this estimate in (20) along with the pigeon-hole principle, we conclude that either

m—1 m—1
1 3 1 1 3 1
fa1+§ a; > -m—— oOr fb1+§ b; > -m— -

and we w.l.o.g. assume the former:

21 - > Zm— =

(21) 2a1+i:2a Z m= g

By definition of the a;, we have
m—1

(22) al + 22(1,-§a1+2a2+3a3+...—|—(m—1)a1 <yr+ .-+ Yn—e =m—1.
i=2

Combining (21) and (22) yields

m—1
3 a1
2m—1§2<2—|—2ai> <m-1,

=2

which is a contradiction, concluding CASE 4.

If |Us| = D(G), then it possible to also apply Main Proposition 5.4 to Us and (by symmetry) re-index
the U; with ¢ € [1, 3] in any fashion. Consequently, if one of Uy, Us or Us has the same type from among
I(a), I(b) and II, then we may w.l.o.g. re-index the U; so that U; and —U; have the same type and apply
CASE 1, 2 or 4 to yield the desired conclusion (note U; and —U; have the same type). On the other
hand, if Uy, Uy and Uz have distinct types I(a), I(b) and II, then we my re-index the U; so that U; has
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type I(b) and —Us has type I(a), in which case CASE 3 completes the proof. In summary, the proof is
now complete when |Us| = D(G), so we instead assume

|Us| = D(G) — 1.
By Assertion A, this is only possible if
D(G)+1 D(G) -1
Vil =2, |A|:% and |B|:|C|:% with D(G) =mn+m —1 odd,

which we now assume for the final two cases of the proof, where by symmetry we now assume —Us has
type IL

CASE 5: Uy is of type I(b) and —Us is of type II, say

Ul = e;n—l H(xiel + 62) and — U2 = igm_l Q(n—s)m-l—e H (*yifl + f2),
i=1 i=1

where {ej, ez} is a basis for G with ord(ez) = mn > m and ord(e1) = m, where {f1, fo} is a generating
set for G with ord(f2) = mn and ord(f1) > 2m, and where y1 + ... + Ym—e =m — 1 with y; € [1,m — 1],
e €[1,m —1] and s € [1,n — 1]. Moreover, either s = 1 or mf; = mfa, with both holding when n = 2.

Since |A| > 3m > m — 1, we must have f, € supp(A) for some v € [1,2]. Since ord(f,) > 2m >m =
ord(ey), we cannot have f, = e;. Thus f, € (e1) + es. It is easily noted that any g € (e1) + e2 has
ord(g) = ord(ez) = mn. Moreover, U; will also have type I(b) using the basis {e1, g} replacing each z;
with ; — a, where g = ae; + e3. Consequently, since f, € (e1) + ez for some v € [1,2], we see that we
may w.l.o.g. assume

(23) fl = €2 or f2 = e9.

CASE 5.1: n>3
Let us first show that

(24) mfg = mea.

If s > 1, then this follows from Main Proposition 5.4 and (23). If s = 1, then |A| = 2% > 2m > 2m —2
(in view of n > 3), whence fo € supp(A). Hence, by the argument above CASE 5.1, we may w.l.o.g.
assume fy = ey, implying m fo = mes in this case as well. Thus (24) is established.

Let H = (mes). Then G/H = C2,. Since n > 3, we have |C| = |B| = 224m=2 > 2 — 1 = D(G/H).
Let B’ | B be a subsequence with |B’| =2m — 1 and let B’ =€} - by - ... bay_1_4, where v, (B') =t €
[0,m—1]. Then we may w.l.o.g. assume b; = z,e1+ez fori € [1,2m—1—1¢]. Since 2m—1—t < 2m—1 and
since t < m — 1, it is readily seen that the only way B’ can contain a nontrivial subsequence T | B’ with
o(T) € H = (mez) is if T contains precisely m terms from by - ... - byy—1-¢, in which case o(T) = mes.
Consequently, since |B’| = 2m — 1 = D(G/H), we conclude that there exits a subsequence T' | B’ with

o(T)=mes=mfs and |T|<m+t<2m-—1.
Moreover, T will be a proper subsequence of B unless n = 3 (so that 2m — 1 = |B| = |B’| = |T|) and
(w.lo.g. re-indexing the z;e1 + e2)

m

B = e;”_l H(:z:,;el +e2) with le =1 mod m.

i=1

=

Since |C| > 2m — 1, Lemma 5.5 ensures that there is a subsequence R | C' with o(R) = mf, and
|R| < 2m — 1. Moreover, R will be a proper subsequence unless n = 3 and

m—e

C="s ] (uih + fo).

i=1
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Now (—T)R is a nontrivial zero-sum subsequence of (—B)C' = Us. Since Us is an atom, this is only
possible if T'= B and R = C. Thus n = 3 and

m m—e

Us = (—e)" M [[(—wier — e2) /"7 f5 [ (wifs + F2),

i=1 i=1

where > x; =1 mod m and i y; =m — 1. Since v, (=Usz) = (n — s)m + € > m + € > €, we conclude
i=1 i=1

that fo € supp(A), whence (as argued before CASE 5.1) we may w.l.o.g. assume ey = f5. As a result,

we see that (—z1e; — ea)(—y1f1 + e2) f{* (—e1)?, where z € [0, m — 1] is the integer such that z +z, =0

mod m, will be a zero-sum subsequence of Us of length 2 + y; + 2z < 2m < 4m — 2 = |Us|, contradicting

that Us is an atom.

CASE 5.2: n=2.
Similar to CASE 4.2, we now have ord(ez) = ord(f2) = ord(f1) = 2m, s=1, € > 2, m > 4 even
(since D(G) = 3m — 1 is odd), and

(25) mfi1 = mfa = mes,
with
2m m—e
Uy =epi ! H($i€1 +eg) and  — Uy = firtfate H (—yifi+ f2).
i=1 i=1

We handle several subcases.

CASE 5.2.1: €1 = 7f1 + fg.
Let ¢t be the number of terms from C of the form —y f1+ fo with y € [1,m—1]. Then, since e; = — f1+ fa,
we see that ve, (4) < m — e —t, so that

(26) Vee (=B) > e—1+t.

By (23), we have f; = ey or fo = es. In either case, the hypothesis e; = —f1 + fo ensures that
fi, f2 € (e1) + e2. Thus there are |C| —t = 3m — 1 — ¢ terms of C from (e1) + e, say ¢1+... cq | C
with ¢; € (e1) + ez and ¢1 = 3m — 1 — ¢, and there are (by (26))

3 3 3
ly:=|B| —v_¢,(—B) < im—l—(e—lth):im—e—tg im—Q—t

terms of —B from (e1) — e, say by - ... by, | —B with b; € (e;) — es and ¢ < ¢;. Consequently,
(—e1)V=1 BN (by 4 ¢1) ... - (by, +co,) € F({e1)) is a sequence of terms from (e;) = C,, of length |B| =

3m—1> m = D({e1)). Thus the proper (in view of £; > £5) subsequence (—e;)"~<1("Bby-.. by, c1-.. ey,
of (—B)C = Us contains a nontrivial zero-sum subsequence, contradicting that Us is an atom.

CASE 5.2.2: fy € supp(A).

In this case, we may assume
Ja=e2
per the argument before CASE 5.1.

First suppose that e; ¢ supp(4). Then v_,(—=B) = m — 1. Since |[B| = 3m — 1 > m — 1, there
must be some —ze; — ey € supp(—B). If v, (C) = vp,(C) > 0, then (—zeq — ez)ea(—eq)?, where
z € [0,m — 1] is the integer with z + z = 0 mod m, will be a zero-sum subsequence of Us of length
z4+2 < m+1 < 3m—2 = |Us|, contradicting that Us is an atom. Therefore we instead assume
vi,(C) = 0. Thus m —1 > vy (C) > [C] = (m —¢€) = F —1+¢ > 7, implying € < 7, and there
are at least [C] —m +1 > & > 0 terms in C of the form —y;f1 + ex with y; € [1,¢] C [1,%]. Let
—yf1 + ex € supp(C) with y € [1, ] be one such term. Then f{(—yf1 + e2)(—ze1 — e2)(—e1)?, where

z € [0,m — 1] is the integer such that  + z = 0 mod 0, is a zero-sum subsequence of Uz of length
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y+z2+2< %m + 1 < 3m — 2 = |Us|, contradicting that Us is an atom. So we instead conclude that
e1 € supp(A). As a result, since ord(e;) = m < 2m = ord(f1) = ord(f2) = ord(ez), we must have
(27) e1=—yfi+ fa=—yfi+ex forsomey e[l ¢

Furthermore, since me; = 0, we conclude from ord(es) = 2m that y is odd, and in view of CASE 5.2.1,
we can assume y > 3.

Suppose fi € supp(A). Then f; = xze; + es for some & € Z. Combining this with (27) yields
—e1 +e9 = yfi1 = zyey +yeq, which implies y = 1 mod 2m. Hence, since y € [1, m — 1], we conclude that
y = 1, which is contrary to our above assumption. So we may instead assume f; ¢ supp(A4), implying

73 (C)=m—1.
Each term of A equal to ey = —yfi + fo = —yfi + es is also equal to some —y;f1 + fo. Thus
3vey (A) < ve, (A)y < y1+ ...+ Ym—e = m — 1, implying v, (4) < 7L and
2m—2 _ m
o (=B) > > .
v 1( )7 3 - 2

Since vy, (C) = m — 1, we find that there are precisely |C| —m+1 = % terms of C either equal to e; = fo
or —y; f1 + e for some i. Hence, since y1 + ... + Ym—e = m — 1 = vy, (C) with the y; € [1,m — 1], we

see that we can find disjoint subsequences T} - ... - T, /o | C with each T; € F(G) a subsequence having
o(T;) = ea. There are at least |B| —m+1 = 3 terms of —B of the form —xe; —ez, say by-... by 2 | —B
with b; € (e1) —es for alli. Now (o/(T1)+b1) ... (0(Tp2) +bms2)(—e1)™? € F({e1)) is a subsequence of

terms from (e1) of length m = D({e1)). Consequently, the subsequence T’ -.. .- Ty, /2-b1-. . .-byy j2- (—ep)™/?

of (=B)C = Us contains a nontrivial zero-sum subsequence of length at most |T1| + ...+ |Tp, /2| +m <
|Cl+m = 5m —1 < 3m — 2 = |Us|, contradicting that Us is an atom and completing CASE 5.2.1.
CASE 5.2.3: fy ¢ supp(A).

Since fa ¢ supp(A), all terms of A not equal to f; are equal to some —y; f1 + f2, and there are at least
|A] —m 41 = % + 1 such terms of A. If y; > 2 for all these terms, then we obtain the contradiction
m+2=(F+1)2<y1+... +Yn-c=m—1. Thus —f; + fo € supp(4). If —f1 + fo = ze; + ey for
some x € Z, then (25) implies 0 = —m f1 + mfo = xme; + meay = mes, contradicting that ord(ez) = 2m.
Therefore we instead conclude that —f; + fo = e1, so that CASE 5.2.1 completes the proof of CASE 5.
CASE 6: Uj is of type I(a) and —Us is of type II, say

Up=ef" [(wier +e2)  and  —Us= Pt g 1 (vifi + £2),
i=1 i=1

where {e1, ea} is a basis for G with ord(ez) = m and ord(e1) = mn > m, where {f;, fo} is a generating
set for G with ord(f2) = mn and ord(f) > 2m, and where y1 + ...+ ym—e = m — 1 with y; € [1,m — 1],
e €[l,m—1] and s € [1,n — 1]. Moreover, either s = 1 or mf1; = mfa, with both holding when n = 2.
CASE 6.1: n > 3.

Since |A] = M2E™ > m, we must have e; € supp(A). If ey = —y; f1 + f> for some y; € [1,m — 1], then
we obtain the contradiction |[A| < ve, (A)+m < (m—e€)+m < 2m—1 < 22 — | A] (in view of n > 3).
Therefore either
(28) e1r=[fi or e = fa.

Suppose s = 1. If e; = fo, then %" — [A]| > v, (A) = (n — 1)m + € > mn — m + 1, contradicting
that n > 3. If e; = f1, then |A| < v, (A) + m < vp, (—Uz) +m = 2m — 1 < ™2™ — |A], again in view
of n > 3, which is a contradiction. So (in view of (28)) we may instead assume s > 1, whence
(29) mfy =mfi =me,

where the first equality follows from Main Proposition 5.4 and the second from (28).
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The argument is now similar to CASE 5.1. Let H = (me;). Then G/H = C2?,. Since n > 3, we
have |C| = |B| = mtm=2 > 2y — 1 = D(G/H). Let B’ | B be a subsequence with |B’| = 2m — 1. If
Ve, (B’) > m, then B’ will contain a subsequence T = e* with o(T) = mej. If v, (B’) < m, then this is
only possible if

B = e’ln_l H(xiel +e9) with Zm, =1 mod mn,
i=1 i=1
in which case it is easily seen that T'= B’ is a subsequence of B’ with o(T') = me;. Since |C| > 2m — 1,
Lemma 5.5 ensures that there is a subsequence R | C with o(R) = mf2 and |R| < 2m — 1. Moreover, R
will be a proper subsequence unless n = 3 and
C=s ] (uihi+ o).
i=1
Now (—T)R is a nontrivial zero-sum subsequence of (—B)C = Us (in view of (29)). Since Us is an atom,
this is only possible if T = B’ = B and R = C. Thus n = 3 and
m m—e
Us = (—e))™! H(—xiel —e) fI" 7 fs H (=yif1 + f2)-
i=1 i=1
As a result, since vy, (=Usz) = (n — s)m + € > m + € > m > ¢, we conclude that f» € supp(A). Moreover,
vf,(A) > m+e—vy,(C) = m. Hence, as the only term in U; with multiplicity at least m is e; (recall
|supp(Uy)| > 3 as remarked after Main Proposition 5.4), we conclude that e; = fa, in which case
(—e1)(f2) = (—e1)(e1) is a proper zero-sum subsequence of Us, contradicting that Us is an atom.
CASE 6.2: n=2.
Similar to CASE 5.2, we now have ord(e;) = ord(f2) = ord(f1) = 2m, s=1, € > 2, m > 4 even
(since D(G) = 3m — 1 is odd), and
(30) mfi =mfs =mey,

with

m—e

Ul = e%m—l H(I’iel —+ 62) and — U2 = 1m—1 2m+€ H (7yz'f1 + fg)
i=1

i=1
Since |A| = 2m > m, we must have e; € supp(A). We have three possibilities for e;.
Suppose e; = f1. Then v, (A) = vy, (4) =m — 1, implying
Ve, (=B)=m
and v, (C) = 0. Let T = c¢1 ... - ¢m | C be any length m subsequence of C. As vy, (C) = 0, each
ci = —zif1 + fa = —zie1 + fo for some z; € [0,m — 1] with
0<z=zn+...42m<y1+... +Ym_e =m—1.

Then o(T) = —zf1 + mfs = (m — z)ey (in view of (30) and e; = fy), in which case (—e;)™ *T is a
zero-sum subsequence of (—B)C = Us of length m — z + |T| < 2m < 3m — 2 = |Us|, contradicting that
Us is an atom.

Suppose €1 = fo. Then v, (A) = vy, (A) = m + e < |A| = 3m, implying € < 2,
v,el(—B):m—l—ez%—bo
and vy, (C) = 0. Since vy, (A) = m + ¢, it follows that there are at most |A| — vy, (C) = & — € terms of

A of the form —y; f1 + f2 = —y; f1 + e1, meaning there are at least m — e — (%5 —¢) = 3 terms of C of

this form, say by -...- b, | C with w.lo.g. b; = —y;f1 + fo = —yifi +ey fori € [1,{] and £ > F. If b; > 2
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for all ¢ € [1,£], then we obtain the contradiction m < 20 < by +...+by <y1+ ... +Ym—e =m— 1.
Therefore we may assume y; = 1 for some i € [1, £], meaning

—f1+ e € supp(C).

Since vy,(A) = m + ¢, there are also at most |[A| —m — e = & — € terms of A equal to f;, whence

v (C)>m—1—-(% —¢) =% —1+¢>0. Hence fi(—e1)(—f1 + e1) is a zero-sum subsequence of
(=B)C = Us; of length 3 < 3m — 2 = |Us|, contradicting that Us is an atom.

It remains to consider the case when ey = —yfi + fo for some y € [1,m — 1]. Moreover, in view of
(30) and ord(e;) = 2m, we must have y even, whence y > 2. Thus 2ve, (A) < y1 + ... + Ym—e =m — 1,

m—1

implying ve, (A) < 251, But now 3m = |A| < v, (4) + m < -1 + m, which is a proof concluding
contradiction. 0
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